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PREFACE 

This volume includes material for a course in Finite Differences 
as well as a treatment of a number of special topics. A selection 
of material was necessary in order to bring the work within 
reasonable compass and also to follow somewhat the special 
interests of the author. The very large theory of difference 
equations in the field of analytic functions of a complex variable 
has been completely omitted. This has carried with it the 
omission of a variety of related subjects, particularly in Infinite 
Series. 

Material for the book has been taken from any available 
source. There is much material that hitherto has not been 
published. A great deal of this represents research of the author. 
Some was taken from interpolations in lectures on linear differen- 
tial equations delivered years ago by Bocher. His influence is 
strong in Chapters IX, X, and the first part of XII. 

The author believes that the treatment of the linear recurrent 
relation, that is, of the linear difference equation with indepen- 
dent variable limited to integral values* will be found particu- 
larly interesting. In fact this constitutes the major part of the 
book and is the portion in which most of the original work is 
located. Chapter XVII is really a supplement to Chapter IX 
and if the book is used as a basis for a course of lectures the 
material in Chapter XVII might well follow that in Chapter IX. 

When the preparation of this book was already well under 
way Professor J. A. Shohat, of the University of Pennsylvania, 
was associated with the present writer, and it was planned to 
bring out a book under joint authorship. However, increase in 
duties due to the War and rapidly failing health allowed Pro- 
fessor Shohat to make but one substantial contribution, namely, 
a first draft of Chapter VI on 'Interpolation and Mechanical 
Quadratures’. Although this chapter has been completely re- 
written it follows closely the original draft of Professor Shohat. 

Not a great many references are given. A few papers, mostly 
well-known ones, are cited, and the reader is referred at the end 
of some chapters to certain pages in standard reference books 
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for the reading of related material. At the end of the volume 
some books are listed which can be used for further study. No 
attempt is made to give a complete bibliography. For a list of 
books and papers up to the year 1 930 the reader is referred to 
the ‘Literatur Verzeichnis’ given by N. E. Norlund in his 
Dijferenzenrechnung, also to the ‘Bibliography’ of C. R. Adams 
in the Bulletin of the American Mathematical Society, volume 37, 
page 383. 

T. F. 
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I 

DIRECT DIFFERENCE OPERATORS 

1 . The operator A 

In the present chapter we shall write u(x ), v(x ), etc., and make 
no assumptions about these functions beyond the fact that 
they are defined for all values of the independent variable 
considered. 

Let A be a positive constant which we shall call the difference 
interval. Then, by definition, 

A u(x) = u(x-\-h)—u(x), 

A 2 u(x) = A{A u(x)}, 

A n u{x) — AIA 11 - 1 ^^)}. 

These are called respectively the first, second, and nth differ- 
ences of u(x). 

Theorem I. 

A n u(x) = u(x-\-nh)— nu{x-\-{n—l)h}-{- 
+ w (rc-l) M { x -f(w_2 ;)A}— ...+ 

(2) 

This theorem is readily proved by mathematical induction. 
Write formula (2), replacing x by x-\-h, 

A n u(x-\-h) 

= u{x-\- (n-\-\)h}—nu{x-[-nh) -f- — u{x-\- (n— 1)A}— 

+(— l) n u(x-\-h). 

MM k 
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Then 

A n+1 u{x) = A n u(x+h)— A n u(x) 

= (n+ 1)A}— (n+ I)w(#+wA) -f- — ^{#+ (w— 1)A}— 

+ ... + (—l) W +%(^). 

This is of the same form as (2) with n replaced by (w+lh and 
induction is immediate, since (2) holds for n = 1. 

The inverse problem to Theorem I is covered by the following. 

Theorem II. 

u(x-\~nh) = u(x)+nAu(x) A 2 u(x)-\- ...-\-A n u{x). 

2 ' (3) 

Proof of this formula by mathematical induction can be 
carried out as in the previous case. 

Formula (2) can be written 

A ."*(*) = i (— 1 )V?„_i w{ a; + (»—*>}, (4) 

i=0 

where n (7 n _ 7; is a binomial coefficient. 

If now we note that 

0 — (1 1) B = 2 ( — 

i=0 

we have immediately the following theorem: 

Theorem III. 

AM*) = 2 (— 1 ) < »C , n-<W*+( w — »)*}—»(*)]. (5) 

i— 0 

2. Analogues of simple formulae from differential cal- 
culus 

The following laws governing the operator A follow directly 
from its definition. 

If c{x+h) = c(x), and if no ambiguity is involved, we shall 
refer to c(x) as a constant and simply write c. 

Ac = 0. 

A cu(x) = cAu(x). 


( 6 ) 

(?) 
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A (u(x)-\-v(x)} — Au(x)-\-Av(x). (8) 

A m {A n u(xj} — A m ^ n u(x). (9) 

A u(x)v{x) = u(x)Av(x)-\-v(x-\-h)Au(x). ( 10 ) 

«■+*>*)»** C.) 

A[x(x~h)...{x— (n— 1)A}] = nh\x(x— h)...{x-~(n—2)h]\ (12) 

We call x(x— h)...{x~(n— 1)A} a ‘factorial’ of degree n and 
denote it by x^ n \ 

We can write (12) as 

Ax (n ■> == rihot n - 1) . (12') 


Similarly, if we let 


1 


x(x+h)...{x-\-(n— 1)A} 
Ax ( ~ n) — —nhx { -( n+1) \ 


, we have 


(13) 


A\u(x)u(x—h)...u{x—(n— 1)A}] 

= [u(x+h)-~~u{x~-(ii--l)h}]u(x)u(x--?i)...u{x~(n--~2)h}, (14) 

A 1 = u(x)—u(x+nh ) 

u(x)u(x+h)..M{x+(n-~ 1)A} u{x)u(x+h)..M(x+nhy 

In particular if u(x) = ax-\-b, (14) and (15) become 


A[u(x)u(x~h)...u{x~- (n—l)h}] 

= anhu(x)u(x—h)...u{x—(n—2)h}, (14') 

.1 —arih 

u{x)u(x^h)..M{x^(n^\)h} u(x)u{x^h)..M{x+nh)' 

(15') 

Alog,,# = log a |l +“j* ( 16 ) 

A log a u(x) = log a |l +^yj- (16') 

AC*= (C h -l)C x . (17) 

A n C x = (G h —l) n C x . (17') 

A sin (ax-j-b) — 2 sin \ah cos(ax-(-b J r ^ah). (18) 

Acos(a*+6) = — 2sin^oAsin(aa;+6+i £l ^)- (19) 
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A tana: = 

„ tan h 

(20) 

X 1 —tan h tan x ' 

A tan-^a:) — 

A u(x) 

(21) 

1 +u(x+K)u(xY 

A sec x = 

Acosx 

(22) 

cos(x-\-h)co$x* 

Asinh(ao:+6) = 

2 sinh \ah cosh(aaH-6+|a7fc). 

(23) 

Acosh(aa:+fr) = 

2 sinh \ah sinh (ax-\- b-\-\ah). 

(24) 


The above list of formulae is clearly in no way exhaustive. In 
fact, ordinarily we expect to be able to write a useful difference 
formula for any function u(x) where we can express u(x-\~h) in 
a simple manner in terms of u(x) and constants. 


3. Table of differences 

The finding of successive differences for a given function is 
frequently facilitated by the construction of a table as follows: 


x 

u(x) 

x-\-h 

u(x+h) 

x~\~2h 

u(x-\-2h) 

#+3 h 

u{x~\~ 3A) 

a; +4 h 

u{x-\-4ti) 


A u(x) 
Au(x+h) 
Au(x-\-2h) 
Au{x-\-Zh) 


A 2 u{x) 
A 2 u(x-\-h) 
A 2 u{x-]-2h) 


x+{n-\)h u{x+(n-l)h } 

,/ , . Lu{x+{n-\)h) 

x-\-nh u{x-\-nh) 


Ahi(x) 

A 2 u{x-\-h) 


A n u(x) 


Each entry in the table beginning with the third column is the 
difference of the two entries in the column immediately preced- 
ing it. Note that in order to evaluate A n u(x) we need the 
functional values u(x ), u(x+nh). 


4. A further difference formula 

Observe next formula (8). This can be described by saying 
that the operator A is distributive with respect to addition . For- 
mula (7) states that A is commutative with respect to a constant . 
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We describe formula (9) by saying that A obeys the index law . 
Now suppose that we are given two polynomials in a variable z 9 

fi(z) EEE a Q z n +a i z n - 1 +...+a n , 
f 2 (z) = 6 0 2 m + 6 1 z TO “ 1 +...+ 6 w . 

Form the product of these polynomials, 

F(z) = A(z)/ 2 (z ) - c 0 ^+ Cl ^^+...+c m+n . 

Now build up the operators, 

A(A) - a 0 A*+a l A*-*+...+a n , 

/a(A) = 6 0 A^+&iA^" 1 +...+6 m , 

F(A) = c 0 A w+n + A m+n ~ 1 + • • • + +«, • 

The meaning of these operators is explained by the following 
identical relation employing^ (A), 

f ± ( A)u(x) = a 0 A n u(x)-\-a l A n ~ 1 u(x)+...+a n u(x). 

Notice that the index law, the distributive law with reference to 
addition, and the commutative law with reference to constants 
are the sole laws used in forming the polynomial F from the 
polynomials f x and/ 2 by multiplication. It follows that 

/i( a )[/ 2 ( a M*)] = / 2 ( A )r/i( A M*)] = F(A)u(x). (25) 

It is instructive to carry through the actual operations and thus 
verify (25) for two polynomials of low degree. 

We can readily prove formula (3) by means of (25). We see 
immediately that u{x+h) = (1+A)w(x) . 

Whereupon u(x-\-nh) = (1+ A )"«(®). (26) 

5. The operator E 

It is frequently convenient to introduce an operator E defined 
by the following relations - } - 

Eu(x) — (1+A)m(*) = u(x-\-h), 

E n u(x) — u{x-\-rih), 
so that Au(x) = (E — \)u(x), 

f In the definition of E n it is not necessary that n be a positive integer, 
although this will be done in the sequel unless the contrary is explicitly stated. 
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We have already given the important formula (26). It is 
interesting to note that this can be written using the symbol E , 

E n u(x) = (1+A ) n u(x). (27) 

Laws of operation with E are as follows: 

Ecu(x) = cEu(x), 

E{u(x)-\~v(x)} = Eu(x) J r Ev(x), 

E m [E n u(x)] = E m + n u(x) = E n [E m u(x)\ 

Moreover if/ x (^) and/ 2 ( 2 ) are polynomials in z as defined in § 4, 
then 

^ h(E)[fi(E) u ( x )] = F(E)u(x) 

= c 0 E m+n u(x)--{-c 1 E m ^ n ^ 1 u(x)+...^-c m+n u(x). (28) 

This follows exactly as in the case of the operator A. 

Formula (2) can now be readily proved by means of the 
binomial theorem. We simply write 

A 7l u(x) = (E—l) n u(x). (29) 

6. The nth difference of a product 

An interesting formula is the following: 

A n {'u(x)v(x)} = {A n u(x)}v(x+ nh)-\-n{A n - 1 u(x)}Av{x-\-(n— 1)A}+ 
+ ^{A 71 - 2 ^^)} A 2 r {a: + (n — 2)A} + . . . -f- w(a;) A w r (x ) . (30) 

Proof of this by mathematical induction can be carried out. 
However, proof by means of the symbols E and A is brief and 
proceeds as follows: 

Let E" and A" be applied only to u(x) and E* and A' to v(x). 
Otherwise the accent is without significance. Then, 

A{w(#)t;(a;)} = u(x+h)v(x+h)-~-u(x)v(x) = (E" E' —l)u(x)v(x), 
A n {u(x)v(x)} == (E"E'~~ l) n u(x)v(x) = {(l+A*)JEf'— l} n u(x)v(x) 

= (i?'A"-f A'J’HefcM®). 

Expand by the binomial theorem and remember that A' and E f 
operate only on v(x) and A" on u(x), then drop the accents from 
A as being no longer relevant, and we have the required 
formula. 
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7. Differencing rational functions 

Any polynomial can be written as a sum of factorials, thus, 
x 2 = 

x z = x(x~h){x—2h)-\~Zhx 2 —2h 2 x 

= #(#— A)(#— -2A)-f3A[a;(a;— &)-f-Aa;]— 2A 2 # 

- ^ 3 )+3^ 2 >+A 2 ^). 

In general, if 

/(«) = «o+^i^+« 2 ^ 2 +.-«+«n^ 
it is possible to write 
f(x) = 

where the ^4 ’s are independent of a\ Let a; = 0 and we find A 0 . 
Take the difference of both sides and again let x — 0. 

We get ^ A/(0), and in general i = 0, 

/i th 7/\ 

l,..., n. Here A # /(0) = /(0) and 0! = 1. 

Hence, 

/(*) = /(0) + J A/(0)a»+i Ay(0)^+ ... +T A*/(0)^. 

(31) 

This is an identity. Formula (31) is widely used as an inter- 
polation formula under the name Newton's Interpolation For- 
mula . If throughout its derivation we replace x by x—a = 
we get the more general formula 

/(*) =/(a) + jA/(®)(*-a)«> + iA ! /(a)fc?f + •••+ 

+ p A '*‘ ,)& ir ? - (32) 

This can be written 

1 1 M) 1 Un) 

f(a- f&) = /(a) +- A/(a)^-f p A 2 /(a) — + ... A w /(®)— y • 

We can now find successive differences of f{x) using formulae 
(31) and (32). For example, 

Af(x) = A/(0) + 1 A*/(0)*<»+ .. . + A m /(0)^ n_1) . 
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In case f(x) is a rational fraction it may happen that formula 
(13) for is helpful. 

Methods will be illustrated by an example: Suppose h = 1 and 
f(x)= 

/( ' x(x+l)>+2)' 

By the method of ‘undetermined coefficients’ 
f(x) = 

From this with the use of (13) 

A/(s) = -x<- 2 >-10z(- 3 >~12a:(-~ 4 >. 

By inspection 

# 2 + 8#-f 16 = 16+7x+x(x+l), 
whence /(#) = 16^ _3) +7(a:+l) ( ” 2) +(a;+2) ( “’ 1) , 
which can be differenced term by term. We get 

A f(x) = — 48# ( ~ 4) — 14(o:+1) ( “ 3) ~-(^+2) ( " 2) . 


8a?“ 1 ~9(a;+l)" 1 4-2(a:+2)- 


Similarly, separating f(x) into partial fractions, we can write 
a: 2 +8a;-f 16 
z(x+l)(x+2) 

Whereupon 

A f(x) = -8^~ 2 >+9(a:+l) ( - 2) -2(a:+2)(- 2 ). 

The difference of this function also can be readily found if we 
write it as a product and use the product-rule formula (10). 
Thus /(#) (#2-}-8#-f-l 6)^-3). 


We also can use the fraction-rule formula (11). 

There is in addition always the possibility of working out 
directly f{x+h)—f(x). 


8. Backward differences 

It is occasionally convenient to introduce ‘backward differ- 
ences’ defined by the formulae 

A u(x) — -u(x)-\-u(x—h), 


A n u(x) = A{A n ~%(#)}. 

It is easily shown that 

A n u(x) = (— l) n A n u(x— nh). 
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9. Difference quotients 

In much work in finite differences it is convenient to deal 
with the difference quotients: 

A»w _ ■<*+» )-«( *), 

h h 


A n u(x) = 

h 


A n u(x) 
h n 


If h = I A^(#) = A^(#). 

& 

Formulae governing operation with A are readily inferred 

A 

from § 2. 


10. Central differences 

Let 

S'M(rr) = u(x-\-\h)—u{x—\h) 

~ (Et-E-i)u(x) == A{x-\h). 

Then 8w(#) is known as the central difference of u(x) with differ- 
ence interval h , 

Inasmuch as the central difference has been expressed by 
means of the symbol E and by means of the symbol A, rules 
of operation can be deduced from the rules for operating with 
E and A. 


11. The operator V, the mean 

This operator is defined by 

Vu(x) == l[u{x+h)+u(xj\ == f[F+l]w(z), 


V n u{x) = V[V w -%(:r)]. 


It is immediate that 

7 n u(x) = ^[E+l] n u{x). 
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12. Divided differences 

By definition 

v u(x) = U ± X ± V- U W 


7 f‘U(x) = 


rju(x-\-h)— rju(x) 
2h 


n n-t 


r,Mx) = rzni.x+V-n 


n-l, 


u(x) 


nh 


These are called the first, second, and nth divided differences 
of u(x ). They have proved particularly useful in interpolation 
problems. There is no generally accepted notation for divided 
difference. 

The notion of divided differences is readily generalized to 
unequally spaced points. Let x v .„ 9 x n be n points. Then we 
write 


r x x I __ u(x 2 )—u(x 1 ) 

L 2 1J x 2 — x x 

\x X X 1 — [^ 3 X 2]~~[ X 2 X l] 

[ x s x 2 x ii — - — “ 

^1 


.. 1 _ [*«*«-! l x n-2- x l 

'- 1 - iJ *;-*r • 

Then [xj x^ x ...xf\ is called the^th divided difference of u(x) with 
reference to x v ..., x n . The notation has the disadvantage of not 
explicitly writing u{x). 


\. X n 


Theorem IV. 

[x n X n _i... Xl ] = 


«(*l) 


(x 1 —x 2 )(x l —x 3 )...(x 1 —x n ) 


_| *(*») , U ( x n) 

~ r (X i —X 1 )(z 2 —X :i )...(x 2 -Z n y"'~ t ~(Xn—X 1 ){x n —X t )...(x n -X n _ 1 )' 

(33) 

This is easily proved by mathematical induction. 

Prom formula (33) we immediately infer the following 
theorem. 
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Theorem V. \x n x n _ 1 ... Xy ] is symmetrical in the arguments 


x v ...,x n . 

Also from (33) we conclude the following theorem. 
Theorem VI. 


[***»-! -*l] = 


1 

Xi . . 

. X 

u(x i) 

1 

x 2 . . 

ry.n - 1 

. 

u(x 2 ) 

1 

x n . . 

yAl — 1 

u(x n ) 

1 

*1 . 

. . a;?- 1 

Xy 

1 

x 2 . 

/y.n- 1 

• • ^2 

ryU 

*'2 

1 

■ 

~n - 1 

• • x n 

x n 


Divided differences have been extensively studied. However, 
only the briefest facts are given here. We state a few under one 
theorem heading. Some additional theorems are given as exer- 
cises. 


Theorem VII. A change of origin does not affect the divided 
difference . 

The operation of taking the divided difference is associative with 
reference to addition: it is commutative with reference to multiplica- 
tion by a constant. 

If u(x) is a polynomial of the n-th degree \x x x] is of the (n—l)th 
degree. 

Newton’s formula permits of immediate extension to divided 
differences. This is particularly valuable if the points considered 
are unequally spaced. 

Let u{x) be a polynomial of degree n and let there be given 
a set of numbers x v ... 9 x n . Clearly we can write 

u{x) = A 0 +A 1 (x-x 1 )+A 2 (x-x 1 )(x-x 2 )+ 

+...+A n (x-x 1 ){x-x s )...{x-x n ). 

We readily determine the coefficients: 

Aq = Ay = [^2^l]> ^2 “ **•» 

A n = [x n x n _ 1 ...x 1 ], 



12 


DIRECT DIFFERENCE OPERATORS 


CHAP. I 


EXERCISES 

1. Write F(x) as a sum of the factorials # (3 >, xM, x l0 \ and find 
A F(x ) 9 where 

(a) F(x) = 3* 3 4- 4a; 2 + 7a?— 2, 

(b) F(x) = 7 a? 3 -}- 3a: 2 -}- 8a?— 2. 

2. Write F(x) as a sum of the factorials 

(x-2)W, (a:— -2) (2) , (x-2)M, (x -2)<°>, 

and find AF(x), where F(a?) is as in Exercise 1. 

3. Find A F(x) if F(x) equals 

(a) 4a?t- 3 )-f-7a? ( ~ a) -f 4, 

( b ) x ( ~^x^\ 

(c) sin 3a:, 

(d) sec(5a?-f6), 

(e) 10 8 *~ 3 . 


4. Find A 5 (sin 2x)\W x . 


5. Using a table of trigonometric functions find 

(a) A 4 sin 30°, h = 5°. 

(b) 8 2 sin 30°, A = 10°. 

(c) V 3 sin30°, h — 5°. 

(d) 7y 3 sin30 o , /i — 5°. 


6. Find A 2 - 


3a: f 2 


(ar+5)(^+6)(^+7)’ 


h = 1. 


7. 


Find A 3 


3a: + 2 


0)(o:-f 7)* 


h = 1. 


8. Derive formulae for A n sma; and A n cosa:. 


9. Derive a formula for A”^)^)], 

10. Prove that F(E)a x <f>(x) = a x F(a h E)<f>(x) 9 where F(x) and </)(x) are 
polynomials. 

11. Prove 


— = oz ( ~ 2 ) -f ( 1 — ^ )# ( “ 3) -f ( 1 — w )( 2 — n)x^ + . . . + 

x 2 -\-nx 

+ ( 1 - n)(2— n)...( - 1 )a:<-<«+i)>, 

12. Given w(a?) = — * ■ ■ find A u(x) utilizing the formula of Exercise 1 1 . 

x 4 -j~ox 

13. If tj>(x) is a polynomial, prove * 

<f>(E)u(x) = a x <f>(a h E){a~ K u(x)}. 

14. Prove that A n V n u(x), with the difference interval h, equals 

1 

—A n u(x), with the difference interval 2h. 
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15. If x 0 , x 19 x 2 ,... 9 x r are equally spaced, prove that 

[x r x r _! = i ~A r u(x 0 ). 

16. Prove the formula: 

r r ir r x ( r \ 

\x r x fm _i ... x^\ = J J ... J uWlx 0 t r + Zx v (l-t v )\dt r ...dt 2 dt 1 . 

o o o { *' =1 

17. If u(x) = 1 jx find [a? r a? r--1 ...ajJ. 



II 

ELEMENTARY THEORY OF SUMMATION 


1. Indefinite summation 

If A (f>(x) — <f>(x-{-h)—<f>(x) — f(x) then , by definition, 

4>i x ) = I,f( x )- 

is called the indefinite sum of f(x) or where no ambiguity 
is involved simply the sum oif(x). We shall speak of summing 
f(x) with obvious import. 


Theorem I. 


A (/>(%) — fix), 
A®(») = f( x ), 


then <t>(x)—<f>(x) is a function with period h. 

This follows immediately from the fact that 
A {<t>(x)—<t>(x)} --- 0. 

It is frequently convenient to refer to functions of period h 
as constants. As a matter of fact, in much of our work the 
independent variable is limited to a set of discrete values with 
difference interval h. In this circumstance this function is truly 
a constant. 

Other immediate theorems on summation are expressed by 


the formulae: 

1 {/i(*)+/ 2 (*)} = 2A(*)+ 2M x ), (i) 

2 cf(x) = c 2/(»). C a constant, (2) 

2 u(x)Av(x) = u(x)v(x)~ 2 v(x-\-h)Au(x), (3) 

2 u{x-\-h)Av{x) = u{x)v(x)— 2 v(x)Au(x). (4) 


Formulae (3) and (4) are called summation by parts formulae. 

In fact a summation formula corresponds to every difference 
formula. A few additional formulae will be given: 


2^> = 

” >0 ' 

(5) 

2 a*- w) = 

n >L 

(6) 
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2 m x = 


m x 

mF^ 1 +C: 


\m\ ^ 1 . 


(7) 


2 sin # = 


c os (rr— P) 
2 sin 4A 


To derive (8), note that 


Acos# = — 2 sin A A sin (a; A), 


Acos(#— \h) = — 2 sin ^ A sin .r 


and sum both sides. 
Similarly, 


2 cos £ = 
2 sinh x — 


si n(x—lh) , 

^afr+ c ' 

cos h(g— P) g 
2 sinh p 


( 8 ) 


(9) 

( 10 ) 


As an application of these formulae consider the following: 

2> 2 = £ I ;&B + *W] = p2) + ^3) +c _ (H) 


In general, if /(#) is a polynomial write it as a sum of factorials 
and sum. 

If f(x) is a rational fraction, devices such as separation into 
partial fractions and summation by parts may be helpful, 
although no certain rule of procedure can be given for obtaining 
a closed form for the sum in terms of the so-called elementary 
functions. In fact many sums cannot be so expressed. This is 
true of a sum so simple in appearance as 2 We note in 
passing the following two additional formulae: if u{x) = ax-\-b , 
then 


2 u(x)u(x—h)...u{x—(n—l)h] 

1 


\)dh 


u(x)u(x—h).. .u(x~nh)+c, ( 1 2) 


> u(x)u(x+ h)...u{x+(n— 1)A} 

-1 


(n~l)ahu(x)u(x+h),,.u{x+(n--2)h} 


c . (13) 
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By means of these formulae we obtain, for example (h = 1), 
z (2z + 5)<2z +3 )(2*+l) = (^±«) ^+»)(^+I)(^- J.) + , 


2 (3a:-2)(3x+ l)(3a:+4) 


1 


3.2(3*-2)(3*+l) 


+ c. 


2. Summation by parts 


The problem of summing a product of two functions is a close 
parallel to the corresponding problem in the integral calculus. 
Elementary examples where summation by parts is useful are 
as follows: 


1 ha x+h 

xa x - 


1 1 

y xa x = xa x j y a x+h h ■=- . . 

^ a h — 1 a h — l^w a /l — ~1 (a* — I) 2 

2 #sin# — — %r “ + ^ iv V cos (^+ W 

^ 2sinp ~ 2 sin \h ^ v 2/ 


+~ c > 

(14) 


-#cos(a;— JA) h 

2 sin \h (2 sin \h) 


( sm#+ c - 


(15) 


3. Definite summation 

The topic of the previous section will be greatly elucidated 
by the discussion of definite summation which is introduced at 
this point. 

By definition! 

x—h 

u(a)+u{a+h )-\- ~ 2 u ( v ) 

v~a 

= i = 0, y — - f - fl - (16) 

i=0 11 

Let 

0(a) = 2 «(v), a: > a, 

v~a 

<f>(x) = 0, x = a. 

Then it is immediate that 

A (f>(x) — u(x), x ^ a. 

f The variable of summation will be denoted by the same letter as a limit 
variable if it seems to make for simplicity, thus 

x-h x—h 

£ u{x) E5 2 u(v). 

x»« voa 
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Consequently, <f>(x) is a particular determination of 
2 u(x); x = a-{-vh, v = 0, 1 , 2 ,... . 

If u(x) is defined for all values of x we can still use essentially 
the same scheme. Choose a, so that 

x = a+fc'A, i = 0, ±1, ±2,— • 

Let x— 

cf>(x) = ^ w(v) when a; > a as before, 

v=a 

<£(a) = 0, 

and a _ fe 

^(*) = ~ 2 u ( v ) 

v—x 

— -—u(x)—u(x-\-h)—...~u(aL—h) when x < a. 

Again A cf>(x) = w(#). 

By subtraction we get the general formula 

2 «(v) = <f>(,c)-<j>(b), b = c+*'A, 

V~b 

i being an integer. 

This formula holds for any determination of ^ u(x ), inasmuch 
as such a determination can at most differ from (f>{x ) by a con- 
stant (a function with period h). We write 

2 «(*) = 2 «(»)]„— 2 «(*)] fc . ( 1? ) 

where 2 ^(#) is some particular determination. 

Formula (17) can be used in the evaluation of definite sums. 
For example, with h = 1, from (11) 

2 x * 2 = [!*(*— l)+i*(«— !)(*— 2)]“ +1 

= l). 

A definite sum of any polynomial can be found in like manner 
by first expressing it as a sum of factorials. 

Similarly, from (12) 

2 (2*+6)(2:c+3)(2a;+l) 

_ (2n+7)(2»+5)(2w+3)(2«+l)— 7. 5. 3.1 
2.4 * 

n 


60S4 
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The finding of closed formulae like the above for finite sums 
is often not possible. The problem is analogous to the familiar 
one in integration. 

4. The function L(x , a) 

h 

The problem of integration in ordinary calculus is greatly 
facilitated by the introduction of log# which is best defined by 
the formula 

X 

I _ dx = log#, # > 0. 

J X 

1 

Similarly the problem of finite summation is aided by the 
definition of the function 

x— h j 

L(x, a) = 'V a > 0, v = a,a+ A,a+2A,... . 

h V 

v—a 

If a is fixed this function is here defined only for the set of 
numbers # = a+A, a+2A,... . 


5. The summation of infinite series 

The summation of convergent infinite series is a problem of 
importance in mathematics in spite of the fact that compara- 
tively few important infinite series can be summed in closed 
form by direct methods. However, the methods of this chapter 
sometimes do permit of the summation of a series by direct 
method. 

00 

By definition, the sum of the convergent infinite series 2 a i 

i=l 

n-1 

is lim 2 a i • Thus, the problem of evaluating the sum of the 

n~+coi = 1 

infinite series attacked directly is to evaluate the sum of the first 
n— 1 terms and then the limit of this sum. Our discussion may 
help us in the first problem. 

For example, h = I, 


2 (3t— 2)(3i+ l)(3i+4) 


3.2(3w— 2)(3»+l) + 24‘ 
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Hence 


Z, (3i~2)(3i+l)(3i+4) 24’ 


Summation by parts is frequently helpful in the approximate 

evaluation of the sum of a convergent infinite series. As an 

00 

example we treat the series 2 I n summation by parts 

i=l 

formula (3) let u(i) = l/i 2 , A v(i) — 1, v(i) = i. Then 


00 f 


2t+l 

W+ 1) 


— 1+2 


00 1 oo 1 

2 i[t+l) + 2 iHiA 


(<+l) 


oo i oo i °° 1 

= ~ 1 + 2 2 r* ~ 2 2 i^i+i) + 2 w-\ 

00 | 00 . 

= -1+2 2^“ 2**(*+i)‘ 


a (*'+i) 


i— 1 i— 1 


Hence 


CO , CO | 

2 ? = 1 + 2 wq 


(<+i) 


The series in the right-hand member converges more rapidly 
than that in the left-hand member and consequently is better 
for approximate computing purposes. A like process can now 

oo 

be applied to 2 l/i 2 (i+ 1) and the computation made to depend 

upon a still more rapidly converging series. Details are left as 
an exercise. 

The approximate summation of infinite series which we have 
just been discussing is also frequently facilitated by means of a 
transformation due to Euler. In order to prove Euler’s theorem, 
we introduce two lemmas. 


Lemma I. Hypotheses. 

CO oo 

(i) 2 converges, where A k = j a kn> 

Zc— 0 n— 0 

00 00 

(ii) Letting £ a kn = P r k , pv k = Up converges for all values 

n=P fc= 0 

Of P, 

(iii) B P -* 0 ; 
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Conclusion: jT a kn converges to a value which we call B n and 

Ac— 0 

00 00 

2 B n = I A k . 

n— 0 k — 0 

00 

Proof: a kn = n r k — n+1 r k and consequently £ con- 

fc =0 

verges by hypothesis (ii). We write A k = ^ +p r fc* From 
which 

2 2 2 P r & — 2 

A:=0 Ac— 0 k—0 n — 0 

But i? P -> 0. The theorem follows. 

Lemma II. If 

(i) a nv -> 0 for every fixed p ^ 0, 

00 

(ii) 2 \ a np\ < K f° r ev ery value of n > 0, 
p—o 

(iii) x n -> 0; 

then o n — o, n0 x 0 J \- a ni x i~f •■•-\- a nn x n 0. 

Proof: Let e > 0 be given, then if M is large enough, when 
n > M, \x n \ < e/2K, and as a result 

Wn\ < I «r<0 X U + «nl a: l + • • • + a nM X M I + 

Now with M held fast, choose n so large that 


\V)\ < 2 M 

forj — 0,..., M simultaneously. Then \o n \ < e and the lemma 
is proved. 

Theokem II. If 2 a n (18) 

W = 0 

converges to A; then V 

Z, 2 W + X 

n— 0 

converges to A. 

Proof: Consider first — — , and let a nj) of Lemma II be 


^rivPp an< ^ X n a /c+n* 

satisfied because 


We have the hypotheses of the lemma 


2 »" Cf < 2« n?> ° 
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p = o 


Of course a n -+ 0. 
Hence 

Next, let a kn 
Then, by (19), 


lim-(l + £)"«* = 0. 

n-~>co L 


(19) 


L 2 n 


2*i+i 


2 a kn = ^+^)° a k==a k . 

71—0 ^ 

We thus obtain an infinite series for each term of (18). We wish 
to apply Lemma I to the resulting array. 

On account of the relation 

(1 + E)^a k = (l+Era k +(l+E)-a k+1 


we can write 


2 
k=0 V 


l(i+E) n „ (i+^r +i 


du — 


2n+l 


«*) 


in the form 

= 2^i [ (1 + 1 + E) n a k+ ^ . 


k~a 


Since a k 0, and since there are a fixed number of terms in 
E) n a k+V we see that (1-j -E) n a k+1 0 when k-> oo. Conse- 

quently, 


2 ^/CTl 




(l + -g) 7 
2*1+1 


Ma- 


in order for the theorem to be complete, it is now only necessary 
to show that R P of Lemma I approaches zero. Using the 
notation of that theorem, 

_ (1 +E)?a k 

2 p » 


P r k ~ 


R P = ~^(l+Era k . 


and consequently, 
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Now, let a k +a k+1 + ... = r k . 

Write (l-{-E) p a k in expanded form and we have 


Rp = 2P 2 0 

i— 0 

by Lemma II, since r P -> 0. 

Theorem III. Hypothesis: 


converges to A . 


00 


2«» 

n=0 


Conclusion: 


1 

c 



(c-l)+ff 

c 


n 


converges to A also. 


c > 1, 


This theorem, which reduces to the Euler theorem in case 
c = 2, can be proved with but slight modifications of the proof 
given for that theorem. Proof is consequently omitted. The 
transformation will be called the extended Euler transforma- 
tion. 


00 


A series 

can be written 


I «» 

71=1 

(20) 


00 

2 & 8 n- V 

71 = 1 

n 

& 8 n -1 ~ 8 n 8 n~l> 

(21) 

if 

8 n = I a n> n > l > 8 0 = 0. 

71 = 1 



Substitute for (20) the series 


2 + ( 22 ) 

71 = 1 

where b n -> 0 and b 0 — 0. The sum of the series will not be 
changed. (The replacement of (20) by (22) is called a modifica- 
tion of (20).) Now it is frequently possible to choose b n so that 
(22) converges more rapidly than (20). 

For example, consider 


00 


1 
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u ‘ 6 - = <- 1) ”a+i 

2 (A£ft-i+A&„_i) 


. Then 


00 - I 1 I 

= "V (— m-ii + f— 1)» — i (-1)"- 1 — — 

Z, [ v ’ n T ’ 2w+l 1 ’ 2n — lj 


vu 

2 


n — 2 


n(2n— l)(2w-f 1)* 


This is a series which converges much more rapidly than (23). 
In general we consider a series 

1 

«= 1 


co 

2 


P(n)' 


where P(n) is a polynomial of degree p ^ 1. Let 

' ' v(n)’ 


where u(n) and v(n) are to be polynomials. Then 

As n _i-f-A6 n _i 

_ / __ 1 v n _i v( n)v(n — 1 ) — P(n){u{ n)v(n— 1 )+^(^ — 1 )v(n)} 

; P(n)v(n)v(n— lj 

(24) 


We now endeavour to choose the polynomials u(n) and v(n) 
so that the degree of the numerator in (24) is as much less than 
the degree of the denominator as possible. Let the degree of 
v(n) be a and that of u(n) be r and let a = r+/>. Terms in the 
numerator of degree 2a formally appear. However, there are 
t+1 coefficients in u(n) and r+p+1 coefficients in v(n). We 
hope to be able so to choose these coefficients as to reduce the 
degree of the numerator from the apparent 2r+2p to p— 2. 
The degree of the denominator will remain p+2a. But 


a = r-j-p ^ p. 

Consequently, the degree of the denominator is at least 3 p. 
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EXERCISES 

3 . Work out, h — h. 


(a) 

2* 3 , 

(b) 

Z(2x*+3x*~}), 

(o) 

V 1 

(d) 

V 1 

x(x-\-hy 

jL* (x+5h)(x+3h) 

(e) 

2 x 2 sm x. 



Evaluate, h ~~ 1, 



(a) 

999 

Ix\ 

(b) 

2 Afa®, 

(c) 

100 

2 sin 2x, 

x~l 

(d) 

100 

10*008 3#, 

£B=*1 

(«) 

00 

2 x(x-l )(x-2)’ 

X=* 1 

(f) 

X e~*sin 3a:, 

«C*“1 

iff) 

n 

2 sinh x, 

(h) 

n 

^ cosh a:. 


X™1 . cc = 1 


3. Prove ^ u i x ) = ~ Jtt(®+vA) + c 

»>=*=0 

in case the infinite series is convergent. 

4. Derive the summation by parts formula 
^(f>(x-\-h)A 2 t/j(x) = (/>{x)Aip(x)—ifj(x)A<f)(x) + 2 0(aH-&)A 2 ^(a:). 


5. Generalize the formula in Exercise 4. 

CO 

6. Use summation by parts to replace 2 l/i 2 (i+ 1) by a constant plus 

i-1 

oo 

a moro rapidly convergent series. Then, noting that Jtt 2 = 2 1 /i 2 , use 

i-1 

the results that you have obtained and the results of the text to calcu- 
late 7r 2 to a few decimal figures. 

7. By the use of summation by parts obtain from the formula 

00 

=log2 

4- 1 

a more rapidly converging series for log 2. 

00 

8. Apply the Euler transformation to 2 ( — 1)* l/i and then calculate 

i-l 

log 2, correct to four decimal places. 


9. Apply the Euler transformation to 2 ( — l)*" 1 l/i 2 and then calcu- 

i«i 

late its sum to a few decimal places. 
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10. If E c denotes the extended Euler transformation with constant C, 
prove that 


*c z = Ea 

11. Give in detail a proof of Theorem III. 




12. Modify the series 


n»l 

by the method of p. 22, and use the modified series to calculate rr to 
seven decimal places. 


13. Modify the series 



71 = 1 

by the method of p. 22, and use the modified series to calculate tt 2 to 
several decimal places. 
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THE BERNOULLI AND EULER POLYNOMIALS 
AND NUMBERS 


1. Definitions and some fundamental formulae 

The process of summation is facilitated by the introduction of 
certain polynomials known as Bernoulli polynomials. These not 
only play an important role in the theory of finite differences but 
serve as a natural introduction to the Bernoulli numbers which 
occur frequently in important parts of mathematics. 

For the time being we limit the independent variable to the 
succession of values 0, 1, 2, 3,... . 

Let j 

<f>n( x ) n > ^m(°) == 0; (1) 

U*) = 0. (1') 

Now by Newton’s formulaf we can write 
nx 71 - 1 = 

x-l 

where a l5 ..., a n _ r are constants. Apply the operator to both 

x=0 

members of this and we have 

<f> n (x) — ^ n) +-~rX^ n ~ 1) +... + U > 1 . ( 2 ) 

TV l Jj 

This is a polynomial of the nth degree which we write 
<f> n (x) = B^x-+ n G 1 B^x^+...+ n C n _ 1 Bi%x 

= n lnO v B^x n ~\ (3) 

v— 0 

where the J5’s are independent of x. 

From (2) it is immediate that 

<t>n( 0) = <t>n( 1) = 0, n > 1. (3') 

From (1) 

= <f> n (x+l)-<f> n (x) = nx’ 1 - 1 . (4) 

The polynomials <f> n (x), although till now defined for 
x = 0, 1, 2 ,... only, are defined by the formula in the right- 
hand member of (3) for any value of x and henceforth will be 

t Chap. I, § 7. 
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considered as algebraic polynomials. Since relation (4) holds for 
all positive integral values of x, it is an identity. 

Differentiate both sides of (4), and denote differentiation by 
an accent. We get 

W n (x) = (n-l)*»-« (5) 

it 

Sum this from 0 to x—1 over integral values. We get 

^[4>U x )~ ^n(O)] = 2 (n—l)x n ~* 
n x—o 

= ( 6 ) 

v=0 

This again is an algebraic identity in a:. However, from (3), by 
differentiation, 

l [M-^m =In-A 

n v =o 

The right-hand member of this is identical with the right-hand 
member of (6). In other words, B ( 0 n \ B are inde- 
pendent of n. They will be denoted by B 0 , B v B 2 ,... . 

To the polynomial written in (1) it is frequently convenient 
to add B n . Whereupon we write 

B n (x) = </> n (x)+B n == 2 n C„ B ¥ &~* = (x+Br, (7) 

where in the binomial expansion exponents are to be written 
to x and subscripts to B. 

The polynomial B n (x)> n — 1 , 2 ,..., will be called the Bernoulli 
polynomial of degree n . The numbers i5 0 , B x , J5 2 ,... 6c called 
the Bernoulli f numbers. 

t Definitions of the Bernoulli numbers and polynomials which yield closely 
related but slightly different results have been given from time to time. How- 
ever, definitions equivalent to those which are given here have certain elements 
of convenience. In particular, numbers f$ k determined by 

Ab = (-1 )*-»£,*, k>0, 

are frequently called Bernoulli numbers and the polynomials defined by 

X — 1 

2 2 n—i 

(n— 1)! 

are frequently called Bernoulli polynomials. 
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From (3) and (3') we have 

= ^o+n^iB 1 + n G 2 B 2 +,.,+J) n ^ 1 B n _. 1 = 0 . ( 8 ) 

This is a formula from which B n _ x can be calculated if B 0 , . . . , B n _ 2 
are known. Calculations, however, are increasingly laborious 
and the necessary labour soon becomes prohibitive. From (2) 
B 0 = 1. Starting with B 0 = 1, we find B x = — J? 2 = 

= 0, B± = —50, = 0, -B 6 = |2,... . 


2. Further fundamental formulae 

From (1), (6), and (7) 

= nB n _^x), n > 1; 

= »(»— !)...(»— p > 1, » > 1. 


From (9) 


(9) 


(9') 


u 

J B n (x) dx 


n -\- 1 


[B n+ i(b)-B n+1 (a)], n > 1. (10) 


In particular, since from (3'), 2?,„(0) = -B n (l), n > 1, 


X 

J -B w (a;) dx = 0, n > 1. 


( 10 ') 


( 11 ) 


From (1) we obtain the important relation 

*-i R R 

l n +2»-f ...+(*— l) re = Yx n = 1— ? . 

X=1 »+l 

If we expand -B m (a:-|-&) by Taylor’s formula and apply (9') we 
obtain n 

B n (x+h)=2nC v B n _ v h\ 

v=0 

If in this we let h = 1 and subtract B n (x) we get 
A B n (x) = B^+IJ-JS^) 

= 2 nO v B n _ v (x)-B n (x) = n f n C v B v (x). (12) 

v=0 p=0 

Compare this with (4), and we have, since A <f>„(x) — AB n (z), 

B v {x) = nx n - 1 . 


(13) 
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This is a formula from which B n _ x (x) can be calculated if 
B 0 (x), B x {x),..., B n _ 2 (x) are known. Since B 0 — 1, from (1') 
and (7) B 0 (x) = 1. We readily find 

B 0 (x) = 1 , 

Bx(x) = x—\, 

B 2 (x) = x 2 — 

B a (x) = x 3 — §£ 2 -f-|x, 

B t (x) — x 4 —2x 3 -j-x 2 — g 1 s , 

£ 5 ( x ) = a: 5 — l^ 4 +|a: 3 — ^a:, 

B 6 (x) = x 6 —3x 5 +ix 4 —$x 2 +&, 

B 7 (x ) = x 7 — lx«-\-lx*~ lz z +ix, 

B 8 {x) = a; 8 — 4x 7 +fx«--lx 4 +%x 2 —^, 

B 9 (x) = x 9 — \x*-{-§x 7 — - 2 g-# 5 +2a; 3 — 

B 10 (x) = x 10 —5x 9 -}-^x s —lx Q +5x i —^x 2 +^. 

Of course, these polynomials can be found in other ways; for 
example, by writing nx n ~ x as a sum of factorials and summing 
as indicated in § 1, or by calculating the Bernoulli numbers and 
substituting in (a?-f ~B) n or as indicated in the following section. 

3. Integral formulae for calculating B n and B n (x) 

Integration formulae can be developed for the successive 

calculation of B n as follows: Successive integration by parts 

applied to the left-hand number yields the following formula, 

J B^)BM) dx = ^^ B^, (i,v > 0. (14) 

Interesting special cases of this formula are 

} K(x) dx = V > 0; (15) 

/ B l^{x) dx = { ^±^±B iv+2 , v > 0; (16) 
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i 2 

f B 2v {x)B 2 {x) dx = — ( V +1 )( 2 V -|: 1 )^+ 2 . v > 0; (17) 

]B iv . 1 (x)B 1 {x)dx=- ( ^ [ B 2v , v>0. (18) 

0 ' '* 

If in (14) we interchange /x and v we have 

(-l)M-^ +r = (-1)»-1JS^. 

Hence, if n is odd B n = 0, that is 

^+1 =0, > 0. (19) 

As a matter of fact on account of (10') 
i 

J dx = 0, 

0 

and since by (10') and (14) and (19) 

ill 

[ — ^+il^ 2 v( a; ) dx = j {— By^B^x)} dx — \ J B iv {x) dx = 0, 
0 0 0 

for purposes of calculation we can replace (17) and (18) by 

J *•**(*) dx = “(,+T)(2,+T) jB ^ +2 ’ v > 0> (20) 

r 1 

and J xB 2 v _ 1 (x) dx — — jB 2 »» v > 0. (21) 

o 

From formulae (7) and (9) 

X 

B n (x)—B n = n J B n _ x (x) dx. (22) 

0 

If we have the Bernoulli numbers this gives a means of succes- 
sive calculation of B n (x) from B x {x) = x~\. The labour is great 
for a large value of n. 

4. A difference relationship 
We have seen that B n {x) = (x+B) n , where in the binomial 
expansion exponents are to be written to x and subscripts to JB. 
Now take a parameter h 9 then 

B n (x+k) = (x+h-\-B) n = (#+!?+ &) n . 


(23) 
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Let if/(x) be a polynomial of the mth degree. Form 


Replace in the expression thus formed (x -\~B-{-l) k and (x-\-B) k 
by B k {x-\-l) and B k (x) respectively, Jc = 0,..., m. 

Apply (4) and we have 

ifj(x+B+l)~if;(x+B) = ift\x). (24) 

In other words, ^(x-^B) is a polynomial solution of the equation 

Ay == ifj'(x), 

where the right-hand member is any given polynomial. 
Equation (24) can be written 

#£(*)+ !}-#£(*)} = f (z). 


If in this we let i/j(x) = x n we have again formula (13), which 


we write as 


[jB(:r)-j-l] n — i?(#) = nx 


V- 1 


(25) 


If we let x = 0 we get a second time relation (8), which we write 


(B+1)*-B n = 0, n>l. (26) 


5. The Euler-Maclaurin summation formula for poly- 
nomials 

As previously, let ip(x) be a polynomial of the mth degree and 
in the expansion of ip(x-}-B) apply subscripts and not exponents 
to B. Then , 

~^+B) = P(x+B). 

Hence the polynomial i/j(x-\-B) behaves exactly as ip(x-\-h) with 
exponents applied to h not only as regards algebraic operations 
but also as regards differentiation. We consequently can use 
Taylor’s formula. We have 

w T> 

+(x+B) = £ ^(*)- ( 27 ) 

Similarly, with arbitrary but fixed q > 

^r(a;+?+5) = \ft (&+-B+?) = 0{#+(J?+2)} 

= t{x+B(q)} = 2 ^W)- (28) 
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Taking the first difference of (28) and applying (24), we get 

X 

Replace i/j(x) by J y(#) dx , where x( x ) * s a polynomial of degree 
o 

m— 1. Since 


£+i 

A^°)(£) = A</*(:r) = i/i(#-fl)— 0(z) = J x(x) dx , 

X 

we obtain 


" t * JL m— 1 

X (x+g) = f *(x) dx + ^ (29) 

i v ' 

This is a polynomial identity. It is called the Euler-Maclaurin 
sum formula and will be discussed further later. 


6. Symmetry property 

We know that 

&B 2k+1 (x) = (2k+l)x ik . 

Replace x by — x and we obtain 

•®2fc+i(l x ) -®2fc+i( x ) = (2&-f- l)x 2fc . 

Let — B 2k+1 (l — *) = F(x). 

Then A F(x) = (2k -\- 1 )x 2k . 

Now, if two polynomials have the same difference they differ 
at most by a constant. We know 

-®2*+l(9) = -®2*+l = -®2fc+l(l) == F(0) = F( 1). 

Hence F(x) = B 2k+1 (x)—2B 2k+1 . 

That is, —B 2k+1 {l—x) = By e+ i(x)—2B 2k+1 . (30) 

Differentiate both sides of (30) and apply (9). We get 

= B ik (x). (31) 

Differentiate (31) and apply (9). We arrive at 

-® 2 *-i(l x ) = B %k _ k (x). (32) 

Equations (31) and (32) can be combined into 
B n {l-x) = (~l)»B n (z). 


( 33 ) 
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This is a fundamental relation in the theory of Bernoulli 
polynomials. 

In (33) let x = 0 and we have 

^®2fc+l “ ^ > 0. 

Hence as we already know 

^2&+i — k 0. 

7. The polynomials <j> n (x) — B v (x)—B n in the interval (0, 1) 

Put x — \ in (33) and we see that 

&2k+ l(i) “ 

Moreover, since B 2k ^ 1 = 0, 

-®2Jfc+l(^) “ -®2&+l(l) ” k > 0. 

Theorem. There is no zero of <j> 2k+x {x) = B 2kJrl (x) within the 
interval (0, 1) other than 

We prove this by contradiction. Assume zeros, a x and a 2 , 
such that 0<o 1 <o a <l. 

Here either a x or a 2 might be By Rolle’s theorem, B 2fc+1 (^) 
has at least three zeros, b v b 2) and 6 3 , such that 

0 <c b j <C a j < b 2 < C a 2 b$ <C 1. 

Hence B 2k + x (x) has at least two zeros within the interval (0, 1). 
But B; k+1 (x) = (2 k+ 1)(2 k)B ik _ x {x). 

Hence B 2k _ 1 (x) has at least two zeros within the interval (0, 1). 
By successive repetitions, J5 3 (x) must have at least two zeros in 
this interval, but this is contrary to the fact. An explicit form 
for B 3 (x) has been given on p. 29. 

Theorem. <f> 2k (x) = ^ 2 ki x )~^ 2 k retains the same sign over the 
interval (0, 1). 

If <f> 2 k( x ) h as a zero on this interval, since <f> 2k (0) = <f> 2 k(I) “ 0> 
<f> 2 k(x) will have at least two. But <f> 2 k (x) = 2kB 2k _ x (x) and we 
have just seen that this has but one zero on this interval. 

Theorem. <f> 2k + 1 (x) has a simple zero when x = 

Proof is as follows. Suppose 

Hk+lOs) = (2&+l)[^ 2 ;Ul) + ^2&] == 0* 

3D 


5034 
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Sine© <f> 2k+1 (0) = <f> 2k+ 1 (£) = 0, by Rolle’s theorem, (f> 2k+1 (x) has 
a zero within the interval (0, ^). Hence, again by Rolle’s 
theorem, <j> l k + x {x) has a zero between 0 and but 

fak+ifa) ~ (2i+l)(2A;)^ 2fc _i(a;) 

and $ 2k -i(x) has no zero on this interval. 

Theorem. (— 1 ) k + 1 B 2k > 0. 

When k > 1 this follows from (15) and (16). We know that 

Theorem. The function <f> 2 k (x) is of the same sign as B 2k _ 2 
over the interval 0 < x < 1 and (j> 2k + 1 {x) (k > 0) is of the same 
sign as B 2k over the interval 0 < x < 

This theorem follows from the fact that <j> n ( 0) = 0 and that 
the polynomials in question do not vanish on the intervals 
mentioned and consequently must have over these intervals 
the signs of the coefficients of their terms of lowest degree. 

8. Multiplication theorem 

Consider the equation 

/(*+L) — /(a?) = nx n ~ x . 

Trial, with reference to equation (4), shows that each of the 
following is a polynomial solution: 

m—l / \ 

2 B n \x-{-~\ and m l ~ n B n (mx). 

v~0 ' 

These then differ at most by a constant. We write 

m—l / \ 

2 Bn ( x+ mi = w} ~ nB n{™ x )+C- 

Integrate both sides of this equation from x to x-\- 1 and apply 
formula (10) and then (4) to the left-hand member. We get 

{mx -\- 1 ) n + ...+ {mx-\-m— 1 ) w ] 

= B n+1 (mx+m)-B n . +1 (mx) Q 

(»+ l)m n 
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Now apply formula (II) to the left-hand member of this 
equation and we find (7 = 0. We then write 

m — 1 i \ 

2 Bn [ X+ ^m) = ml ~ nB n( mx )- ( 34 ) 

This has been called a 'multiplication theorem’ for the Ber- 
noulli polynomials. From it there can be obtained some 
formulae which are useful in plotting the graph of B n (x). Let 
x = 0 in (34), and we obtain the following relation, 

(36) 

This coupled with (33) yields 


w »2 

1 


B 

B 




bj;\ = 


= ” eV6n ' 

= ” e,en > 

= ” eVOT ' (36) 


9. Fourier development of the Bernoulli polynomials 
over (0, 1) 

Consider first B 2k (x ). We know that there exists a Fourier 
expansion for this polynomial valid over the interval (0, 1). We 
write 

B 2k (x) — \a$ k) +a { £ k hQ&2kTrx+b^ k hm2knx+ 

where 

l l 

= 2 J i? 2fc (#)cos 2uttx dx , b^ k) = 2 J jB 2A .(#)sin 2uttx dx . 

o - o 

Here b { * k) = 0 since 

B 2k (x) = #)• 

1 

«P = 2 / 

0 


Next, 
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Utilize (10) and we have 

< k) = 2^1^ + i(l)-^ + i(0)] = 0. 

In order to determine a^ k) , n > 0, we proceed as follows: Use 
the integration by parts formula 


J #" dx = J #" dx, 

with <f> = B 2k (x) y i/j" — cos 2^77#, 

then <f>" = 21e(21c-l)B 2k _,(x), * = 

We first find 

< 2fc) = a n k ' 2) > n> 0. 

\znuY 

Now we know that 

JS 2 (^) = a 2 — £+&• 


(37) 


We then find a< 2) = — — . 

71 (2 utt) 2 

So that, finally, 
aW _ 

* ~ (27177)™ 7 


n > 0 , & > 0 . 


(38) 


This Fourier expansion is valid when x = 0 and # = 1 as well 
as over the interval 0 < x < 1, since B 2k (Q) = B 2k (l). 

Next consider B 2k _ x (x) and use an analogous notation to 
what has just been used. It is immediate that 

= B*-v> = 0, n > 0. 

i 

^( 2 fc-i) = 2 J J5 2A ._ 1 (x)sin 2 n 7 rx dx . 
o 

Proceeding as before we find 


fc(D 

u n 


rnr 9 


fj(2k-l) __ (2fe l)(2fc k(2k-9) 
“( 2 « 77) 2 " ’ 

whence 

= ( — l) fc .2. ( 2fc — l)(2fc — 2)... 2.1 

B (2» rr )** i - 1 


& > 1, 


» > 0, Jc > 0. 

(39) 
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The expansion thus obtained is again valid when x = 0, and 
a: = I if 2k— l > 1. We write 


S 2k (x) = 


(-1)*" 1 . 2- {(2i)!}[ 


~ , cos477X , cos 6ttx , ] 

i2w * • 


d / \ (— 1)*.2.{(2&— 1) !}f . „ sin47ra: sin67rx 1 

[ sm2 ^+-2^r+-3i^r + -J- 


If in (40) we let x = 0, we get the remarkable relation 
B - (-l ) fe - 1 -2.{(2fc)!} r 11 1 

2k (2ir) 2k [ ~ t ~ 2 2k ' 

= — (42) 

where £(2&) is the celebrated ^-function. If we let k — 1,2 in 
(42) we get 


!L 2 = i + i+i +1 + 

6 ' 2 2 ~3 2 ~4 2 ‘ 


^ 2 4 3 4 4 4 ' 


More important, however, are the relations (43) and (44) below. 
We observe that 

1 < £(2 k) = 1 + |22* + p*j + |j2* + 52 fc + 62fc + 72 *] + - 

^ ^ 22&-i 2^-2 2 8fc ~ 3 * ” j * 

This right-hand member approaches 1 as k -> oo. It is imme- 
diate that 

mm lB | < g ) i _ (48) 

(2ir) 2k < l afcl < (2 tt) 2 * 1 — 1/2 2 * -1 " ( 

We next conclude from consideration of (40) that 
\B a (x)\ < \B 2k \, 0 < x < 1. 

Similarly from (41) we conclude 


IB t <x)\ < 2 ^ 2fc ~ 1 ) ! > 1 

I 2*-l( )l < (2 7T )2*- 1 1 — 1/2 


( 44 ) 
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10. Theorem of Jacobi 

Some of the properties of Bernoulli polynomials can be estab- 
lished by means of the following theorem known as the Theorem 
of Jacobi. Notable among these is the symmetry property of § 6. 

Theorem. If z ~ x—x 2 then 

(—l) k B zk {x) = 2 d vk zk ~ v ( 45 ) 

v—0 

and (-l) k B 2k _ 1 (x) = (l-2x) k fs vk z^-\ k > 1, (46) 

r=0 

d \ 

where the d vk and 8 yk are constants, > 0. 

°vk) 

We shall prove formula (45) by showing that d vk can be deter- 
mined to satisfy (45). Formula (46) will be left to the reader. 
Differentiate (45) twice and utilize (9). We get 

(-i) k m*w 2k _ 2 (x) = i d vk [(k-vyw-''-*-( 2*-2p)(^— i] 

= 2 [(k-v+lpd (v _ M ~(2k-2vfd„ k ]z k - v - 1 —(2kpd ok z k - 1 . 

V=1 

Now if we write (45) with k replaced by (&— 1) and equate 
coefficients we obtain 

(2k-2v)m vk = (2k)^d Ak ^+(k-v+ird (v _ ])k , 

v — l, 2,..., k 1, d Qk = d G ( k _^. 

The d’ s can be calculated from this formula using the values 

^oj — == 0, j > h (47) 

To prove these we note that the coefficient of x i2k in B 2k (x) is 1 
and that if k > I, B 2k (x) does not contain a term of the first 
degree in x . This is true since 

B' 2k (0) = 2kB u ^( 0) = 0, k > 1. 

A short table is given to show how the calculations can be 
carried out. It was made by first filling in the numbers given 
by (47) and then working downward. 
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N. V 

0 

1 

2 

3 

4 

5 

6 

7 

8 

2 

1 

0 








3 

1 

1 

2 

0 







4 ' 

1 

4 

3 

2 

3 

0 






5 

1 

5 

2 

3 

3 

! 2 

0 

—Iho 





6 

1 

4 

17 

2 

10 

5 

0 

B a 



7 

1 

35 

6 

287 

15 

118 

3 

691 

16 

691 

30 

0 

-B „ 


8 

1 

8 

112 

3 

352 

3 

718 

3 

280 

140 

0 

*i. 

9 

1 

2J 

2 

66 

293 

4557 

5 

3711 

2 

10851 

5 

10851 

10 

0 


We note from the method of constructing the table that 


d vk >0, v < Jc— 2. 

It is interesting to note that d kk = ( — 1 ) k B 2k . This results from 
(45) if we let x = 0. Again letting <f> 2k {x) = B 2k (x)—B 2k , and 
noting that <f> 2k {x) has no first degree terms we can write 

<M*0 = (- 1 )* 2 * > 1- ( 48 ) 

v— 0 

By differentiating (48) 

(— !)%(*) = (-l)*2^ 2fe _ 1 (x) = (1-2*) 'fd vk (k-v)z k - v ~ 1 

v=0 

= (1 — 2#)(#— £ 2 ) 2 d vk {lc—v)z k ~ v - 2 , & > 1. 

v==0 

From this we determine that the maximum value of (— l) fc <^ 2fc (a;) 
when 0 < # < 1 is when x = The value of this maximum 
is given by 

= * >1 - (49) 
v=0 

If we note from (36) that 

^2kd) ~ ^2fc(l)+-®2* = — 22fcTlj-®2fc» 
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we get B 2k =(— l)*- 1 


k-2 


2 — l/2 2fc_1 ^ 


2 a vk 

4 k ~ v 


k > 1. 


v=0 


This is a formula which can be used for the calculation of B 2Jc 
if the d vk are known. 

Also simple relations connecting the d ' s and jB’s are obtained 
by formally taking successive derivatives of (45), utilizing 
(9), and then letting x = 0. For example the second derivative 

yi6ldS „ k 2k(2k-l)„ 

d(lc-2)k — ( ^) fc 2 -®2fc-2' (50) 

In general if we write 


= *2 d vk [M oj (Jc- vp(l - 2x)h k ~ v ~ i — 

v=0 

— M v (k— v ) 0 - i >(1 — 2x)i- i z k ~ v -i+ x -\- ... + 

+ (— 1 ) m M mj (Jc—vy m \l—2xYz k - v -i+ m ], 

j = 2 m+l, 1 = 0,1, (51) 

differentiation yields 
(-1)*=(2A)0+OJ5 2 W (x) 

== 2 — v)0* +1 )(l — — 

v=0 

— (k— |/)0')(1 — 2x)' i ~ 1 {M 1 j-\- 2j3f 0 j)z k - v ~i-{- 
+ (k— v) {j _1) ( 1 — 2 xy~ 3 {M 2j -j- 2(j — 2)M l ^z k ~ v+l 
+ (—l) m+1 2l(k~-vY m W mj z k - v -i+ m ]. 

Expand the left-hand member of this by (51), equate coefficients, 
and we have 

^oO+D “ — l, 

^10+1) “ ^ij+ 2 i-^0j> 

^20*+l) ~ + 2 )^lj» 

^30*+i) ~ -^3 j + 2 0* 4 ) Jkf 2 ^ , 
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By means of these relations the coefficients in (51) can be readily 
calculated from the initial values. For example: 

M oj = 1, j> 0. 

^10 ^5 ^11 ~ ^12 ~ 2 , = *^14 ~ 12 , 

-^15 ” 20, Jf 16 = 30, lf 20 = 0, il/ 2 i — 0, 3/22 = 0, 

•^23 ~ 0 , ^24 “ 12 , ^25 ~ 00 , - Af 26 ~ 1 ^ 0 . 

If now in (51) we let x = 0 we obtain the following formula: 

( — l) k (2 Jc)^B 2k _j = d( k _j) k M oj (jf^—d( k ^ +1 ) k Mv<j—iyi-Q+ 

+ ••• + ( — 1 )° ~ 2) d( k - 2 ) k ^o-2)r 
This is a relation from which the Bernoulli numbers can be 
calculated given the cTs. 

A table of S’s is given for reference. 



11. The Euler polynomials and numbers 

A set of polynomials of much historical importance bears the 
name of Euler. They can be readily defined in terms of the 
Bernoulli polynomials as follows. If E n „ t (x) denotes the Euler 
polynomial of degree n—1, then 




42 


BERNOULLI AND EULER POLYNOMIALS chap, ill 


or the equivalent 

K- *(*) = 2KjB »(l)]- < 52 ') 

This equivalence is easily proved by means of (34). From this 
definition it can be proved that 

VJ $Jx) = x n (53) 

and it is possible to use (53) as a starting-point for the definition 
of E n (x). 

From known relations for the Bernoulli polynomials we can 
prove 7 

| ~E n (x) = nE n _ x (x) 

and, consequently, 



K+l(y)~En+l(x) _ 
n -\- 1 


By Taylor’s formula, 

E J X + h ) = 2 n G v hVE n-v( x )' 

v—0 

If in this we let h = 1 and use (53), we get the following relation, 

1 n G v E v( x )+ E n( X ) = 2xH - 

v=0 

This can be used to calculate successively the Euler polynomials. 
We find: 

E o( x ) = 1 > E i( x ) = x ~h E z( x ) = *(*—!)» 

E 3 (x) = (x— \){x 2 — x — |), E t (x) = x(x—l)(x 2 —x—l), 

E s( x ) — (x—\){x*—2x z —x 3 -\-2x-\-\), 

E e(x) = x(x-l)(x l —2x 3 —2x z -\-3x-{-3), 


These polynomials can, of course, also be calculated from the 
corresponding Bernoulli polynomials by means of (52). 

The following relations are readily proved for the Euler 
polynomials by means of the corresponding relations for the 
Bernoulli polynomials 

E n (l-x) = (-1 )»E n (x), 
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TO- 1 / \ 

E n (mx) = m n ^ (—l) v iu # + “-), wi odd, 

v— 0 ' 

9 7r) n / . \ 

E n (mx) = — — - ^ (— 1 ) , '- B r+i( a: + — )» m even. 

The Euler polynomials can be made the means of defining a 
set of numbers known as the Euler numbers, E n . Let 

Mn) 

EJx) = J nCv~{x~\) n ~ v . (54) 

v=0 

Theorem. The numbers El n) are independent of n. 

To prove this differentiate (54): 

d jg(n) 

gE n (x) = r*2 »-i 

v—Q 

But we have already seen that 

f,E n {x) = nE n _ 1 (x). 

Expand the right-hand member here by (54). Comparison of 
coefficients gives us the desired result. 

From (52) we readily verify that 

E n (0)+E n (l) = 0. 

This, together with (54), gives the symbolic relation 
(E+l) n +(E-l) n =* 0. 

If we combine this with E 0 = 1 we have a formula from which 
successive E n ’s can be calculated. It also follows that all E n 
are integers and that all E 2k _ l = 0. 

The first few Eider numbers are as follows: 

E 0 = 1, E 2 = -1, £ 4 -5, E 6 — —16, 

E 8 = 1385, E 10 = -50521. 

12. The Euler polynomials in the interval (0, 1) 

We see from (52) that 

^8*(°) = E 2k (l) = E 2k {\) = 0. 
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02 fc -2 

Also ” — 2k—-l ^ 2 k(\) ^ 0* 

Moreover, the Euler polynomials have no zeros on the interval 
(0, 1) other than those just discussed. This is readily proved 
by means of Rolle’s theorem, as in the corresponding case for 
Bernoulli polynomials. 

13. The Bernoulli and Euler polynomials with difference 
interval h and the Bernoulli and Euler polynomials of 
higher order 

In our derivation and discussion of the Bernoulli polynomials 
and numbers we have assumed the difference interval equal to 1. 
The assumption of a difference interval h is an immediate 
generalization. The treatment has been given in this book for 
h = 1 inasmuch as this yields the classical and useful theory. 
However, this restriction is not necessary. The difference 
interval then appears as an argument of our functions. We 
proceed exactly as in § 1. Write 

x-h 

<f> n (x, h) = h 2 nx n ~ 1 , n > 0, 

x—0 

<f> Q {x, h) == 0. 

As formerly we arrive at Bernoulli polynomials and numbers. 
We now write B n (x, h) for the Bernoulli polynomials and B n (h ) 
for the Bernoulli numbers. Certain modifications of our work 
are, of course, necessary. They are, however, not deemed 
worthy of the necessary space particularly in view of the very 
general discussion given in the next section of this chapter 
and of the discussion in the final sections of Chapter IV and 
Chapter V. The interested student can refer to Ndrlundj and 
should be able to develop analogous theory to that of this text 
for himself. 

To define the Bernoulli polynomials we apply the operator 

x—h 

h 2 to nx 71 - 1 . There is certainly no reason why this operation 

x~Q 

f N. E. Norlund: Differenzenrechnung. 
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should not be repeated and each time with a different h. We 

X-hiXi-hi Xe-l —he 

(f> n (x,h 1 ,h 2 ,...,h e ) = h 1 h 2 ...h e 2 2 ••• 2 nx e -1, 

Xj=0 X 2 —0 X e ~0 

Proceed as formerly and we arrive at polynomials and numbers 
which we write 

B n (x, h e ) and B n (h v ..., h e ). 

These are frequently called Bernoulli polynomials and numbers 
of higher order. A detailed discussion is again not given particu- 
larly in view of the next section of this chapter and of the last 
sections in Chapters IV and V. 

The remarks that have just been made with reference to the 
Bernoulli polynomials and numbers apply equally well to Euler 
polynomials and numbers. We write 

E n {x, h v ..., h e ) and E n (h v ..., h e ). 

14. Generalizations of the Bernoulli polynomials and 
numbers 

Bernoulli and Euler polynomials are special cases of what is 
known as Appell polynomial. 

A set of polynomials A n (x) are called Appell polynomials if they 
obey the relationship 

^. A n( x ) = nA n -i{x). 

Such polynomials have been extensively studied. We propose 
here, however, a study of sets of polynomials which are far more 
general than Appell polynomials. 

Let us be given two linear operators P and Q with their 
inverses P _1 and Q- 1 . We shall assume that P reduces the 
degree of any polynomial by 1 and that Q reduces the degree 
of any polynomial by k > 0, that P operating on a constant 
gives zero and that Q operating on any polynomial of lesser 
degree than k gives zero. We assume that P, P _1 , Q } Q~ x each, 
where applicable, gives a unique result, except that it is per- 
mitted that the result of operating with P _1 lack in uniqueness 
by an arbitrary additive constant and by Q~ x by an additive 
arbitrary polynomial of degree less than k . 



46 


BERNOULLI AND EULER POLYNOMIALS chap, m 


We assume, moreover, that we are given a set of polynomials 
f n (x ), where f n {x) is of degree n, such that 

f 0 (x) = 1, (55) 

PfJp) = n fn-i( x )> ( 56 ) 

= n^o/7i(^) + n 7 i ^l/n-l(^) + n^2w^2/n-2( a; ) + 

+ n^/tn^7i~A:A(^) + c l^“ 1 + C 2^~ 2 "f' # ”"f" C A:J 0 ^ k ^ 71, 

(57) 

where n L 0 ,..., n L n __ k are independent of a: but uniquely deter- 
mined. The c ’ s may be determined constants or may be arbi- 
trary depending upon the nature of the operator Q-\ 

From (57) 

- PQ-^n— 1)...(»— l)f n - k (x) 

7b 

= n LJ n -y(x)+(n- 1 ) n LJ n ^_(x) + ^})^-l) n LJ n ^(x)+ 

+ •••+«- A n L n-kfk-i(x )+ (terms of degree less than k— 1). 
However, 

^Q~ 1 Pn(n-l)...(n-k+ 1 )/„_*(*) 

= Q~ 1 (n-l)(n-2)...(n-k)f n _ k _ 1 (x) 

+-+ n -i^kn-iL n -kfk-i( x )+( terms of degree less than k). 
We next assume 

PQ^fn-kix) = Q _1 -f’/ n _/ c (*)+ (terms of degree less than k). 
Under this assumption 

n Lofn-i(x)+{n-l) n L 1 f n _ z (x)+ n _ 1 C 2n LJ n _ a (x)+ 

“("•••“t - n-~f'k n^n -k f k~l(x) 

— n-lPofn-li x )~\'( n 1 ) n-lPlfn-2( x )~^~n-l^Zn-lPifn-3( a ')~^~ 

+ ...+ n _ 1 C' fcn _ 1 L n _ fc / n _ 2 (a;)+(term8 of degree less than k). 

( 60 ) 
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Equating coefficients we find 

u Lq n-1-^0’ nLx ~ n-l^V n-^2 “ n-1^2’ *** * 

In other words, the L y s are independent of n. Henceforth we 
write simply L 0 , L v L 2 ,... . We let 

^*(*) = L 0 f n (x)+nLJ n _ 1 {x)+ n C 2 L 2 f n -2(x)+ 

+ ...+LJ 0 (x), n^O. (61) 

By (57) 

QF n ( x ) = n(n— k+l)f n - k ( x )> n>k. (62) 
For reasons of symmetry and consequent simplification of the 
sequel we do not take the LJ s just defined as our fundamental 
sequence of numbers but the set g n determined from the 
equations f n (g) = L n , where subscripts are applied to g rather 
than exponents in the expansion of f n (g). Such a determination 
is always possible and unique. We then write 

F n (x) = Mg)f n (x)+nf 1 {g)f n _ 1 (x)+ 

+Af2(9)fn-^) + -+fn(9)fo( x )’ n > °- ( 63 ) 


We choose to write this f n (x-\-g) of which more will be said later. 
We then have Fn(x) = f n ( x+g ), (64) 

PF n (x) = nF n _ x {x). (65) 


The polynomials F(x) are the polynomials! in which we are 
interested and the numbers g n constitute the corresponding 
sequence of numbers. 

Special cases: We now consider these special cases. 

(a) Bernoulli polynomials and numbers: 




d_ 

dx 


Q = A, JJx) == x n . 


(b) Bernoulli polynomials and numbers of the second kind 4 

P = A, Q = /» = * n) - 

h dx 


f If we replace (50) by Pf n (x) — n(n—l)...(n—h-\-l)f n -j l {x) and the require- 
ment that the result of operating with P on any polynomial of degree less than 
h is zero, we are led to sequences of polynomials each of degree differing from 
that of the previous by h, a somewhat more general situation than that treated 
in the text. 

J See C. Jordan: Calculus of Finite Differences, p. 265. 
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(c) Bernoulli polynomials and numbers of higher order as 
defined by Norlund :f 

p = i, Q= A* , /»(*) = *“, *>1. 

(tX hi h2...hk 

(d) Bernoulli polynomials and numbers of the second kind 
of higher order :J 

/jk 

P = A, e = ^s. /,(*) = *«->, 4>1. 

(e) Bernoulli polynomials with Bernoulli numbers of higher 
order as defined by Vandiver :§ 




Q = A* , / w (x) = (x+Z)«. 

7ii h<&...hfc 


Vandiver’s numbers are the L n ’ s of the text rather than the g n ’ s. 
(/) Euler polynomials: 


dx 


Q = v, /(*) = 


((/) Euler polynomials of higher order: 
T . d 


(h) 


dx’ 

P ----- 


Q = v*. 


0 


/(*) 

A fc 




dx’ li 1 h 2 ...h k ’ 

f n (x) any set of Appell|| polynomials. 

W e-t. e-£. 


/(a;) any set of Appell polynomials of the second kind. 

(i) -P — ( t 0 D r -{-a 1 D r ~ 1 -{-. t .-\-a r _ 1 D = R(D), 
where D = d/dx and a 0 , a 1? ..., a r _ 1 ar£ constants: a r _ x ^ 0. 

<2 = & 0 A*+&i A fl ~ 1 4-...+6 s , 6 0 , 6 x ,..., being constants. 

t N. E. Norlund: Differ enzenrechnung , p. 119. 

J This name is applied through analogy with the Bernoulli polynomials of 
higher order as defined by Norlund and as a natural extension of the Bernoulli 
polynomials of the second kind already referred to. 

§ H. S. Vandiver: Proceedings of the National Academy of Science, 23, 655. 

|| We understand by a set of Appell polynomials a set of polynomials such that 
(d/dx)f n (x) = nf n - x (x) and of the second kind such that A<f> n (x) — hnif> 7Vm . 1 {x). 
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f n (x) are polynomials obtained by successive solutions of the 
equation B(D)f n (x) = »/._,(*). 

(k) Interchange D and A in (jf). 


Table of Bernoulli Numbers 

B x = -1/2 

B a = 1/6 

B 4 = -1/30 

B, = 1/42 

B, = -1/30 

B w = 6/66 

B 12 = -691/2730 

B u = 7/6 

B 16 = —3617/510 

B ls = 43867/798 

B m = -174611/330 

B 22 = 854513/138 

B 24 = -236364091/2730 

B 28 = 8653103/6 

B 28 = -23749461029/870 

B 30 = 8615841276005/14322 

B 32 = —7709321041217/510 

B S4 = 2577687858367/6 

B 33 = —26315271553053477373/1919190 

B 38 = 2929993913841559/6 

B 40 = -261082718496449122051/13530 

B 42 = 1520097643918070802691/1806 

B 44 = -27833269579301024235023/690 

B 46 = 596451111593912163277961/282 

B 48 = —5609403368997817686249127547/46410 

B 80 = 495057205241079648212477526/66 

B 62 = —801165718135489957347924991853/1590 

B 84 = 29149963634884862421418123812691/798 

B 68 == —2479392929313226753685415739663229/870 

B 88 = 84483613348880041862046775994036021/354 

B eo = - 1216233140483755572040304994079820246041491/56786730 


EXERCISES 

1. By elementary calculus prove 

|B, fc (*)| < |B U |, 0 < x < 1. 

2. Prove V-»B.(*) = B„(*)-ijtf M (*). 


5034 


E 
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3. Prove 


24(2»+l)(2n + 2) 


4. Prove 


( 277 )* 


< 


B, 


B, 


< 


( 2 n ~f' 1 )( 2 ft -j~ 2 ) 


(2 rrf 




2 

2 ! 

2 

3! 

2 

4! 


2 

2 ! 

2 

3! 


0 

1 

2 

2 ! 


0 

0 

1 


1 


1 


1 


(n+1)! n\ (n—1)! 


5. Prove B n (x)-\-~x n ~ l an oven function when n is oven and an odd 
function when n is odd. 


6. Express the Bernoulli polynomials as sums of factorials. 

7. If Bernoulli polynomials of the second kind are defined as are 
Bernoulli polynomials only interchanging A and Z), £ and J, x {n) and 
x n 9 develop a theory for Bernoulli polynomials and numbers of the 
second kind analogous to that developed in the text for Bernoulli 
polynomials and numbers. 

8. Express the Bernoulli polynomials of the second kind as a sum of 
factorials. 


9. Calculate the first ten Bernoulli polynomials. 

10. Calculate the first fifteen Bernoulli numbers. 

1 1 . Obtain an approximate value for Z? 70 . Discuss your error. 

12. Calculate the first five Bernoulli polynomials of the second kind. 

13. Work out 

2 (# 9 + 1 1£ 8 + 6# 7 — 4# 5 ), h = 1. 

Use Bernoulli polynomials. 

14. Workout J (# (9 > + lla< 8 > + 6#< 7 > — 4#< 6 >) dx. 

Use Bernoulli polynomials of the second kind. 

15. Express Bernoulli polynomials in terms of Bernoulli polynomials 
of the second kind. 

16. Express Bernoulli polynomials of the second kind in terms of 
Bernoulli polynomials. 

17. Express the Euler polynomials as sums of factorials. 

18. Obtain a Fourier expansion for the Euler polynomials. 



IV 

SUMMATION FORMULAE 


1. The Euler-Maclaurin summation formulae 

In the previous chapter we obtained formula (29) which we 
denoted by the name Euler-Maclaurin summation formula. 
As remarked there, this formula when used for a polynomial 
of degree m is an identity. However, the Euler-Maclaurin 
formula, as given by (29) of Chapter III, permits of generaliza- 
tion, as will be immediately illustrated. 

Let F(x) be a function for which the first m derivatives exist 
and are continuous at all points of the interval under considera- 
tion. Let B p (x) represent the function of period 1 which coincides 
with B p (x) over the closed interval 0 <1 # ^ 1 , p = 1 , 2 ,...* 
These functions, except B x (x) 9 are continuous for all real values 
of x . This latter function has a finite discontinuity at 

x = 0 , 1 , 2 ,.... 

We now let the difference interval be h. Let o> be a parameter, 
0 < w < 1, and then let 

i _ 

-BJx) = h m f FW(x+ht) dt. (1) 

J ^11 
0 

With this formula in view we rewrite (9) of the last chapter 

^n( x ) = n K-\{x), 0 < * < 1 , ( 2 ) 


and apply integration by parts repeatedly to (1). We get 

m 1 

-R m {x) = 2 B v (u>)AF< v -»(x)+h f B^w-^F'ix+ht) dt. 


v—2 

Furthermore 
i 


( 3 ) 


jB 1 ((o-t)F'(x-\-ht)dt= j B x (y)F'{x-\-h(u)—y)} dy 

0 cu-l 

0 cxi 

= J (y+i)F'{x+h(w—y)}dy+j(y—b)F'{x+h(io—y)}dy 
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= -lF(x+^h) + { ^-JlhF{x)+j i J F{x+h{oj-y)} dy 

CO — 1 

at 

= -±F(x+wh) + *jf>&F(x)+l J F{x+h(u>-y)}dy. 

CO — 1 


Substitute this in (3). Replace ~R m (x) by the right-hand 
member of (1) and transpose. We have, after changing the 
variable in the first integral, 


x+h m 

i r jfV-i 

F(x+a>h) = i F(t) dt + 2, ~B v (co)LF<y-'\x)- 


-h m 


/ 


ml 


F (m \x-\-ht) dt. (4) 


This is the Euler-Maclaurin formula sought. 


2 • The Euler summation formula 

If we write (4) for# = a, a+h , a+(n— l)h, b~ h and 

sum, we get 


2 ^ {x-\-ojh) 

x=a 

b 


l f F(t)dt+^^B v (<o)[F<*-'\b)-F*-»(a)]- 
* |/= 1 
a 1 

_ h m J 2 F™(x+ht) J (ft. (5) 


This formula is sometimes called the Euler-Maclaurin summa- 
tion formula instead of (4). It is, however, more usually known 
simply as the Euler summation formula and will be so designated 
by us. 


3. The Euler formula when w = 0 

In (5) let co = 0. Let $ m (t) == and replace B m (—t) 

by <f> m (-t)-\-B m == cf> m (l Let m be even, m == 2k, and 
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note that $ 2k (l — t) = (f> 2k (t ) and that B 2k _ x = 0, A; > 1. For- 
mula (5) then reduces to 

b-n i f 2 t; 2 /^-i 

J/(^) = l J F{t)dt+ ^ 

a V=1 

1 

J 4>2k(i)[ll/™(x+ht)] dt, lc> 1. (6) 
0 

As we know, </> 2 &(0 retains the same sign over the interval (0, 1) 
and hence we can apply the first Theorem of the Mean for 
integrals in (6). Denote the last expression on the right by 
R 2k (a, b). We get 

i 

R'uM = J fc k (t)[ b fFW(x+ht)]dt 
0 

L2 k ^ } 

= — (2/fc)I Z Fm ( x + eh> > J dt > 0 < d < 1- ( 7 ) 

«=a 0 

^2fc(0 ” 2^,_j_ J ^2&+l(0 ^2&* 

Hence, since , m _ j m\ _ n 

02*4 ll 1 ) — 02*+lW 

i 

J 02/cW ^ == -®2fc* 

0 

Consequently, 

*) = ^ B *lt a Fm{x+eh) - (8) 

This is a convenient form for the remainder when w = 0 and 
m = 2&. It is also the most important case. 

4. The Euler-Maclaurin formula again 

From (6) and (8) we obtain the Euler-Maclaurin summation 
formula in the following form: 

‘ht 2k £ 

F(x) = l f F(t) dt + 2 ^B v AF^\x)+ 

Z v—1 

x 

+^ B ik FMKx+oh), o<e<i. ( 9 ) 
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It is to be noted that the Euler-Maclaurin formula appears as 
a special case of the Euler summation formula. 

5. Another form of the remainder in the Euler formula 

Assume that F^ j) (t) > 0, j ^ K, each retains the same sign 
for a <6 and that F (2k \t)F^ k ~ 2) (t) > 0. Consider the 
middle member in (7). Integrating by parts twice, we obtain 
i 

—-Ji 2k r b-h 

KkM = — J <f> 3k (t)l/ m (x+ht) dt 
0 

7,2&~3 

1 

J)2k—2 (* b-h 

j2Jc—2)\ J dt. (10) 

0 

Now if A = B-\-C and CA < 0 then 

A^dB, 0 < 0 < 1. ( 11 ) 

We wish to apply this to (10). Note that We 

have 

Jj2k-3 

H' 2k (a, b) = -^^32)! ^- 2 [^ <2fc - 3, (^)-^ 2fc - 3) («)]. (12) 

Similarly, assuming the existence and continuity of F {2k + 2 \t), 
if integration by parts is applied twice to 

i 

^2fc+2 r b-h 

- J 4>* k At)l/^\x + U) dt, (13) 

0 

we obtain 

= 0^B 2k [FM-^b)-F(*-V(a)]. (14) 

6. Another form for the Euler formula 

We assume that F(t) obeys the following conditions which 
we call conditions A. 

(a) F^^t) retains the same sign for all positive values of t. 
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(b) FW\t),FW-*\t) > 0 ,t> t 0 . 

(c) F (m) (t) -> 0 when t-+oo, m > K . 

We also assume co = 0. 

Consider the remainder R 2k (a, b ), as given by the middle mem- 
ber in (7). Since (f> 2k (t ) retains the same sign 0 < t < 1, this 
increases in absolute value, retaining a fixed sign, as b increases. 
But, by (14), 

l*»M)l < I + 1 I] I I. 

If b is sufficiently large, b > B , since F^~ l \b) -> 0 when b oo, 

\B' ik (a,b)\ < ^- ! [l+JW-»(a)]|5 afc |, 

which is independent of b. Hence R 2k (a, b) approaches a limit 
when b -> oo. Denote this limit by p 2k ( a )- If Ob we have 
by (8) 

R 2k (a,b) = R 2k (a,c ) — R 2k (b,c). 

Let c -> oo and we have 

B' 2k (a,b) = p 2k {a)~ p 2k (b). 

We now let 

2&-2 i,,.! 

c* = />»(<*)- 2 ^B v F^\a). (15) 

V—l 

We then have, by (6), 

JL I . A 2fc 2 7 J 

iw= J(<)(«+CJ k + y —y B v F^-^ib)— p 2k {b). (16) 
*=a nj v! 

Now let 6 -> oo in (14) and then replace a by b. We have 

Pu>(b) = 0 < 0 < 1. (17) 

We now readily prove that is independent of & when 
2A: — 1 > K. To do this equate right-hand members in (16) 
for two different values of k such that in both cases 2k — 1 > K , 
and allow b to become infinite. The result is immediate. Denote 
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Cjc by C. We then have arrived at the following formula under 
conditions A on F(x): 


b-h 

I m 

x—a 


F(t)dt+C+ J ~B v F< v ~ 1) (b)+ 


+e JMy RikF(2k ~ 1){h) ’ 0<e<1 ’ 2k-l>K>l. (18) 

This proves to be a most useful form of the Euler formula. 

If we use (12) instead of (14) in the derivation of (18) we get 

/,2fc-3 

p2k(b) = ^(i^^- 2 ^" 3)(/>)j 0 < 0 < ] * < 19 > 

If in (18) we let h = 1, a = 0, and b = 1 and transpose we get 

1 2fc-2T M 

j jp(«) « = f(o)~c - y ^ 5^-«(i)+ 

o v ‘ 

+e~~B 2k F™-»(0), 0 < 6 < l. 

More generally from (9) we obtain 


X 7 V _1 

J F(t) dt = F( 0) - 2 B„AF«-»(Q)- 


—^B u F^(0h), O<0<1. (20) 

These are useful formulae for approximating a definite integral. 


7. A generating function for the Bernoulli polynomials 

Let F(x) — e ix . 

Apply formula (4) to F(x-\-w) and let x = 0 and h = 1. We get 

«<- = y MlW-d-c 

v— 1 

But, by (43) and (44) of the last chapter, 

t m f im^Zlle^doc 
J ml 
0 


< 2 — 1 lc‘ ll - 
"" ( 27 r ) ml - ■*1 — 1 / 2 " 1 - 1 ' 


f *st=2)e«d*. 

J ml 
0 



§7 


A GENERATING FUNCTION 


57 


This approaches zero when m becomes infinite if \t\ < 27 r. 
Hence letting ra-> oo and dividing by (e^ — 1)/^ under the 
assumption that t > 0 we have 


te l0J 

7-\ 



y=l 


0 < t < 2tt. 


( 21 ) 


This formula might well be taken as the means of defining the 
Bernoulli polynomials. It can be obtained by developing 
te^Ke 1 — 1) by Maclaurin’s series. 

If in (21) we let co = 0, we get a corresponding formula for the 
Bernoulli numbers, namely, 


-L- = 1 -f Y **$? = e m , 0 < t < 2tt. (22) 

e—l £-4 vl 

V—l 

Here, of course, exponents are applied to t and subscripts to B. 


8. Theorem of von Staudt 


Formula (22) can be made the starting-point for a theorem 
on the Bernoulli numbers known as the Theorem of von Staudt. 

Denote by D 0 f(t) the derivative of f(t) with respect to t with 
t = 0. Then by (22), k > 0, 


B 


2k 



_ n»log{ 1 -( 1 -«‘)} 

- -JJo Y-e! • 


If t is so small that |1 — c*[ < 1 we can write 


A^l 


The power series can be differentiated term by term, and 
jDg*(l-~-e / ) A ~" 1 = 0 if \>2k+l. 
Consequently, we have 


B. 


2k 


2k+1 .(1— e') A_1 


2 D o k - 


(23) 


We proceed now to consider (23) in detail. 
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First, suppose that A = ab is a composite number greater 
than or equal to 6, a ^ 2, ft ^ 2. Then let 

A— 1 = a+ft+c (here c ^ 0). 

Hence (I— e 1 )*” 1 = ( I — 1 — 

Now form Dl k (l—e i ) a (\~-e t ) b (\--e i ) c . 

Perform the differentiation by the product rule. All non- 
vanishing terms will contain (a!)(b!)(c!) as a factor. Hence 

D$ k (l — e*)*” 1 = 0 (mod aft). 

Next, by carrying out the differentiation, 

Dfil—etf ee -3.1 2 H3.2 2 ^3 2 * = 1+0-1 == 0(mod4). 

Consequently, when A is a composite number greater than or 
equal to 4 the corresponding term in (23) will give an integer 
as contribution to the total sum. 

Now suppose A = p to be a prime. We then can write 

21c = q(p— l)+r, 0 < r < p— 1. 

By employing the binomial formula and carrying out the differ- 
entiation we find that 

Dfil-e 1 )*- 1 

Moreover 

— P -i G i lr + P -i C 2 2 r — ...+ 

+(-i) p - 1 p - 1 c p . 1 ( P -iy, r^O, 

+ (-l) p -ViC J) -ib-ir ) r=0. (25) 
Now m 2k = (m p ~ 1 ) q m r . 

Since by Fermat’s first theorem, if 1 < m < p, 
m p~i = i (modp), 
we have (m p - 1 ) <l ~ 1 (mod p). 

Consequently, 

(m p - 1 )<tm r == m r (modp), 1 < m < 
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Hence from (24) and (25) 

Dl k ( 1— e*)P _1 ™ Dq( l—e 1 )**- 1 , D r 0 (l—e!) p ~ l —\ (mod p) r ^ 

r — 0. 

But D r 0 ( l-e*)**- 1 = 0. Hence 

D\ k ( 1— e^" 1 = | ^ (modp), T ^ ^ 

Consequently, if 2& is not divisible by p— 1, the contribution of 
the corresponding term in (25) is an integer. If, however, 2k is 
divisible by p— 1 the contribution is an integer diminished by 
1/p. We consequently have proved the following relation which 
bears the name Theorem of von Staudt : 

B 2k =G 2k ~y± (26) 

£-4 p 

where 0 2k is an integer, and the summation is to be taken for 
all primes for which p < 2k and (p— 1) is a factor of 2k. 

9. Power-series developments for cotx and tan# 

Let F{x) = cos(to), with h = 1, apply (9), and let x = 0. 
We have 

1 s= j&^costf— l)~^£sin£ + ^£ 3 sin/-—...+ 

+ (- 1 «“-*sin <+ ( - 1 cos (^), 

0 < 0 < 1 . 

Here again, by the use of (43) of the last chapter, one readily 
shows that » 

‘“wi c °‘ m 

approaches zero, as k -»• oo if |*| < 277. Consequently, if 

0 < |*| < 2t r, 

1 — -j- ^(cos 1) — ^<sin*4-^* s sin*— ...+ 

t 21 4 ! 

+(-^) k - 1 j^~t 2k - a ^t+... . ( 27 ) 
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Replace 1— i^costf— 1) by cos 2 \t and then divide (27) through 
by sin t = 2 sin \t cos \t and we get 


-Jcot \t 


1 B 2 3 ^6^5 I 

t 2! + 4U 6! * ' * 


Replace by x and we have 


cot x = - 
a; 


1 2 2 i? 9 


2 ! 


2 4 JS 4 

4! 


2 6 R 




6 ! 


(28) 


convergent if 0 < x < 7r. 

With the help of the relation 

tana; = cot a;— 2 cot 2x 

we readily find 

tana; = 2 2 (2 2 ~ l)Qx-2 4 (2 4 —l)—*x 3 +2 6 (2 6 - 1 Aa ; 6 — ... 

21 41 6! 


convergent when \x\ < \tt. 


10. Thesum{ + i + i+... + -l I 

Let F(x) = 1/x, a = 1, h = 1, 6 = a?, and apply formula (18). 
We get 


l+ l + l + - 


1 


= C-floga;- 


1 

2x 


2x 2 


A. 

4x 4 


B 2k-2 


( 2k-~2)x 2k ~ 2 2kx 2k 

If we allow x to become infinite, 

r x-l 


O<0<1. (29) 


C = lim y - — log x 

X-+CV X 
x—1 


appears as Euler’s constant, which we denote by y. As a matter 
of fact, formula (29) is a convenient formula for the calculation 
of y. If we take x = 10 and k — 7 we find 


y = 0*577215664901532... . 

If for a given value of A; is made to become infinite, the result- 
ing infinite series will diverge as is proved by the test-ratio test. 
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11. Stirling’s series 

Let F(x) = logx,a — l,h = 1,6 = x, and apply formula (18), 

x—l 

2 logx — log{(x— 1)!} — x log z-x-j- (7+ B 1 log.r+ 

X=1 

+ § X_1 + § (2!) ^ 3+ '“ + (2f^ {(2i ~ 4)!}a; " (2fc " 3)+ 

+e-^.{(2k-2)\}x-<^\ 0 <6 <1. (30) 

If to both sides of this equation we add logo: and replace B 1 by 
— I we have 

log(x!) = C-\-{x+\)\ogx— a;-f ^|x- 1 + ^|x- 3 + ...+ 

r> r? 

I __ J) 2k~2 T -(2k-S)\0 ^2 k (2fc-3) 

^(2&-3)(2£-2) ^ \2k-l){2k) 

O<0<1. (31) 

This formula is valid when k > 1 . If k — 2 the remainder term 
can be modified by (19) and we write 

log(x!) = C+(x+%) logx—x+d^x- 1 . (32) 

It remains to evaluate C. To this end, we introduce Wallis’s 
formula for ^ = lim ^ 

n—w 

, . 2.2.4.4.6.6...(2»)(2n) 

where ♦. = j- C.TK^fSPiKS.+ij- 

One readily shows that 

. _ 2 in (n!) 4 1 

n ~ pn)!p2n I+l/2»’ 

From this 

log«l> n = 4 n log 2+ 4 log(ra !)— 2 log{(2n) !}— log 2rc— log • 

Let us substitute in this from (32). We get after reduction 
log*,. = -21082+20+2*, 

If in this equation we allow n to become infinite, we get 
log|n- = —2 log 2+2(7. 
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From which C = log ^(277-). 

We thus have the final formula 

log(*!) = logV(27r)+(x+|)loga;-a; + ^a:- 1 +^|a;- 3 +...+ 

I & 2lc-2 3 .-(2*-2)_id ^2 k x -(2k-l) 

' (2k—3)(2k~2) ^ (2k—l)(2k) 

x> 1, 0 < 6 < 1. (33) 

This is the desired formula. Using (32) we get 

log(ad) = log ^(271-)+ (z+!) log a;— x+e^x- 1 , 

x > 1, 0<e<l. (34) 

Replace B 2 by its value \ and we obtain from this the relation 
log<J(27r)+(x+i)logx—x < log(^!) 

< log*J(27r) + (x+l)\ogx-x + (35) 

12. Generalizations 

We refer to § 14 of Chapter III and continue the line of 
reasoning initiated there. We shall use the same notation. 
However, in addition to the assumptions made at that point 
we assume , considering f n {x-\~ to) as a function of a>, 

Pf„(x+aj-l)] w=l = nf n ^{x) 

and that f n ( 0) = 0. We also note that the operators P and Q are 
each distributive with respect to addition . 

We first prove a lemma with reference to f n {x). We shall 
prove that 

f n {x-\-aj) 

= fjx ) + • • • +/»(“>)• (36) 
To do this we write 

f n (x+co) = b 0 (x)+b 1 (x)f 1 (o})+b 2 (x)f 2 (w)+...+b n (x)f n (io), (37) 

where the 6’s are as yet undetermined. Such an expression is 
possible since / n (a;+a>) is a polynomial of the nth degree in at. 
We determine the 6’s by successively applying the operator P 
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to (37) as a function of to and then letting to = 0 remembering 
that/ w (0) = 0. 

We have attached a meaning to f n (x-\-g). With this meaning 
in mind we prove that 

A{(^+ a, )+^} = /?*{#+ (^+0)}* 

Exponents are applied to x and to, subscripts to g. Expansion 
of the left-hand member of (38) is the same as that given in (63) 
of Chapter III with (rr+t o) replacing z. The whole expansion 
carried out on both sides of (38) is exactly the same as the 
expansions of {{x-\-to)-\-g} n and {x-\-(to-\-g)} n with the exponents 
replaced by the /-function. Thus /&(#) replaces x k . Inasmuch 
as the binomial expansion yields an identity so does the expan- 
sion in terms of / that we are considering. 

Now consider any polynomial of degree which we write 

#») = a 0+ a lfl( x ) + -+ a rn + kfm+k( x )> 

'l>i xJ r9) — a o J r a ifi{ xJ r9)-\--"-\- a m+kfm+k{ xJ r9) 

= «o+«i Fi(x)+-+a m+k F m+k (x). 

Hence by (62) of Chapter III 

Qifj(x J \-g) = a k (k\)-\-a k+1 {k~\- l)...2/ 1 (a:)+...-f- 

+ a rn+k( m + k )( m + k ~ 1 )-(™+ l)/ w W‘ 

That is, Q*l*(%+9) = P k ^( x ) 9 m+Jc > 0. 

Similarly Qifj(x-\-w-\-g) = P k if*(x-\-to). (39) 

We apply Taylor’s formula symbolically to this, that is, we write 
Qip(x+to~\-g) = c 0 (x)-\- c 1 (x)F 1 (to)+ ,..-\-c m (x)F m (to) 

and determine the c’s by first letting to = — g ; and then succes- 
sively applying P , remembering (64) of Chapter III and letting 
co = —g after each application.! We get 

QMx+w+g) = Qm+ 2 

V=1 

t Here, of course, when a> is replaced by g an exponent is changed to a 
subscript. 
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Hence, by (39), 

m F ( \ 

PWx+to) = Q*P(x)+ J ~^^P v Qifi(x). (40) 

V=1 

This is a polynomial identity. Let i(j(x) = P~ k x( x ) where some 
particular determination is chosen in case P~ k is not unique. Then 


x(x+co) = 2 ^P v QP- k x(x)- ( 41 ) 

v=0 


Like (40) this is a polynomial identity. It includes as special 
cases Taylor’s formula, the Euler -Maclaurin formula of classi- 
cal mathematics, the Boole formula, and so on. 

Formula (41) will be written out in detail for two interesting 
special cases. 

Let 

p = Q = A* P- 1 = j dx, k = 1, 2,...; 


X Xi Xk-1 


X{x+a>) = A k J J ... J X (x k ) dx 1 dx z ...dx k + 
h 0 0 0 


x Xi xt- 


+ B[ k '>(aj)A k J J ... J x( x k-i) dx 1 dx 2 ...dx k _ 1 +...+ 

1 0 0 0 

+ (FTI)! ^- l(cu) f / dXl Wl + " • + 


Secondly, we let 


<‘ 2 > 


P = A, Q = 


d f* 


a-1 


f' 1 = | = 2L-Z1,, where 2-4-*; 


*<*+»> =1? 2 2 -X *<**>+ 


a:— 1 a?i— 1 a*-i-l 


«i— 0 ^2—0 Xk~ 0 


+ ^ )(a,) ;p 2 2 ••• 2 x(**-i)+-+ 


X-l Xi-l Xk-i-1 


Xi~0 xt—0 Xk-i~ 
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+jj ~: 2 x(*i)+l\W ) W££xW+---+ 

' 7 Xi“0 

1 

+ ^! 6 ” )(£0) ^ Am_ ^ (a:) - (43) 
In the above formulae B^ k) (co) is the Bernoulli polynomial of 
order & and degree^* ; similarly b^ k) (w) is the analogous polynomial 
which we designate as the Bernoulli polynomial of the second 
kind of order k and degree j . 

Formula (42) should be compared with a related formula of 

x — 1 xi — 1 — 1 

Norlund.'j* If the operator J I ••• I is applied to both 

Xi— Oxa — o 

sides of (42) we get an interesting result. 

A remainder formula. Let us assume that i{j(x) is no longer a 
polynomial but that it is such a function that all operations 
applied to it in the sequel are meaningful and valid. We con- 
sider formula (40) as our fundamental form. 

We assume that m 

Q*l>(%)+ 2 WOA A )P v Q^{x) 

v=0 

involves m+ 1 points, dependent upon x alone, which we call 
set 1. Some or all of these may coincide. For example, A m Q\fs{x) 
involves m+1 distinct points and ( d m /dx m )Qtp(x ), m- f-1 coinci- 
dent points. Let a; be a constant and t a variable. When t is 
such that x-\~t coincides with any one of the points of set 1 

om+ 2 ™ pv Q'Kx) | 

vanishes, inasmuch as every term is identical with the like term 
which is built for the polynomial of degree m which coincides 
with i/j(x) at the points of set 1 . It has been remarked that (40) is 
an identity for a polynomial. Now denote by p(t) a polynomial of 
degree m+1 which vanishes when x+t coincides with any one of 
the m+1 points of set 1. Let the coefficient of t m+1 in p(t) be 1. 
Choose a constant T such that 

j*K*+0-[w«)+ 2 ™ pv Q'K x )]- t p(*) 

L v==1 v * J 

f Loc. cit., p. 160. 

F 


5084 
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vanishes at the additional point where t w. Then by repeated 
application of Rolle’s theorem (ra-f-1)! T = d m ^ 1 {P k ifi(^)}jdx mA 1 J 
where f is somewhere between the extreme values of the (m+2) 
points composed of the points of set 1 and the additional point 
a? -fan We have a final form for the remainder to formula (40): 


1 


d mJ ‘ 


The corresponding formula for (41) is 

1 , v d m il 


R = 




(m-fl)! 'dx m ^ 


(44) 


(4f>) 


EXERCISES 

]. Expand (0/sin 0) 2 into a power series, expressing the coefficients in 
Bernoulli numbers. 

z 

2. Expand J log(l — -e~*) dt —zlogz into a power series and express 

o 

the coefficients in terms of Bernoulli numbers. 

3. Develop cosec 0 into a power series with coefficients expressed in 
terms of Bernoulli numbers. 

4. Develop logsin0 into a power series with coefficients expressed in 
terms of Bernoulli numbers. 



V 

STIRLING’S NUMBERS AND NUMERICAL 
DIFFERENTIATION 

1. Fundamental theorems 

Taylor’s series is as follows : 

/(*+*) =/(*)+/'(*)^+/'(*)^ + -... ( 1 ) 

Let A f(x) = j(x- s r k)~j(x) and Df(x) — —fix). We can then 

(IX 

write Taylor’s series thus: 

7 ; h 2 

A f(x) = lDf(x) + ^D*f(x)+... . (2) 

In other words Taylor’s series serves to express the operator A 
in terms of the operator D. The problem of expressing A k in 
terms of D immediately presents itself. 

The following formula was proved in Chapter I: 

A fc /( x ) = 1 (-l) f A (3) 

I — 0 

where jfik-i a binomial coefficient. Now 

f(x+2h) =f(x) + ^Df(x)+^f£> 2 f(x)+-- 

There is a similar formula for f(x+3h),... . We can substitute 
these series in (3) and collect coefficients. Consequently, in a 
formal way what we have undertaken to do is surely possible. 
We wish to determine the resulting coefficients. 

In order to avoid all questions of convergence we let f(x) be 
a polynomial of degree m. Then 

f *2 fm 

f(x+t) = f(x) +— Df(x) + —D 2 f(x)+... +—D m f(x). 

Consider t as a variable and take the &th difference, retaining h 
as difference interval: 

Akfk Akfk+1 A 

A k f(*+t) = 
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In (4) let t = 0: 

Akftk Ak()k+1 A k O m 

A k f(x) = D k f(x) + + ... +^D^f(x). (5) 

These are the desired formulae. 

We let A fc 0 7 ', h = 1. 

k\ 


Note that A^O 7 ]^ — A*[A fc 0*] fc=1 . 

We then can write (5) as follows: 

Ik +1 

A fc /(x) = hWVD«f{x) + + . . . + 

If in (3) we replace f(x) by and let x = 0, h = I, we have 

The numbers are known as Stirling’s numbers of the second 

kind. 

The converse problem, namely to express in terms of A, 
is immediately suggested. If we notice that 5^ = 1 and set up 
equation (6) for k = 1 ,..., w, we have a set of equations in 
D m f(x) where the determinant of the coefficients is 1. 
Consequently we can always determine Df(x),..., D m f(x) and 
thus solve our problem. However, an easier procedure is as 
follows. Develop f(x+t) by Newton’s formula. We have 




/(*+*) - /<*>+£ ^/(*)+3P ?*•«*)+... +*= 

( 7 ) 

where = t{t—h)...{t—(j—l)h}. Differentiate £ times with 
respect to 


D k f(x+t) 


1 

A* &! 


A */(») + 


1 ZW+w 

P+ 1 (jfc+1)! 


A k+1 f(x)+...+ 


1 LPt™) 


A m J(x). 


( 8 ) 



§1 

Let t — 0: 


FUNDAMENTAL THEOREMS 


69 


D k f(x) 


1 D k 0 (W 


A k f(x). 


1 .D*0<*+i) 


h k + 1 (*+!)! 


r A‘+y(ar)+...+ 


1 D k (P^ 

+i^rr-A-/(x). (9) 


h m m ! 


These are the desired formulae* If we let 


«s*> - **-.5^’ 


we can write 


D k f(x) = I^f)A^)+^ I 4^ 1 A^i/(x)+...+ 

+h-iV:+" a *‘ /( 4 (,0) 

The numbers S\ k) are called Stirling’s numbers of the first kind. 
It is immediate that 8\ k) equals the coefficient of x k in the 
expansion of x(x—I)...{x— (j— 1)}. They consequently are some- 
times called factorial coefficients . 

We now wish to extend formulae (4) and (8) to functions that 
are not polynomials, developing formulae for the remainder 
analogous to the well-known forms in Taylor’s formula. We 
suppose /(#) a function having a derivative of order (ra+1) at 
all points considered and treat (8). 

Let 

</>(t) = f(x+t)-f(x)-~ A m /i (x) — Kfl m+1 \ 

hi. h m. - (n) 

where K is a constant as yet unspecified. Now <f>{t) — 0 when 
t — 0, h,..., mh. The last term vanishes at each of these points 
due to the presence of t im ' 1) . The rest of the expression vanishes 
in as much as Newton’s formula is exact at these points. Choose 
a positive integer k < m -\- 1 . By successive application of Rolle’s 
theorem we see that D k <f>(t) vanishes at least m+1 — k times on 
the interval 0 < t < mh. Now let T be a point distinct from 
any of these such that ^ 0. Then determine K so that 

T) == 0. In order to be assured that T be distinct from at 
least m+1 — k zeros of D k j>(t) on the interval 0 < t < mh, we 



70 


STIRLING’S NUMBERS 


CHAP. V 


assume that it does not belong to this interval, although it may 
be an end-point. With this assumption D k (f>(t) has at least 
m+2 - k zeros on the interval delimited by T , 0 ,..., mh. Hence, 
by repeated application of Rolle’s theorem D m+1 <j>(t) vanishes 
at least once on the interval delimited by T , 0 ,..., mh . Hence 

K -T^Y Dmt ' nx+() - 


In particular we can choose T = 0 since D*0 (m4l) ^ 0, k < m -f 1 . 
This is surely the case as (ljk\)D k 0 (m+1) is simply the coefficient 
of t m + J ~ k in the expansion of t (m+1) = We have 

the formula 


D k f(x+T) = 


1 l)kJHk) 

P k\ 


A */(*)+...+ 


1 l) k T {m) 
h m m ! 




(m -\- 1)! * 


A m f(z)+R%\ 


( 12 ) 

(13) 


where, as we have stated, T does not lie within the interval 
0 < t < mh and is so chosen that D k T (m + l) ^ 0, where more- 
over £ is within the interval delimited by T, 0 ,..., mh. In 
particular if T = 0 we have 


Dkf{x) = p[4 fc) A k /(*)+ F U^iA fc+1 /(^)+...+ 

+ »S , ^ ) A m /(a:)J + R (k \ k < m+ 1 , 


m 


m+l 


R(k) _ Lm+l-k 

m (*+!)...(«+!) 


D m +'f(x+$), T — 0. 


(14) 

(15) 


Now let us consider (4) and suppose that f(x) is a function such 
that D m+1 f(i t) exists at all points considered. Form the function 


m = f(x+t)-f(x)-~l)f(x)- t ~D*f(x)-... 


where K is a constant as yet unspecified. This function has a 
zero of order (m+ 1) when t — 0. Consequently D k t//(t) has a zero 
of order (m-\- 1— k) when t — 0. Now let T be chosen such that 
£jcjim+ 1 o Then choose K so that A k >p(t) vanishes when 1 *= T. 
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But by the mean-value theorem A k ifj(T) = h k D k tft( 8), where 
T < 8 < T~\-Ich. Consequently D k ifj( 8) = 0, where 

T <8 < T+kh. 

We additionally restrict T so that this interval does not include 
the origin, although the origin may be an end-point. Under 
those restrictions D k i/j(t) vanishes m+2 — k times in the interval 
delimited by 0, T , T-\-kli with the end-points excluded. Hence 
vanishes at least once on this interval. Hence 

where £ is on the interval delimited by 0, T, T-\-kh . Tt is well 
to remark that T can have any positive value. This is true since 
A k T m+1 = h k U k rj m + 0 because r/ > T > 0 and k < m+1. 
We consequently have the formula 

Aknnk Akrpm 

A .*/(*+ T) - +- />*/(*)+... +— r D»‘f(x)+!%%\ (16) 
/c! m! 


«£> = D”<+y(x+£) 


(m+l)!’ 


(17) 


where 7’ is restricted as above delineated. If 7 1 = 0 we have 

a .*/(*) - h^tfWfiz) + h —^hn^f(z)+...+ 


+iv^ D ' nx)+StS - 

km+1 Cf{k) 

(Mk) __ ... 'A J D m + 1 /hr4-+) T = 0 

m (*+!).. .(m+l) + ^’ 


(18) 

(19) 


Remainder terms as given in (15) and (17) are known as 
Markoff’s forms. 

Formulae for the remainder which have been obtained are 
analogous to the Lagrange form for the remainder in Taylor’s 
formula. The problem of obtaining an integral (Cauchy) form for 
the remainder suggests itself. The following formula follows from 

(3) by the subtraction of 2 (“-lJV'JfcH f(x) = (1— l) k f(x) = 0: 

i=0 

A k f{x) ( — 1 Yk^k-i[f{ x +(k—i)fy — / (^ ) ] • (20) 

1=0 
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Now in (20) expand f{x-{-(Jc— i)h}—f(x) by Taylor’s formula 
using the integral form for the remainder. Denote the sum of 
these remainders by Then 

x+(k—i)h 

= 2 (- f {x+(k~i)h~t}^^f(t) dt 

i=o • i 

z 

= J (z-tr^m dt] z=x . (2i) 

X 

Here Aj means the difference with z as variable. 

The calculation of D k f(x) by means of formula (14) is known 
as numerical differentiation . 

2. Operational methods 

We now shall start over again so to speak. Let us call atten- 
tion to formula (2). This can be symbolically written 

A f(x) = (e hD —l)f(x). 

We write symbolically A = (e hD — 1). If the Taylor’s series 
converges this symbolic interpretation can be given a genuine 
significance. If f(x) is a polynomial there is no question as to 
the interpretation of the operator (e hD — 1) nor as to the fact 
that its successive application obeys all the laws of ordinary 
multiplication. More specifically: 

Assume /(a;) of degree m. All terms in the formal expansion 
of (e hD — 1) of higher power in D than m will yield zero when 
operating on f(x). We then in fact are dealing only with 

* n , h 2 D 2 , , h m D m 

“’+'2 T + -+-S-- 

an operator of a finite number of terms. We write 

A k f(x) = (e hD -l ff(x). (22) 

Equation (22) is valid for the polynomial and is an abbreviated 
way to write (5). But if k > 0, 

( x 2 x m\k 

»+- + ... -f- — I + (terms of degree higher than m). 
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Since m is any positive integer, by comparing (6) and (22) we 
have 


(e x — 1)* = ^ { f ] x k -f T ~--<^ ( kl 1 x k+1 + . -y, ••• • 

u r k+l fc+i -r {k+l){k+2) k+z -r 

We now consider the inverse problem. We note that 
Sf = DO* = ( — 1) ?—1 {0* — 1)!}* 


Consequently by (10) 




an equation surely valid if f(x) is a polynomial. Symbolically 
we write 

7J/(a;) =- i[log(l+A)]/(a;) (24) 

or D — ilog(l+A). 

Exactly as in the previous case 

D m f(x) = p[log(l+A )] m f(x). 


This is a symbolic method of writing (10). 

The function (l/k\)(e x —l) k is called a generating function for 
Stirling’s numbers of the second kind of order k. Its develop- 
ment into a power series affords a method of calculating these 
numbers. Similarly (l/k\){log(l+x) k } is a generating function 
for Stirling’s numbers of the first kind of order k. 


3. Analogues and generalizations of Stirling’s numbers 

To get A k in terms of D we took Taylor’s formula 

/2 fm 

and applied A* operating on t to both sides and let t == 0. There 
is nothing peculiar about A k as an operator. We can apply F( A), 
where F is a polynomial. We can take irregularly spaced points 
and apply the divided difference operator, the operator of the 
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mean, etc. However, we shall make a brief discussion of an 
interesting operator or two. 

Operate on both sides of Taylor's formula above with 
where = A -1 . This is not a unique operator. When we 

h 

operate within the domain of polynomials, as we shall, there is 
an additive constant as in integration. Let 

Note moreover that h ^ nx"~ x = B v ( x, h)-{-C and that 

f(x) =-= A <f>(x). 

h 

We get 

hZf(x+t) = + 

h 2 ! h 

+ M^h) {xH __ + « m ^a) Aj + (a . )+ (] = f (x+t) ' 
3! h (m+1)! h 

We know from an analogue of Chapter III (10), where h + 1, 
that 

h 

I Bj(t, h) dt = 0, j > 0. 

0 

As a result 

h x-\ -h x 

C = i | </>(x+t , ) ett = 1 J <f>(t) dt = A J <£(<) dt. 

0 x 0 

We consequently write 

h'l.fix+t) — </>(x+t) — A f cf>(t) dt +B 1 (t,h)A<f>(x)+ 

h J h 

2! & (m+1)! a 

Let t = 0, and this expresses £ in terms of D, D 2 ,... and A. 

h 

The Bernoulli numbers appear as analogues of the Stirling 
numbers. In case h = 1 we have the classical Bernoulli poly- 
nomials and numbers of Chapter III and the classical Euler- 
Maelaurin formula. Repeated application of h 2 yields (42) 
of Chapter IV. As a matter of fact an even more general 
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formula can be obtained if h is changed every time the operator 
h ^ is applied. 

An interesting operator is V -1 , where V/(.x) 

the operator of the mean. There is no lack of uniqueness and 
we are immediately led to the Boole formula, 

m—X . . 

hlf(x+l) = *(*+*) - 2 — r V£ W> 

where i? v (/) is the Euler polynomial of order v. 

This may be run to any order by repeated application of M~ x . 
Let t = 0 and ]£/(#) is expressed in terms of D> Z> 2 ,... and V 
with the Euler numbers replacing the Stirling numbers. 

But why begin with Taylor’s formula? Try any of the other 
formulae for which we have discussed. Newton’s for- 

mula, for example, is the simplest: 

f(x+t) = f(x) + , -Af(x)+^- % A*f(x)+... + ALa«/(x). 

Let us apply J (It to this k times. We are led to (43) of Chapter 
IV. If we apply the inverse mean M~ x to Newton’s formula we 
get a new set of polynomials and a new formula which is not 
without interest. 

Let us begin not w r ith Taylor’s formula nor with Newton’s 
formula nor with the Euler-Maclaurin formula but with a 
general formula that includes all of these. We have the follow- 
ing polynomial formula, for which see Chapter IV (41), 

X (x+t) = 2 ^P v QP- k x{x), (25) 

y=0 

where Q is a second operator more specifically determining the 
polynomials F n (z). Now on any one of these formulae as a 
function of t we can operate with any linear operator V , getting 
other formulae; and in case V is such that 
Vf(x+t-e) \^ e = Vf(x) 

we express V in terms of the operators P and Q of the formula. 
The Stirling numbers are replaced by VF n (t)\ t ^ The factorials 
used in the classical definition are trivial. 
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Stirling's Numbers of the First Kind: S^ 



1 

2 

3 

4 

5 

1 

1 





2 

-1 

i 




3 

2 

-3 

1 



4 

-6 

11 

-6 

1 


6 

24 

-60 

35 

-10 

1 

6 

— 120 

274 

-225 

85 

-15 

7 

720 

-1764 

1624 

-735 

175 

8 

-6040 

13068 

-13132 

6769 

-1960 

9 

40320 

-109684 

118124 

-67284 

22449 

10 

-362880 

1026576 

-1172700 

723680 

-269325 

11 

3628800 

-10628640 

12753576 

-8409500 

3416930 

12 

-39916800 

120543840 

-150917976 

105258076 

-45995730 


Stirling's Numbers of the Second Kind: 


n \ 

1 

2 

3 

4 

5 

6 

1 

1 






2 

1 

1 





3 

1 

3 

1 

! 



4 

1 

7 

6 

1 1 



5 

| 1 

15 

25 

10 1 

1 


6 

1 

31 

90 

65 

15 

1 

7 

1 

63 

301 

350 

140 

21 

8 

1 

127 

966 

1701 

1050 

266 

9 

1 

255 

3025 

7770 

6951 

2646 

10 

1 

511 

9330 

34105 

42526 

22827 

11 

1 

1023 

28501 

145750 

246730 

179487 

12 

1 

2047 

86526 

611501 

1379400 

1323652 
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EXERCISES 

1. Show that 


=0, to # 0, and y' 0 0> = = 1. 

2. Provo 

3. Prove = S^-jS^K 


4. Prove 

5. Prove 


«<n> _ n ( w + J )«.(«) 

^n+l — - ^ * 


2 

n! 


»n“,+=V ] n“ ! +...+ (S ~,n". 


(TO+i)y’j ) m+1 >. 


6. Show that 

S* ) + SM + SS' + ... + Sto = 0, n > 1. 

7. Prove the symbolic equation 

log(l + A)0 v — 0, y> 1. 

8. Expand by Taylor’s formula. Express the result by means 

of Stirling’s numbers. 

9. Calculate by the use of formula (14) 

D 6 tan®] x _ Jjr , 

using a trigonometric table of tangents. Discuss the accuracy of your 
result. 

10. Calculate by means of formula (14) 

D 5 cotx] xati(i o th ^ v , 

using tabular values for cot 40°, cot 41°,... . Discuss the accuracy of 
your result. 

11. Calculate A 5 sin40°, h -- 1°, by the use of formula (18). Discuss 

the accuracy of your result. - - 

12. Calculate D 3 sin40° 30', using formula (14) and tabular values for 
the functions of 40°, 41°,... . 

13. Generalize formula (42) of Chapter IV by changing h each time 
the operator A is applied. 

14. Derive an analogous formula to (42) of Chapter IV, where D 
replaces A and 2 replaces J dx . 

15. Express the Bernoulli numbers in terms of Stirling’s numbers. 

16. Express the Bernoulli numbers of the second kind in terms of 
Stirling’s numbers. 



VI 

INTERPOLATION AND MECHANICAL 
QUADRATURES 

A. INTERPOLATION 

1. Statement of the problem 

The general problem of interpolation can be formulated as 
follows : 

A function f(x) is known for certain distinct values of the 
argument x v x n : 

/(* l) = Vv /(*: 2 ) = 2/2. /(*«) = V,r (!) 

Find its approximate value for another given value of the argument . 
We use the value of a function F(x), which coincides with f(x) at 
the given points x v # 2 ,..., x n and which is given by a simple 
formula. This usually gives us the approximate value desired. 
The function F(x) is called an interpolation function : 

F(Xi) = /(» t ) = y t , i= 1,2 n. (2) 

We then write the approximate equality 

f(x) ~ J(a;) (3) 

means approximately equal). 

The importance of interpolation arises from the following fact. 
If the ‘interpolating function 5 F(x) is chosen so that there is but 
small error throughout (a, ft), then in many considerations f(x) 
can be replaced by the simpler function F(x), Of particular 
importance in applications is the following approximate equality 
to be discussed later: 

b b 

J f(x) dx c?. j F(x) dx. (4) 

a a 

Two factors play an important role in the theory of inter- 
polation: (i) construction of the interpolating function; (ii) esti- 
mate of the ‘remainder 5 or ‘error 5 , that is, of the difference 
f(x)—F(x) in (3). It is usual to choose for F(x) a polynomial 
or a trigonometric sum. We thus speak respectively of ‘poly- 
nomial 5 or ‘trigonometric 5 interpolation. Our present discussion 
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is confined to polynomial interpolation. Nothing can be said 
about the remainder in (3) if no further assumptions are made 
concerning the nature of the function f(x), for the data (1) alone 
do not determine the behaviour of f(x) elsewhere in (a, b). As 
a matter of fact we shall restrict the class of functions to be 
studied to those having continuous derivatives in (a, 6), up to 
a prescribed order. We may then enlarge the data (1) so as to 
include preassigned values of various derivatives of f(x). 


2. Lagrange interpolation formula 

We consider first the simplest case where the values of f(x) 
are preassigned at n given points, all distinct, and where no 
derivatives are involved. We seek to construct a polynomial of 
as low a degree as possible which will coincide with f(x) at the 
given points. The n points impose n conditions, and we expect 
in general to require a polynomial of degree n — 1 , which involves 
n coefficients. 

Let the given points be x v x 2 ,..., x n and let 

ca(x) = (x—x 1 )(x—x 2 )...(x—x n ), (5) 


w ,, = “>(«) = (a— * 2 )( 3— x 3 ). ..(x—x n ) 

1 (x—xja j'ixj ix 1 —x 2 )(x 1 -x a )...{x 1 —x n y 

( 6 ) 

CJ ( x ) = “(ft) (*—Xl)(*—X 2)-( x—X n -l) _ 

(x X n )w (x n ) (x n Xi)(x n x 2 )...(x n X n _ 1 ) 


These co^x), i — 1 , 2 are called ‘fundamental Lagrangian 
functions 5 . They are polynomials of degree n—1, with the 
following characteristic property, as seen from (6): 


It follows that 



0 , j =£ i, 

1 , j = i . 


i—1 


m 


(?) 

( 8 ) 


is an interpolation polynomial. Its degree does not exceed n— 1 
and, by (7), 


K-i (*<) = /(«*). * = 1, 2,..., n. 


(9) 
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The polynomial I> n _i(#) is known as the Lagrange interpolation 
polynomial. Moreover, it is the only interpolation polynomial , of 
degree not greater than n—1, because the data of (9) determine such 
a polynomial uniquely. In fact, let a second polynomial, P(x ), 
of degree not greater than n—1, be such that P(x,i) = f(x { ), 
i = 1 , 2 ,..., n. Then L n _ 1 (x)—P(x) is of degree not greater than 
n— 1 and vanishes at n points. This is impossible unless all of 
its coefficients are zero. 

We now pass to the remainder in the approximate equality 
(3) which we rewrite as 

/(*) = L n _ x (x)+R n {x). (10) 

We call this the Lagrange interpolation formula with remainder. 

Let x be different from x v ..., x n and fixed. Introduce the 
function 

4>(z) ^f(z)—L„~i(z)~K<o(z), 
where K is a constant so chosen that 


m ^m-L^w-Kwix) - o. (ii) 

By (5), (9), and (11) (f>{x) has n-\-l roots: x v x 2 ,..., x n and x . 
By repeated application of Rolle’s theorem ft n \x) has at least 
one root lying between the smallest and the largest of the 
numbers x , x v ..., x n . That is, 

<f> {n) (£) = o. 

But L%Uz) = 0 and o/ n) (£) = n\. 

f n (£) 

Consequently K = 


Equation (11) now yields the formula 

f(x) = L^^+^Mx). (12) 


Hence the remainder in the approximate formula (3) is 

B n (x) — x 1 )(x—x 2 )...(x x n ). (13) 

n! 

Here and hereafter in this chapter £ denotes a number lying 
between the smallest and the largest of the numbers x, x v ..., x ns 
different in different formulae. 
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Formula (13) shows that the Lagrange interpolation formula is 
exact , if f(x) is a polynomial of degree less than or equal to n— 1. 
Furthermore, it enables us to estimate the error in (3). Assume 
that all x’s lie between a and b. So therefore does Let 



M n == max \f {n> (x)\ 

a^x^b 


and 

Q n = max \a>(x)\. 

a^x^b 


Then 

\KW\ < 

(14) 


|JB W (*)| < M ^ b a) ", a^x^b. (15) 

n\ 

In practice, the functional values f(x i ) may have been obtained 
from observations, and consequently be affected by certain 
observational errors ±e i , so that instead of (8) we have 

L n-l( x ) + ^ L ,i-l( x ) = 2 w f( a; )[/( ;c £)± e i]- ( 16 ) 

i= 1 

Ai„_i(a;) = 2 ±e f 

1 

This shows the effect of the errors on the polynomial 
L n _i(x). Moreover, if < €, for i — I, 2,..., w, then 

|A^n-i(^)l < K(*)l- 

i—1 

Here the last factor may become large at some points, as n 
grows. So even small errors in the functional values may 
produce a considerable change, AL n _ 1 (a;). The possibility that 
the Lagrange interpolation formula thus aggravate errors is a 
serious disadvantage, especially when dealing with empirical 
functions. 

Another disadvantage of (8) lies in its structure. If we add 
to our data new #*,/(#*), we must start the computation of the 
new interpolation polynomial all over again, and the previous 
labour is lost. In order to avoid this, we write the interpolation 
polynomial in a new form as follows: 

1 (&) ~ x i)+h( x x i)( x x %)~i~ ••• 4 “ 

+ ln( x ~~ x l)-( x - x n)> ( 17 ) 


5034 


G 
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and seek to determine the coefficients Z 0 , l n ^ x so as to 

satisfy (9). We find successively, introducing divided differ- 
ences (see Chapter I), 

L n - X {x) =f(x 1 ) + [x 2 X 1 ](x—X 1 ) + [x 3 X 2 X 1 ](x—X 1 )(x~X 2 )+...+ 

+[ x n x n- 1 ...Xi](x—X 1 )(x—X a )...(x—X„). 

Thus 

f( x ) = f(x 1 )+[x 2 x 1 ]{x—x 1 )+[x 3 x 2 x 1 ](x—x 1 )(x—x 2 )+...+ 

+[*»*»-: **) ... (x—x n )+B u . (18) 

The remainder is again given by (13). Formula (18) is called 
Newton’s interpolation formula with divided differences . A special 
case, important in applications, is where the x t are equidistant: 

x x = a, x 2 — a-j -h, ..., x )t = &+(w--l)A, 

h = (19) 

71—1 

Formula (18) now becomes Newton’s interpolation formula: 
f{x) = 2> n _i(!c)+5 w (ar) 

= /(«) + ^ (*~«) a> + (*-«)»+...+ 


+ 


A n ~ 1 f (a) 
(n— 1)! A” -1 


(*— «)(“-«+ 5 n (»), 


•fin(*) = 


(s -a)<»y<" >(fl 

n\ 


( 20 ) 


Note the similarity of (20) to Taylor’s formula. Taking n = 2 
in (20), we get 

/(*) = /(«) + — jr^— (*-«)+ *,(*), (21) 

b—a 

R i.( x ) (x—a)(x—i b); 

£ lying between the largest and the smallest of the numbers 
x , a, 6. This is the so-called linear interpolation formula or the 
formula for interpolation by proportional parts. In geometrical 
language we replace the arc of the curve from x = a to x = 6 
by a straight line. An advantage in (21) lies in the fact that the 
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factor multiplying /"(f) in R 2 (x ), namely, (x—a)(x—b) keeps a 
constant sign when a <x <b. This is of aid in estimating 
R 2 {x). Thus, if the sign of f"(x) does not change in (a, b), R 2 (x) 
is of constant opposite sign. Moreover, m ^ /"(#) < M implies 

< jy.) < (« -«) (?-*),» (22) 


when a < « ^ 6, Also |/"(#)| < A implies 

l*s(*)l < (23) 

since 

0 < (x—a)(b—x) - -*)'< (^) ! . 

a ^ a; ^ 6. 

Illustrations : 


(i) Given /(0) — ],/(— 1) = 2, /(l) = 1 construct the corre- 
sponding interpolation polynomial. 

Here w = 3. By (8), 


■£*(*) 


(*+l)(*— 1) . («— 0)(«— 1) 2 (*— 0)(*+l) J 

(0+lj(0-l)- ^ ( — 1 — 0)( — 1 — 1 ) ‘ "^(1— 0)(1+1)‘ 


- 4 - 1 . 

2 2 ~ 


By (18), Newton’s formula with divided differences, 

1-2 2—1 

L 2 (x) = 1 + j^- 0 (x-0)+ I + 1 I J~ 1 ~ 0 (^-0)(a;+l) 


X 2 

J 



In order to make use of Newton’s formula (20) we arrange our 
data taking x x = —I, x 2 = 0, x 3 = 1. Then h — I, a = — 1, 
A/(— 1) = — 1, A 2 /(— 1) = 1, and hence 

L 2 (x) = 2 + — (®+l)+^j(»+l)» = 


(ii) As a second illustration, we apply linear interpolation to 
the computation of logarithms and antilogarithms. This will 
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show that even the simplest linear interpolation formula (21) is 
capable of yielding good numerical results if the second deriva- 
tive of the function in question is small in the interval con- 
sidered. 

Given a five-place table of common logarithms of integers, 
N from 1000 to 9999 inclusive, we wish to compute log^-f-#) 
from the tabular values of logjV and log(iV+l), 0 < x < 1. 
We use proportional parts; that is, formula (21). We get 

log(iV+a;) = logiV+a:[log(iV+l)— logiV]+i? 2 (a;) (24) 


with an error 

R 2 (x) 


—x(x—l) loge 

' " 2 (N+$r ’ 


0 <£ < I. 


(25) 


Nowe < 3 < V10, loge < < _L ^ 10~ 3 , and (1— x)x 

Jy+i N 

Consequently, , 

B 2 (x) <^10~ 6 < 7.10-s. 

Io 


<i 


Thus, the error has no influence on the seventh digit of log^-f x), 
as furnished by our approximate formula. 

The computation of an antilogarithm consists in finding x, 
0 < # < 1, from the known values of log(iV+#), logjV, 
log^ +1). We can determine x from the same formula, namely 
(24). Solving for x, we find 


log(^+^)-logiV 
log(AT + i ) — log N 


+ R z(x) 


with an error, which by (25) is given as follows: 

E 2 (x) 


B 2 (x) = —~ 


log(N + 1 ) — log N 

x(x— 1) loge 


2[log (iV + 1 ) — log 2V] (N+{f 


< 0 , 


i^j> tell < - l°S e 1 

1 2( )l < 8log(N+l)-logN{N+€f' 

We have furtherf 

log(l+z) > ^jloge, 0<z<A+l. 
t This is readily established by applying the mean-value theorem to log( 1 -f z ) . 
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Hence, since 


1 N 

j- T < 10- 3 and 
N N+g 


< 1, 


!****>! < 8 <10 ,+ 1, (if+f) ! ' 8 N 10> 


< 110 '± 1 < 1 , o ->. 

^ r> TIT ■« nO ^ A 

4 


3. A general interpolation formula involving derivatives 

We wish to construct a polynomial F(x) of lowest possible 
degree such that 

F (*i) =f( x i)> F '( x i )=/'K)> •••> =/(« 1 -V(xi), 

F(x 2 )=f(x 2 ), F’(x s ) = /'(*,), ..., H«-*Hx t )=fto-»(x t ), 


F ( x m) =f(Xm)> F '(Xm)=f(Xm)> -> 

( 26 ) 

Here the points x m are distinct. The total number of data 

a l+ a 2+”-+ a m = n (27) 

and we suspect that in general the degree of F(x) will be n— 1 
and that this F(x) will be unique. In its construction we make 
use in succession of the first row of data in (26), then the second 
row, and so on. We write 

F(x) = l 10 +l n (x—x 1 )+l 12 {x—x 1 Y+...+l l ^ 1 (x—x 1 ) 0i '- i 
+(x-x 1 ) a '[l 20 +l 21 (x—x 2 )+l 22 (x-x 2 ) 2 +...+l 2 ' CC2 _ 1 (x-x 2 ) a >- l ]+ 
+{x-x 1 ) a ix—x 2 Y‘[l w +l 2 i < x—x 2 )-\-l Z2 (x—x 3 Y+...+ 

+ *3,a,- 1 ( a: - a; 3)“ , ~ 1 ] + 


+(x-x 1 ) a >(x-x 2 ) a K4x-x m _ 1 ) a *-'[l m0 +l ml (x-x m )+ 

+l m2 (x-xJ 2 +-..+lm, am -l(z-Xm)°^~ 1 ]- ( 28 ) 

The coefficients / i; - are determined by rows, starting with the 
first. The bracketed polynomial in the second row vanishes 
with all derivatives up to the order a,— 1 inclusive when x — x v 
The bracketed polynomial in the third row vanishes with all 
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derivatives up to the order a 1 +a 2 ~"^ inclusive at the points 
x v x 2) and so on. Thus 


Z 10 = F(X,) = /(*,), Z U = ^ 

K-i)7 


fM 
1 ! ’ 


(29) 


and the polynomial in the first row in (28) is completely deter- 
mined. Denote it by F x {x). Now 

ho+hi( x ~ x 2)+- J rh, a ^i( x - x 2) Xi ~ l 


F(x)-F l (x) 
(x — Xj) 01 ' 


-f (x—XzY'Pi^x). 


Here P(x) is a polynomial. We find, as in (29), 


j = /(*) — Fy(x) I = f (x 2 )—F 1 (x 2 ) 

2U ~ (x-x^ \ x=x2 (Xz-X^ 

i = a \m-3w} 

21 dx[{x-x&r J^; 

7 = \f( X t~ F l( X )] 

2,a,_1 d*“*- i L>-^ 1 )“ r J iC = x ; 


(30) 


and so on with the third row, fourth row,... . By such arrange- 
ment, adding a new row of data in (26) means increasing (28) 
by a new row, without invalidating the calculations already 
performed. 

We next consider the remainder where F(x) is given by (28) ; 
we proceed as follows: Introduce the function 


4>( z ) = f(z)-F(z)—K(z-x 1 )^(z—x i ) 0i ‘...(z—x m ) a '«, 

where the constant K is so chosen that <j>{z) = 0 when z = x. 
The function <f>(z) now has w+1 zeros on the interval delimited 
by x , a?!,..., x m . By a repeated application of Rolle’s theorem, 
we arrive at the following result: 

f(x) = F(x)+R n (x), 
f n (£) 

K( x ) = (x-x 1 ) a '(x-x i ) a >...{x-x m )* m ,‘ 


( 31 ) 
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where £ lies on the interval delimited by x l9 ... 9 x m and x. More- 
over, R n (x) is a continuous function of x since f(x) and F(x) are 
continuous. It results that f n (£) is continuous in x so long as 

X ^ X Xfy..., X n , 

The special case m — 1 yields Taylor’s formula with the 
classical Lagrange’s remainder. Thus, the polynomial y = F(x) 
furnished by the first n terms of Taylor's expansion of f(x) is a 
special interpolation polynomial , of degree not greater than n— 1, 
such that the graph of y = F(x) and of y — f(x) have at a given 
point a contact of order n— 1. 

The next important special case is when 


2 . 


This is known as the Iiermite interpolation formula . Here we 
represent the polynomial (28) in a different form; namely as a 
linear combination of the given values 


We find 


/(* l)> -> /'(* l)> •••> /'(*«,)• 

rn m „ 

F(x) = 2 * i (a;)/(a; i )+ 2 

i—1 i = 1 


*<(*) = (*-*»)] W®)} 2 . 

^ f (x) = (x— x^a^x), 

where <o(x) and ojfx) are given by (5) and (6). 


(32) 


f(x) = ^(x)+JB 2w (x), i? 2m (x) = ( ; «) 

The functions A t -(x), /ii £ (x) are called the fundamental Hermitian 
functions of first and second kind respectively. 

In order to prove (32) we must show that F(x) is of degree 
less than or equal to 2m— 1 and satisfies the relations 


jfWfo.) = /<*>(x f ), s = 0, 1, i = 1, 2,..., m. 


In fact, by (7) and (32), 



j ¥= i, 
3 — 


i,j = 1, 2,...,m, 


( 34 ) 
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Ki x j) = 

{"iK)} 2 + [l («,— x i)j ‘^(XjWiiXj)- 

From which 


Ki x j) = 0, j # i, 


K( x i) 


o)'(x { ) 



X—Xi 


_ ^"(Xf) 2 rf cu(a;) 1 

»'(*<) ”«(*<) dx (*—*<) 
By Taylor’s formula, since to (.»:,■) = 0, 


a>(#) 


- «/(*<) 


(s— s<) 
2 ! 


w"(x f )- 


( x ~ x iY‘ 

3! 




We find 
so that 

= 


d o>(x) (n"(x^) 

dx [x-^XfJ^^ — 2 ’ 


. ^"(^) = 0 


* = 1, 2,..., TO. 


Furthermore 



0, j ^ *> 
1> i = *• 


The validity of (34) is thus established. Note that R 2m {x) — 0 
if /(x) is a polynomial of degree not greater than 2m— 1 . Taking 
f(x) = 1, we derive the important identity 


TO 

2 **(*) = !• (35) 

Note further that in i?(#), as given by (33), is multiplied 

by a non-negative factor . Hence the remarks made above con- 
cerning the remainder in (21) are applicable here, as well as in 
the general case (31) if all 0 L t are even integers. 


4.. Interpolation formulae of Gauss, Stirling, and Bessel 

If the independent variable x takes on equidistant values it 
is often advantageous to introduce a new independent variable 
t = {x—a)jh, so that the set of values x = a, a+A,..., a+nh 
corresponds to t = 0, 1, 2,..., n . 
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With such a substitution, Newton’s interpolation formula (20) 
becomes 

F(t) ==f(a-\-th) = -F(O) + — AF(0) + — A 2 .F(0) + • • • + 

+ (Sj! An ' lf(0)+ ' S " W ’ (36) 

l in) 

B n (t) = 


Here £ lies between the smallest and the largest of the numbers 
0, 1,..., n and t. 


(a) Gauss’s interpolation formulae 

Various interpolation formulae can be derived from (18) by 
properly specifying and arranging the given points x. The most 
important are the following ones. 

We introduce here the following notation: x m = 1, 


x [2v] __ # 2 (a;2— 1)(#2 — 4) ^ 1/ > 0, 


x [ 2 v+t] __ x 






x [ 2 v)-l 


%[2V] 

X 


= x(x 2 — l)(x 2 ~4)...{x 2 ~-(v-— 1)2}, 


A 2 v+ 1 ]- 




Then 

m = f (a +th) = F(0) + A AF(0) + A 2 ^( — 1 ) + 

+ ( < + , W“ l ) A3 p(- 1) + (t + 1 W-W'Z 2 ) A 4 jP(— 2)+..- + 

j ! 4! 


(t+k—l)(t+k—2)...t(t—l)...(t—k) 
' (2X*)! 


y [ <t2<1 1 A 2i ^F( - i) + A 2i F( - i) 

Z (2i— 1)! 1 ^ (2 i)\ K ’ 


&™F(-k)+R 2lc 

+ ^*2 A" (37) 


ii; = ( t2fc+ , 2i 1 jP(2fc+l)/ T \ / J _ q\ • 

2fe (2i+l)l ( h \( — 1 ) ! /’ 
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F(t) 


k - 1 r 

2 

0 L 


A 2i F(—i) + — - - A 2i+1 F(- 
(2 *)! 1 1 


■*-!)] 


+ 




— (2/7>r 


■p»»( T ) 


(a- 1 )' 




This is the first Gaussian formula stopped at the order 2k or 2k— 1 
respectively. It is derived from (18) by using the following set 
of 2k +\ values: 


x = a— &A, a—(k— l)h y ...,a—h,a,a+ h, ...,a+kh (38) 

arranged in the following order: 

a, a+h, a—h, a+2h , a—2h 9 ..., a+kh 9 a—kh . 

Similarly, arranging the same points (38) in the order 

a, a—h, a+h, a—2h, a+2 h, ..., a—kh, a+kh, 

we arrive at the second Gaussian formula, where we again stop 
at the order 2k or 2k— 1 : 

,(,) =g[(fcni AU - ,J( - i+1) + 




A 2i F(—i) 


+ a. 


2 k> 


B 


2k 


l[2k+2)~\ 

(2*+l)! 


F»+^t); 


k - 1 


P(0 


i—0 


- A u F(—i) -f — A^+^-j) I + 

(2»)! ' ; ^(2i+l)! 1 ;| + 


4 


(39) 


*[2k]—l 

Similar reasoning applies if we are given an even number of 
values of x \ 

x = a—{k—l)h,a—(k—2)h, ...,a—h,a,a+h, ...,a+kh, 
which we arrange as 

a, a+A, a—h, a+2h, a— 2 h, a— (&— 1)A, a+kh 


or as 


a+ft, a, a+2h, a—h, a—(k—l)h. 
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We obtain, stopping at the order 2k— 1 or 2k , four more 
Gaussian formulae, like (37) and (39). We write down only 
the formulae obtained when stopping at the order 2k— 1, where 
we replace F(t) by F(t+%)\ 


+ 1L 1 i) <l2l+I1 1 a 2i+i j p(_ j) 

+ (2i+l)\ 1 ’ 

■ t[2k+l]-l 

,t); 


+ -®2fc-l> 


y[2t+l]-l 


(40) 


i=0 


+J? ; 


2&— 1> 


+ (2i+l)! 1 

#[2fc+l]-l 

(6) Stirling's interpolation formula 

This is derived by taking the arithmetical mean of the first 
formulae in (37) and (39): 


™ = 2[(i 
1=0 LX 




- 1 )! 


2 
t [«] 


+ 


(20! 


^A^(-*)l + i? 2fc> (41) 


y[2fc+2]-l 

In order to obtain the expression for Il 2k in (41) we replace r in 
(37) and (39) by r x and r 2 respectively. Let 
m < jP(2*+D(f) <c M 

for the values of t under consideration. Then 


m < i^+Wfa) < M (i = 1, 2), 

m ^ < jf. 

2 
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It follows, F &k+1 \t) being continuous, that 

_ FaM>(r) 


(c) Bessel's interpolation formula 

This is derived by taking the arithmetic mean of the formulae 
(40): 

V 1 A 2i F(~i) + A 2i F(~~i+l) 

i! 


^+*» = 2[-w 

f[2/+U 


t— 0 ' 


+ 7*7 


^2k-l 


(2i+l)! 

^L2fc+U-l 

“W 




+ 

+ (42) 


5. Inverse interpolation 

By this we mean finding the value of the independent variable 
(x) corresponding to a given intermediate value of the function 
y — f(x). This can be done by using the interpolation formulae 
with x and f(x) interchanged. It is sometimes preferable to use 
an interpolation formula, considering it as an equation in x , and 
solve it for x. This procedure is simple and convenient when 
we use linear interpolation, as was done above in finding anti- 
logarithms. 

Illustration. For a certain function f(x) the following table is 
given: 


X j 

0 

0-25 

0*5 

0-75 

y ! 

0 

0-015625 

0-12500 

0-421875 


What value of x gives y — 0-314432 ? 

Using Newton’s interpolation formula (20), with n = 2, we 
get 

y = 0-314432 = 0 + ^^x+°^^=^. 

& * A.OK 1 A.AaOK 


Our problem is thus reduced to finding the positive root of the 
quadratic equation 


1-5# 2 — 0*3125#— 0*314432 = 0. 
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We can proceed, however, by a different method. Using the 
Lagrange interpolation formula inversely, we write 


x = o-i “M u _i_ 

(y— 0)w'(0) ^ (y—y st )ai'(y 2 ) ' * 


\y—yz)<*>'{y a 




where u>(y) = y(y-y 2 )(y-y 3 )(y-yi). 

We must find x for y = 0*314432. 

As a matter of fact, the values given are those of the function 
y ~ x 3 , and the exact value is x = 0*68. Observe that inverse 
interpolation may lack a simple formula for its remainder, for 
even if f(x) is a simple function, with simple expressions for its 
derivatives, this may not be the case for the inverse function. 


B. MECHANICAL QUADRATURES 

6. Statement of the problem 

By a mechanical quadratures formula is meant a formula 
which gives an approximate value for 

b 

J f(x) dx, 

a 

b 

or more generally, J p{x)f(x) dx, 

a 

where p(x) is a weight function. The usual result is a linear 
combination of the functional values /(a^) at certain preassigned 
points in (a, b). Thus 

b n 

f /(*) dx~ 2 kf( x i)’ (43) 

J i—1 

a 

where x { are the 'abscissae 5 

a < x 1 < x 2 < ... < x n < b (44) 

and X i are the 'coefficients’, sometimes called Cotes’ numbers 
of the mechanical quadratures formula. It is important to 
observe that the x { are independent of the function so that once 
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the abscissae are given one computation of is sufficient for all 
functions. 

We write 

/ P( x )f( x ) dx = if(x { )+R n (f) 

= Qn(f) + K(f)- 

The remainder R n {f) may vanish for certain functions. In the 
cases that we are to discuss R n (f) = 0 when f(x) is a polynomial 
of not too great degree. 

It is possible to construct a more complicated mechanical 
quadratures formula involving linear aggregates of various 
derivatives. However, in practice such a formula when f(x) is 
given in graphical or tabular form is of very limited value. 
For this reason we confine our discussion to formulae of the 
type (43) except for a brief discussion of a form which arises 
from Hermite’s interpolation formula (32), involving f(x { ) and 

/(*<)• 

Observe further that the abscissae may be taken from a given 
infinite set of points, e.g. from an infinite array 

*12 *22 
*13 *23 *33 


*1 n *2 n • • * • *«» 


in which case we obtain correspondingly an infinite sequence of 
mechanical quadratures formulae 

J !>(*)/(*) dx =ZKf(x in )+ Pn (f). (46) 

a 

The question of convergence then arises, namely: Given the 
infinite sequence of abscissae x ini i = 1 , 2 ,..., n\n — 1 , 2 ,...; for 
what f(x) is it true that 

limp n (/) = 0? 

TO-*O0 

This will be but briefly discussed in what follows. 
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7. Mechanical quadratures and interpolation 

Interpolation is the most natural source of mechanical quadra- 
tures formulae. 

First, consider the Lagrange interpolation formula (12). By 
integration, we obtain from it the fundamental mechanical 
quadratures formula 

b b 

/ f(x) dx = J L n _ x { x) dx + Pn (f) 

a a 


2 H if{ x i) + Pn(f)’ 




to (x) dx 
(x-xOco'iXi) 


O 

J a > t (x) dx, 


(47) 

(48) 


O 0 

Pn(f ) = J R J X ) dx = ^J “WMt) dx. (49) 

a a 

This integral in (49) exists by (47) inasmuch as f(x) and L n (x) 
are integrable. More generally, introducing a weight-factor p(x), 

b b 

J Pi x )f(x) dx — j p^L^x) dx = 2 HJixJ+pJf), (50) 

a a % ~~ 1 

b 

Hi = f P( x )^i(x) dx, (51) 

a 

b b 

Pnif) = J P{x) R n{x) dx = 1 J p(x)«j(x)f< n )(g) dx. (52) 

a a 

Similarly from the general interpolation formula (31), where 
F(x) and R(x) are given by (28) and (31) respectively, we 
generate a more complicated mechanical quadratures formula 

b b 

J f(x) dx = J F(x) dx +p n (f), 


a 

b 


Pnif) = J R n(x) dx = J (x—X 1 )«>...(x-X n )<*"F n \$) dx. 


( 53 ) 
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In particular, 


U 71 71 

f f( x ) dx= 2 ll i f(x i )+ J HJ'ixJ + pJf). (54) 

J i—1 i-l 

a 

This is derived from Her mite’s interpolation formula (32). Here 

b b 


co(x)^i { ~\dx, i = 1 , 2 ,..., n, 
co (x { ) 


Pn(f) = j M*)} 2 / (2?,) (£) dx = j {"(*)}* ^ ( r>6 ) 


Here we integrate the remainder formula and then apply the 
first law of the mean. We have remarked that the remainder 
is continuous in x. Hence / (2n) (|) is continuous in x where 
x ^ x v x 2y ..., x n . However, it approaches a limit when x 
approaches each of these points and consequently can be 
defined at them so as to render f (2n) (£) continuous in x over the 
entire interval (a, b), hence the application of the mean-value 
theorem is justified. 

Here rj , like denotes a certain number lying in (a, b ) and 
depending on n and f(x). 

In (54), (55), (56) the integrands involved may have a weight- 
factor p(x). 


8. Degree of precision 

A mechanical quadratures formula which is exact for an arbi- 
trary polynomial , 0 k (x), of degree less than or equal to k is said to 
have a ‘ degree of precision 8 9 equal to k. 

Since the Lagrange interpolation formula is exact for any 
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polynomial of degree n— 1, we conclude that the degree of pre- 
cision of a mechanical quadratures formula generated by the 
Lagrange interpolation formula , with n arbitrarily preassigned 
abscissae, is at least n — 1. Moreover, it cannot exceed 2n—l. 
For, let the given polynomial be {a >(x)} 2 , then 

f {o4x)) 2 dx = 2 H ( { a>(x { )} 2 . 

J i--= 1 

a 

But lo^xf) — 0. Hence 

h 

j {co(x)} 2 dx = 0. 

a 

This is impossible since co(x) =£ 0. 

Formula (54) has a degree of precision equal to 2n— 1, as 
seen from the expression (56) for its remainder. We shall see 
below the interesting fact that the maximum degree of precision, 
2n— -1, is actually attained by an extensive class of mechanical 
quadratures formulae of the simplest type (47), provided the 
abscissae are properly chosen. 

9. Cotes’ formula. Rule of rectangles. Trapezoidal rule. 
Simpson’s rule. Tchebycheff’s formula. 

By specifying the number and the location of the abscissae 
in (47) various specialized formulae are derived. We proceed to 
discuss the most important ones. 

Observe that if the interval of integration (a, b) is finite, it 
can always be reduced to (0, 1) or to (—1, 1) by means of the 
respective substitutions 

x = a+(b— a)y, x = a+^^{y+ 1 ), (57) 

resulting in 

b 1 

| f(x) dx = (6— a) J f\a+(b—a)y] dy 
a o 

* , w 

or J f(x) dx = 4 2 - j ,/jo + ^pftH- 1 )] i >y, 

a -1 


5034 


H 
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(i) Gotes 5 formula 

Cotes’ formula corresponds to equidistant abscissae . Taking 
for the interval of integration (0, 1), we have 

A 1 2 n-1 1 

Xi = 0, x 2 = -, ^3 = r, X n = = I, 

71—1 71—1 77—1 


j /(*) ~ 2 ( 59 ) 

0 i— 1 ' ' 




*(* - , ) ■ • • ^ ^i) (* - 1 > ^ 


(-l) n ~* Vf(f— 1).. .(<—»+!) dt 

n-l J {(»— 1 )!}{(»—*)!} 

0 


A mechanical quadratures formula might be called ‘simple’ 
if either its abscissae or coefficients are given according to a 
simple law. Thus, Cotes’ formula is ‘simple’. However, gaining 
in simplicity with regard to abscissae we lost in other respects. 
First, the form of the remainder for (59) as given below, 
namely, 

b 

Pnif ) = J (x-a)^x-a-^^j...(x-b)f< n \$) dx, (60) 


generally cannot be improved and admits of a rough estimate 
only: 

\Pn(f)\ 

l/ w (z) I <M n , a < x < 6. 

The second disadvantage lies in the behaviour of (69) as n oo. 
Integration is a ‘smoothing out process’, and consequently one 
might expect that even if the original interpolation formula 
diverges, it might generate a convergent formula of mechanical 
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quadratures. This expectation is justified in many cases, but 
not in the case of Cotes' formula . 

(ii) Rule of rectangles 

In (47) let n = 1 and x t = a , 6, successively. We find 
the following formulae: 

J f(x) dx = (6— a)/(a) + — 2^ (62) 

a 

/ /(X) dx = (6-o)/(6) - ^VOta), (63) 

da; = (6— a)/(—^— j+/>(/)- (64) 

These are frequently called the rules of interior rectangles, 
exterior rectangles, and middle rectangles, respectively. 

The formulae for the remainders in (62) and (63) are derived 
by applying the first theorem of the mean to 



b 

J (x—a)f , ({; 1 ) dx and 

a 


b 


/ (*— &)/'(&) dx 


since x—a and x~b each keeps a constant sign in (a, b). The 
reasoning here is the same as on p. 96. However, it is not 
possible to apply the first theorem of the mean in (64) where 
the remainder is 

a 

Here — -j does not have a fixed sign when a < x < b. 

In order to derive an improved formula for the remainder in 
this case, we proceed as follows. By Taylor’s formula, 
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whence 

I f(x) d* = (6 j (*-~) ix +,(/), 

a a 

p(f) = 1 1 dx. 

a 

Observing that 

« a 

we get (64) with its remainder in the following form: 

J f(x) dx = (6— ( 65 ) 

a ' ' 

The term 'rules of rectangles’ is justified by the fact that if 
f(x) is non-negative for a < x < b, and if the graph of 
V = /(#) is plotted in the ordinary cartesian plane, then our 
formulae are equivalent to replacing the area between the curve 
y = f(x) and the #-axis from x = a to x = 6 by the area of a 
rectangle. 

(iii) Trapezoidal rule 

Here we replace the area under the curve by the area of a 
trapezoid. 

The corresponding mechanical quadratures formula is derived 
by letting n = 2, that is, x x — a , x 2 = 6 in Cotes’ formula. We 
thus get, again applying the mean-value theorem to 

b 

f ( x-a)(x—b)f" (g) dx, 

a 

//(*)* = ( 66 ) 
a 

The right to apply the mean-value theorem in a like ease was 
discussed on p. 96. 
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It is seen from (65) and (66) that if f"(x) keeps a constant sign 

b 

in (a, 6) then J f(x) dx lies between 

a 

b =?[M+fm and 6 -=?/(? ±*). 

(iv) Simpsoii’s rule 

In Cotes’ formula let 

o ® + ft I 

n — 3, aq = a, # 2 = — -■ — , x 3 — b. 


Here the area under the curve is replaced by that under a 
parabola. We get 

J /(x) m+4fl-±^\+f(b) + P (f). (67) 

a L \ / J 

The remainder, as derived from (49), is given by 

b 

p(f ) = ~ J (*-«)(*- dx. 

a 

This is not a convenient form. We consequently try the follow- 
ing special case of formula (53): 


x x — a, oq 


= x 3 = 6, 


n = 1 + 2+1 = 4. 

This proves to give the same interpolation polynomial but with 
a different formula for the remainder. We find 

b 

= j (*— «)(* — ( x -b)f M (t) dx 

-1 

since we can apply the mean- value theorem. We obtain 

j /<*> * = (68) 

This is 'Simpson’s rule’ much used in practical computations. 
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We conclude from (67) that its degree of precision is 3. This is 
because f (lv \x) = 0 if f(x) is a polynomial of degree 3. 

The error arising from the use of the formulae given under 
(i), (ii), (iii), (iv) can usually be lowered by subdividing the 
given interval (a, b) into a number, s, of sub-intervals of equal 
length, so that 

b 

J /(*) dx 

a 

a + (b~a)l8 a+2(b—a)ls b 

= J f(x)dx+ J f{x)dx+...+ J f(x)dx 

a a+(b-a)!a b-(b-a)/8 

and applying to each integral on the right the mechanical 
quadratures formulae with their remainders. 

To illustrate, we use formula (62). Let 


fo =/(«)» 



We get 


L=m- 


b j 

J /(#) dx = — — [fofrfi+--+f s -i]+p(f), 

a 

P(f ) = ~ 2s J[f'(Vi)+f(ri2)+---+f(ris)l 


(69) 


a < % < a + -~ < r h < ... < t] s < b. 
s 

Moreover, if m </'(*) M, a ^ x < b, 
then am </'(^) + ... + /'( % ) < S M, 

whence f'M±-+f'(Vs) = yv (l?) 

s 

and (69) gives 

J f{x) dx = ~-[/o+/i+-.+/ 6 -i] + 

a 

If we compare this with the remainder form in (62) we imme- 
diately notice the s in the denominator and consequently expect 
a smaller remainder. 
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Similarly, 


j f(x) dx 


-[/1+/2+ •••+/*]■ 


(b-a)‘ 

2s 


fill ( 70 ) 


J f(%) dx = + 



fn = / « 


i(b—a) 
2 s 


•~2J~[/o+ 2/i + 2 / 2 + ... + 2 /g_i +/J - 
-57- [/o+ 4 /i+ 2/,+4/j + 2/ 2 + .. . + 


(b—a) 3 
' 12s 2 


(72) 


+ 2/.- 1 +4/^ l +/J-jL(^)>v)(ij). (73) 


Note the presence of the factor 1 /s A in the last remainder. 

Some of the above formulae involve the functional values at 
the end-points of the interval of integration, some use interior 
points only. Accordingly they are often classified as mechanical 
quadratures formulae of the closed or open typO. 


(v) Tchebycheffs formula 

This is another ‘simple’ formula of mechanical quadratures, 
where the abscissae are so chosen that all coefficients are equal. 
Thus, b 

jf(x)dx = H[f(x 1 )+f(x 2 )+...+f(xJ], (74) 

a 

which makes it especially useful in applications. Having n- f 1 
constants at our disposal, x v x n and H , we hope to build 
(74) with degree of precision at least n . For this the following 
w+1 equations must be satisfied: 

b 

j x° dx — b—a — nH , 

a 

b 

J x x dx = H(x 1 +x 2 +...+x n ), 

a 
b 

J x n dx = H(x%+x%+ ...+x1). 

a 


( 75 ) 
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If (a, b) has been reduced to (— 1, 1), we get 

J f(x) dx — -[/(^i)+/(^ 2 ) + ***+/( a; w)]j (76) 

-1 

where the abscissae x H are to be determined from the following 
system of equations: 

••• ~h x n “ 

xf+xi+...+x* = \n, 

x l+ x l+-+ x l = 0, 

(77) 


x*+x'Z+...+xl = 


n 

n even, 

n+l 

0 , n odd. 


The x t thus determined must be real, distinct, and lie in ( — 1, 1). 

Will the system (77) yield x t of the desired character, for any 
n ? S. Bernstein proved that for n > 9, (77) yields imaginary 
values for some This limits the usefulness of Tchebycheff ’s 
formula. Another disadvantage is its unworkable remainder. 


10. Gaussian mechanical quadratures formulae 

Gauss conceived the idea of choosing the abscissae in (47) so as 
to attain the maximum degree of precision, 2n—l , that is, such that 

f G 2 „^(x) dx = 1 G 2 „.. 1 (x i ) (78) 

i 

whenever the degree of G 2fl _ x (x) is less than or equal to 2n—l. 
Generalizing Gauss ’s reasoning, we proceed to show how the same 
end can be achieved in (50), that is, we solve the following problem : 
Choose the abscissae x v 

a < x x < x 2 < ... < x n < 6, 
so that (50) shall have a degree of precision 2n—l: 

b 

/ P(x)0 an _i(*) dx = _ J ^ G 2ll _ 1 (x i ), (79) 

a 

where ^p(#) is defined over (a, 6). 
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We prove the following theorem: 

Theorem. A necessary and sufficient condition for the validity 
of (79) is the ‘ orthogonality relation J 

b 

/ p(x)u>(x)G n _ 1 (x) dx = 0, (80) 

a 

where G n __ x (x) is any polynomial of degree n— 1. 

Write @2n-l( x ) = “>( x ) G n-l( x )+ G n-l( x )- 

Hence, since co^xf) — 0, 

G 2n-l( X i) = G n-l( X i)> i = 1 > 2,-, n. (81) 

b b b 

J P{ x ) G 2 n-l( x ) dx = j p(x)w(x)G n _ 1 (x) dx + J P( x ) G n-l( x ) dx - 

a a a 

If (79) holds, then 

n h b 

p(x)cu(x)G n _ 1 (x) dx+ I p(x)G n _ j(ar) dx 

a 

p(x)aj(x)G n _ 1 (x) dx+f H t G n ^{Xi), (82) 

i—1 

for (47) is exact for a polynomial of degree n— 1. From (82), 
combined with (81), the relation (80) follows directly, which 
proves its necessity. The proof of its sufficiency is left to the 
reader. 

b 

The question now arises: Given p(x), such that J p(x)x n dx 

a 

exists , n = 0, 1 , 2 ,..., does there exist , for any n, a polynomial 
(jd(x) = (x—x x )...(x~x n ) satisfying (80) whose zeros are real , 
distinct , and fn (a, b)? 

The answer is in the affirmative , ifp(x) is non-negative in (a, b) 
whether (a, b) is finite or infinite in length . Moreover , such co{x) 
is unique . 

Proof of this general theorem is omitted. 

It follows that, with such p(x), we can construct mechanical 
quadratures ^formulae (50) with degree of precision 2n— 1, for 
»=1, 2,.... We call these Gaussian mechanical quadratures 
formulae . 


Z H i G 2n-li x i) = J 
i=1 a 

b 

= 1 
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We discuss here two important special cases, where the finite 
interval of integration has been reduced to (—1, 1). 

(i) p(x) = 1: The Gauss case. Here (80) becomes 
i 

J c o(x)G n _ 1 {x) dx — 0. (83) 

-l 

We can consider oj(x) as the nth derivative of another poly- 
nomial, say P(x ), of degree 2 n: 

a>(x) — PW(x), 

so that (83) can be rewritten as 
i 

J P (n) ( x )G n -i(%) dx — 0. 

-l 

Repeated integration by parts gives 

J P < "- 2i (^)G;-l(*)] 1 _ 1 ± ...±iW3W W-i=F 

1 

=F / P(x)G**l M dx = 0. 

-1 

This relation, where the integral on the left vanishes, implies, 
in view of the arbitrariness of G n ^ 1 (x) } 

pin - !)(_[_!) = JKn-2)( ±1 ) = = P'(±l) = P(±l) = 0. 

Hence P(x) — c(x 2 —l) n . Choose c so that 

, v 1 d n (x 2 — l) n n\ d n (x 2 — l) n . 

2n{2n~l)...{n+\) dx n (2 n)l dx n K 

It is seenf that P(x) has n zeros at x = — 1 and n zeros at 
x = -fl. Hence, P'{x) has n— 1 zeros at x = — I and n— i 
zeros at x = +1, and in addition, by Rolle’s theorem, one 
zero between —I and +1. Apply the same reasoning to 
P n (x ), P'"(x),... . In this way we learn that co(x) has all zeros 
real , distinct , and between —1 and +1, as required. 


t Rodrigues’ formula for the Legendre polynomial of order » is 


p * ” v" 

' (2 B )(n!) da" 


d n (x 2 — 1 ) n _ 2 n (n!) il 

' w 


cu(x). 
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We have, from (84), 


o)(x) 


x n_ r n-2 I n(»-l)( n-2)(« -3) w _ 4 

2(2w— lj ^ 2 . 4(2w — l)(2m — 3) 


The zeros, x i9 are symmetrical with respect to the origin, 




i = 1 , 2 ,..., n. 


(85) 

(86) 


For n odd, n = 2m+l, the middle zero a? m+1 = 0. 

The coefficients H i/t can be computed from the general 
formula (48). One readily verifies, by virtue of (86), that 

^ = H n+1 _i, i = 1, 2,..., n. (87) 


Another important property of the H { is that they are all positive. 

In fact, apply (79) to the polynomial Qfx) = ^ 

of degree 2n—2, with 


Qi(%i) = 1, #<(**) = 0, j = 1, 2 ,..., i — I, i+1 

and we get 


( 88 ) 


Similar considerations show that all coefficients in any Gaussian 
mechanical quadratures formula are positive. This property is of 
decisive importance in the study of convergence of such 
formulae. 

(ii) p(x) = 1/^(1 —x 2 ): The Tchebycheff -Gauss case. Letting 
x = eos$ in (80), we get 

7T 

j a> (co& (f>)G n _i(cos <f>) d<j) = 0. (89) 

o 

Here we take successively 

G n ~ x (ooa<f>) = l,cos<£, cos 2^, ..., cos(n-l)^, 
since cos bf> is a polynomial of degree k in cos <f>. We thus 
replace (89) by a system of equations as follows: 

ir 

j ui(oos<f>)cosk<l> dj> = 0, k = 0, 1,.., n— 1. (90) 

o 
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Now (90) will be satisfied if o>(cos <f>) = C cos n<f>, where C is a 
constant, because 


We let 


j cos ncf) cos kef) d(f> = 0, k =£ n. 
6 

O)(cos (f>) = — -|COS 71(f). 


The zeros of cos n<f) are cos </>.,. = x { . The abscissae x i are found 
by letting cos ncf) = 0. They are as follows: 


x, — — x n 


(2i— l)n , , (2i— 1 )tt 

—sr ■"**" <*» 


z = 1 , 2,..., n. 


The coefficients are equal : 


We shall prove 


Hx = ^2 = ... = #,,• 

= rrfn, i = 1, 2,..., n. 


To prove (95), apply (51) and make use of (91) and (92). We get 

! „ . n sin neb , 

2 n ~ 1 o/(;r) = — - — -L, a; = cos<A, 
s Ul(f) 

"'<*<> ^IS^' <=1 ' 2 »• < 96 » 

Furthermore, 

2 n ~ 1 o)(x) __ cos ncf) __ cos n<f )— cos 

x— ^ cos cos ^ cos <£— cos fa 

= A>+A cos <£+& cos 2^+. ••+£„-! cos(w— 1)^, (97) 

where the coefficients B { are independent of <A, so that, by 
(90) and (94), 

i 

if f tt*(a ;) c£r _ R sin<^- • _ i 9 

* J (x— x^co'fai) 7(1— * 2 ) ^ °«sinw<£ f ’ 1 n ‘ 

- 1 (98) 

It remains to determine j8 0 . In (97) let 

0 = = <j>i+rrjn, <t> n = 4> 1 +{n—l)irjn. 
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This gives 

Po+Pl COS ^ + . . . +P n -1 COB(n— 1 = 0 , 


Po-\~Pl COSt t , i-l J r-‘- J t~Pn-l COa ( n ~-l) < l > i-l — 0 , 

£ 0 +£ 1 COS&+...+£„_ 1 COS(w-l),£ f = n ^ T~ i ’ 

sin <Pi 

Po+Pl cos <f>i+l + -+Pn-l cos (n-l)<f>i+l = 0 , 

/3 0 +ft COS <£„+..• +/8 n -iCOS(tt-l)<£„ = 0. 

Add by columns and observe that 

cos kcj>^ -f- cos k(f >2 ~l~ • • • ~f~ cos k<f>. n = 0, k = 1, 2 ,..., n— 1. 

It results that j8 0 = — . 

sin <f>i 

Substituting this expression in (98) gives the result as stated 
above, namely, 

H i = 7r/n, i = 1, 2,..., 

We now can show very readily that the T chebycheff -Gaussian 
formula of mechanical quadratures 

-l 1-1 

converges , that is, limp,//) = 0, /or any bounded f(x) for which 

n-* oo 

the left-hand integral exists. In fact, we see at once that the sum 
on the right side of (99) is the Riemann approximate sum for the 
definite integral w 2 


11. Remainder in Gaussian formula of mechanical quad- 
ratures 

We proceed to establish the important formula 

b b 

J !»(*)/(*) dx =f,HJ(x i ) + J P{x){<»{x)Y dx, (100) 

a a 

b 

J p{x)w{x)Q n ^(x) dx = 0. 

a 


when 
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First proof 
We know that 

Hi @2n-l( x i)' 

Subtracting this from 

f P( x )f( x ) dx = 2 #,•/(*<)+/>„(/) (101) 

J 1=1 
a 

yields 

i=l 

( 102 ) 

Substitute here for G 2n ^ t (x) the Hermitian polynomial such 
that at the points given in (100) 

F(x i )=f(x i ), F'(xJ=f(x t ), * = 1,2,...,». (103) 

By (33) /(*) - F(x) + f -^ W*)} 2 , 

which, substituted in (102), gives (100). 

Second proof 

This constitutes a new approach to Gaussian mechanical 
quadratures formulae. 

Consider the mechanical quadratures formula (54), where we 
introduce a weight-factor p(x). We ask: under what conditions 
is it independent of f'(x t ) (i = 1, 2,..., n) ? The answer is fur- 
nished by the following theorem. 

Theorem. A mechanical quadratures formula for 

b 

/ P( x )f( x ) dx, 

a 

based on the Hermitian interpolation formula with n abscissae x i: is 
independent of /'(a? x ), f'{x 2 ),..., f'(x n ) if and only if 
Q>(X) = (x—X 1 )...(X—X n ) 
satisfies the orthogonality relation 

b 

J P(x)to(x)0 n _ j (x) dx = 0. 


Pn(f) = / P( x )[f( x ) 

a 


/ P( x ) G 2n- l( x ) dx 
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The sufficiency of this condition follows from the expression 
for H iy the coefficient of /'(# t ), as given in (55). 

The condition is also necessary. First, it implies 

b 

J p{x)o){x)co i (x) dx = 0, i = 1 , 2 ,..., n. (104) 

a 


Now, writing 
we get 


#»-](*) 


n 

= 2 

r~ 1 


O^iix) (x n -\ (x.i ) , 


° n 

J p(x)aj(x)O n ^(x) dx =%O n _ 1 (x i ) J p(x)a>(x)w i (x) dx, 


so (104), in turn, implies (100). 

Thus any Gaussian mechanical quadratures formula is a special 
case of formula (54) with a weight factor. Its remainder is 
therefore given by (56) with a weight -factor, or (100). 

In the Gauss and Tchebycheff -Gauss cases discussed in the 
preceding section we can express the remainder in a more explicit 
form. 

In Gauss’s case, by (84), 



[~ n\ I 2 fd n (x 2 - l) n d n ( x 2 - l) n dx 

L(2w)!j J dx n dx n 

-l 


Repeated integration by parts yields 

J {a>(x)}*dx= J (l-xr d ^' 


(x 2 -iy 


dx 2 ' 1 


dx 


2 (w!) 2 2.4.6...2» 


2 (2 »)! J ( 8m $ 2w+1 # ' ( 2 »)! i.3.5...(2»+l) 

[ n\ ] 2 2 

— [l.3.5...(2»— 1)J 


(2n+l)f 


In Tchebycheff’s case, by (92), 


1 

J 

-1 


{«(*)}* dx i r , . 


22n-l ’ 
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We have thus derived two Gaussian mechanical quadratures 
formulae, important in theoretical as well as in practical 
applications: 

Gauss’s case: 

1 


I 


f(x)dx = 2 H if( x i) + 

i = 1 


n\ 


].3.5...(2rc— 1)J 


( 27 ?,+ 1 )! 


P X M)> 


(105) 


x t being zeros of the Legendre polynomial of degree n. 
Tchebycheff’s case: 


f'0't 


1=1 ' 1 


H /‘ (2n) (n). 

^2 2n ~ 1 (2n)\ J K]) 


(106) 


EXERCISES 

1. Use a five-place table of trigonometric functions to find sin 37° as 

accurately as you can employing sin 30°, sin 40°, sin 50°, Discuss your 

error. 


2. Find approximately the value of antilog 0-9763 452 given the table: 



X 

antilog x 


0-95 

8-912 509 


0-96 

9-120108 


0-97 

9-332 543 


0-98 

9-549 926 


0-99 

9-772 372 

Discuss the error. 



3. From the table 

X 

V# 


530-1 

23-02 3901 


540-1 

23-24 0052 


550-1 

23-45 4211 


560-1 

23-66 6432 

form a table of differences and 

calculate V530-67459, V540-67459, 

V550-67459. In each case discuss the error. 

4. Supply the values corresponding to x — 0-101, 0-103, 0*105 in the 

following table: 

X 

sin x 


0-100 

0-09983 3417 


0-102 

0-10182 3224 


0-104 

0*103812624 


0*106 

0-105801609 
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5. The following table given values of the complete elliptic integral E 
corresponding to values of m { — k 2 ): 

m E 

0 00 1-5707 96327 

0 02 1-5629 1264 5 

0-04 1-5549 68546 

0-06 1-5469 62456 

0-08 1-5388 92730 

Insert the values corresponding to m = 0-01, 0-03, 0-05, 0-07. 

6. Find from the following data an approximate value of log 212: 

log 210 =- 2-3222193 log2l3 -= 2-3283796 

log 211 - 2-324 2825 log 214 - 2-330 4138 

Discuss the error term. 

7. From the following table of logF(n), determine approximately 
log F( 1/2) 


n 

logF(w) 

n 

log F(n) 

2/12 

0-74556 

7/12 

0-18432 

3/12 

0-55938 

8/12 

0-13165 

4/12 

0*42796 

9/12 

0-08828 

5/12 

0*32788 

10/12 

0-05261 


8. Construct a polynomial of as low a degree as possible having the 
following values: 

F( 0) 1, F(i) = 2, F( 3) -4, F( 4) - -3, F(5) = 7. 

9. Construct a polynomial of as low a degree as possible satisfying the 
following conditions: 

F( 0) = 1, F'(0) — - 2, F(l) = 2, F'(l) — 2, F"(l) = 0, F( 2) = 3, 

F'(2) = -1. 

10. Construct a polynomial F(x) of as low a degree as possible such 
that F(x) = log# and F'(x) — 1/a? at the points 1, 2, 3, 4, 5. Discuss the 
error. 

11. Study the error for each of the trigonometric functions in turn if 
linear interpolation is used in an ordinary four -place table. Treat various 
sections of the table. 

12. Write Newton’s formula in terms of backward differences. 

13. Deduce Newton’s formula from Lagrange’s formula. 

14. Develop one formula which will include Stirling’s, Bessel’s, and 
Gauss’s interpolation formulao as special cases. 

8 

15. Evaluate J* e~** dx, using a five-place table for e~* a , (1) by the 

—2 

trapezoid rule, s — 10; (2) by Simpson’s rule, 5—10. Discuss the 
accuracy of the result in both cases. 

5034 T 
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16. Calculate Cotes’ numbers, n = 2, 3, 4, 5, 6. 

17. Calculate the abscissae in Tchebycheff ’s formula for mechanical 
quadratures, n — 2, 3, 4, 5, 6. 

18. Calculate the abscissae and coefficients for Gauss’s formula for 
mechanical quadratures (p ihi 1 ), n ~ 2, 3, 4, 5, 6. 

19. Calculate the abscissae in the Tchebyeheff- Gauss formula for 
mechanical quadratures, n = 2, 3, 4, 5, 6. 


20. Use the Gauss abscissae and coefficients, n — 5, 



Discuss the error. 


to calculate 


21. Use the Tchebycheff -Gauss abscissae and coefficients to calculate 

l 

f y/( 1 -fa? 3 ) dx. Discuss the error. 



VII 

THE ELEMENTARY THEORY OF THE 
LINEAR RECURRENT RELATION 

1. General discussion 

An equation of the form 

<f>{i , y(i), y(i+ 1)>-, y(i+n)} = 0 , ( 1 ) 

where i is an integer or zero, is known as a recurrent relation, 

or difference equation with integral independent variable. 

Other terms sometimes used are recurrence formula or recursion 

formula. The letter i rather than x is used for the independent 

variable to emphasize its integral character. 

Due to the relation 

y(i+m) = 1 m CjhJy(i), 

J — o 

an equation such as ( 1 ) can also be written 

P{t\Ay(0...,A^(i)} = 0. (1') 

Examples of recurrent relations (difference equations) are 
y{i+2)+2iy{i+\)+y{i) = 0, 
A 2 y(i)+±Ay(i)+4y(i ) = 0. 

These two equations are said to be linear. 

In general , equations of the form (2) or (3) below are called linear . 

i>o (»)y (* H- +jPi(«)y(^ H- ^ — i ) + • • - +jp OT (» : )y (^" ) = r(i), (2) 

P 0 (*)A^ - P(<), (3) 

where p 0 (i)> p^i),..., p tl (i), r(i ) and likewise P 0 (i), P t (i) 9 ... 9 P w (i),. 
JR(i) are defined over a set of integral values of i such that 

a < i < 6. (4) 

Equation (2) is of order n over (4) if and only if p 0 (i)-p n {i) ^ 0 
at any point of (4). 

Next consider 

A*y(i)+A 2 y{i)-Ay{i)—y{i) = 0. 

This reduces to y(i+ 3)— 2y(i+2) = 0. 

We agree to call this a first-order equation. In fact, letting 
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y(i+2) = z(i), we write it as z(i+l)— 2z(i) = 0. Contrariwise, 
if (2) is reduced to the form (3) the term p 0 (i)My(i) will occur 
and no higher difference will occur. Hence, it is more convenient 
to define order of a difference equation by means of (2) as we 
have done. More specifically: An equation of the form (3) is of 
the n-th order if and only if it is of the n-th order when written in 
the form (2). 

Inasmuch as p 0 (i) ^ 0, we shall assume as our fundamental 
linear type 

y(i+n)+p 1 {i)y(i+n—l)+...-]-pn(i)y(i) = r(i), (5) 

p n (i) ^ 0 at any point. 

By a solution of (5) over (4) we mean a function of i satisfy- 
ing (5) at all points of (4). The variable i, we recall, takes 
on integral values only. Such a function must be defined when 
a ^ i < 6 + n on account of the occurrence of y{i-\-n) in the 
equation. Inasmuch as there may be more than one solution, 
we shall speak of a particular solution in contrast to the general 
solution , by which we mean a formula which includes all solutions 
as special cases. 

2. Homogeneous and non-homogeneous equations 

Equation (.5) is called homogeneous if r(i ) = 0. It is called 
non-homogeneous in the contrary case. We rewrite these equa- 
tions here for convenience of reference: 

y(i+n)+p 1 (i)y(i+n—l)+... +p n (i )y(i) = 0, (6) 

y(i+n)+p 1 (i)y(i+n—l)+...+pJi)y(i) = r(i), (7) 

Pn(i) # 0. r (i) # 0. 

We assume that^ x (i), p 2 {i),-~> P n (i) are fhe same in both equa- 
tions. A few theorems are immediate. 

I. If y(i) is a solution of (6) so is cy(i). 

4 II. If y x (i) and y 2 (i) are solutions of (6) so is y 1 {i)^y 2 {i)* 

III. If y x (i) is a solution of (6) and Y(i) a solution of (7), then 
y x (i)+Y{%) is a solution of (7). 

Of a slightly different type is the following existence theorem. 
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Theorem IV. There exists one , and only one , solution of (7) [(0)] 
/or which y(Ic) — a 0 , y(Jc~ |-1) = a v 1) = a w _ 1? where 
a 0 , a lv .., a ?l _j are preassigned arbitrarily and k is an integral 
constant , a ^ k b. 

This follows immediately if we remark that y(a),..., y(a-\-n— 1) 
determine uniquely ?/(a-fw), that y(a-f-l),..., y(a+w) determine 
uniquely y(a+w+l), etc. If instead of a we use k , other than 
the initial point of (4), we can proceed similarly determining 
y(k— 1), etc., as necessary. 


3. Linear equations of the first order 


The general homogeneous linear recurrent relation of the first 
order is 


y(i+l)-A{i)y(i) = 0, 


(8) 


where A(i) is defined over (4) and is different from zero at all 
points. 

The general solution of (8) is 


y(i) = y{a)A{a)A{a+\)...A{i-l). (9) 

It may be possible to express this product in closed form. Thus, 
in general, 

log y(i) = \ogy{a)+\ogA{a)+\o%A{a+\)+...+\ogA(i— 1). 


This is a form to which summation processes may be applicable. 
The general non-homogeneous equation of the first order is 

y(i+l)—A(i)y(i) = B(i), (10) 

where A(i) 0 and B(i) 0 are defined over (4). Assume A(i) 
the same as in equation (8). To solve (10) we assume u(i) 0, 
a solution of (8), and strive to determine v(i) so that u(i).v(i) 
shall be a solution of (10). Substitute this in (10) and we find 
the following equation: 

«(i)[M(i+l)— A(i)M(i)]+«(i+l)At;(i) = B(i). 

Inasmuch as u(i) is a solution of (8), 

«(i+l)Av(i) = B(i). 
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We note that u(i - f 1) ^ 0 at any point. Otherwise u(i) == 0, 
which contradicts our hypothesis. Hence 


,,w = 2 4 


m 

i(i+iy 


We can use a definite sum if we like and write 


y{i) = u(i) 


■Jv B 


:+Cl 


y _B(; 

u(i4 


We note that 


This is a solution, as is shown by retracing steps. With the 

convention 'V — = 0, we have C — . We note tliat 

jl- 4 u(i-\- 1 ) u( a ) 

u(a) 0. 

Example 1. y(i+l)—3y(i) = e'K 

Take u(i) = 3*. Then 


y(*) = 3<[i Z 0 (|e) , +^] 

= (ie)«]+y(0)3< 


L i«-i 


+y(0)3< 


pi Qt 

= V-,-+y(0)3«. 

e — 6 

This is the general solution according to Theorem IV since y( 0) 
is arbitrary. 

Example 2. 

y(i+l) 4-^iU; y (i) == __ — 1 . 

^ ; ^3i+7^ ; (3i+4)(3i+7) 

' Let 

... . ,.,1 4 7 3i— 2 . 1.4 

“<*) ~ ^ 7' 10' 13"'3i+4 ~ * ^ (3*+l)(3i+4)' 


«(*'+!) 


= — i( — 1)^- 


Moreover, 

2 (—!)<•- = — i*(— 1)<— * 2 (-!)< = (-l)*[-^'+i]+C. 
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Hence, the general solution is given by 

y(l) = [~ !* + ! + (— 

4. Fundamental systems of solutions 

Let us consider equation (6). We know that if y^i), y 2 (i),..., 
y n (i) are solutions then C 1 y 1 (i)+C 2 y 2 (i)-\-...+C ft y n (i) is also a 
solution. 

Definition. The solutions y t (i), y 2 (i),..., y m (i ) of (6) are said 
to be linearly dependent at all points of the interval (4") 

a ^ i ^ b-\-n, (4") 

if there exist constants C L , C n not all zero such that 
Ciyi(i)^C 2 y 2 (i)+ ...-\-C m y m (i) — 0 
at all points of (4"). 


Let 



Vi (*) 

Vi(i) ■ • 

• • y»(») 

W{i) = 


y.(»+i) • • 

■ • y n ( i + 1 ) 


y^i+n— 1) 

y 2 (i+n— I) . . 

• y„(»+»— i) 


Theorem V. A necessary and sufficient condition that n solu- 
tions of (6) be linearly dependent over (4") is W(a ) = 0. 

First: The fact that the condition is necessary is immediate 
from Cramer’s rule in the theory of linear algebraic equations. 
Second: We shall prove the condition sufficient. 

Write the following equations: 

^iyx(^)+C 2 y 2 (a)+ ...A-C n y n {a) = 0, 

^i2/i( tt +l)+^2y2( a +l)+---+C,,2/ w (^+l) = 0, 


0 1 y 1 (a-\-n— l)-\-C 2 y 2 (a-\-n— l)d-...+C n y w (a+w— 1) ~ 0. 

( 11 ) 

We can determine the (7’s not all zero so as to satisfy these 
equations. Moreover, if equations (11) are satisfied, then so is 

C 1 y 1 (a+n)+C 2 y2( a “f* w ')"b**‘'4~C H 2/ n («+ w ') = 
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since, by (6), the left-hand member is a linear combination of 
the left-hand members of (11). In a similar way 

+ + + ^ yn( aJ r n '\~ -0 == 

and then by induction 

C 1 y 1 (i)+C 2 y 2 (i) + ...+C n y n (i) = 0 
so long as a ^ i < h-\~n. In other words we have proved linear 
dependence over (4") and have completed our theorem. 

We now prove the relation 

W(i+ 1 )= (~irp n (i)W(i). (12) 

To do this write out W(i-\- 1) and substitute for ?/ 1 (i+^)>--> 

y n ( i + n ) from (6). 

We immediately see that if W{a) = 0, W{i) ee 0 over (4). 
As a matter of fact if W(i) = 0 at any part of (4) W(i) ~ 0 
over (4). We conclude the following theorem. 

Theorem VI. A necessary and sufficient condition that y x (i), 
y 2 (i)>-"> y n (i) he linearly dependent over (4") is W(i) =3 0 over 

1. (4') 

Definition. The determinant W(i) is called the Wronskian of 
the set of solutions of (6), y ± (i), y 2 (i),..., y n (i). 

Theorem VII. Every n~ f- 1 solutions of (6) are linearly depen- 
dent over (4"). 

This is readily proved as follows: Any solution is completely 
determined by its values at a , a-f- a+w—1. Now the 
equations 

^yi(«)+^ay2(®)+---+ G n+iy*+i(«) = °> 

^l2/l( a +l) + C2y2( a +l) + -*-H-C , n+l2/?i+l( a “l"l) ~ 


can always be satisfied by C ’ s not all zero. As in the case where 
we were considering n solutions only, we show that with this 
determination of the G 9 s 

a ^ i ^ b-\-n > 

thus establishing the theorem. 
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Definition. A set of solutions of (6), y^i),..., y m {i), is called a 
fundamental system of solutions if every solution is expressible in 

the form, C 1 y 1 (i)+-+C m y n fi), and if this 
the system . 

is true of no sub-set of 

Theorem VIII. A set of solutions y^i),.. 
form a fundamental system. 

., y m {i), m <n, never 

To prove this consider the matrix 


/yi(«) y 2 («) ■ • • 

yjp) \ 

|«/i(«+i) 2/2(0+ 1) . . . 

y m i a + l ) I 

W«+»— 1) Viia+n— 1) . . . 

?/m( 0 + w — ] )/ 


Suppose this of rank r < m and suppose that a non-vanishing 
determinant of order r lies in the upper left-hand corner. Con- 
sider the particular solution y(i), where 

y(a) = ... = y(a+n— 2) = 0, y(a+n— 1) = 1. 

Set up the equations 
C 1 y 1 (a)+C 2 y 2 (a)+...+C m y m (a) = y(a), 

Qt2/x( 0 H - l) + Qy2( a +l) + -" + Cm2/ m (®+l) = #(0+l), 

Qx2/i(®+ w — }-)^( 1 ‘ 2 ,y‘i ( a "\~ n — ^)~ i r ■■•-\-C m y m (a-\-n — 1) 

= y(a+n— 1). 

Consider these as equations in C v ... 9 C m . The matrix of the 
coefficients of this system of equations is of rank r. The aug- 
mented matrix, namely the matrix formed by adding the 
column of right-hand members to the matrix of the coefficients, 
contains the determinant 

yi(a{ y t {a) . . . y r (a) 0 

^ 0 

Viia+r) y 2 (a+r) . . . y r (a+r) 0 

y^a+n— 1) y 2 (a+n— 1) . . . y r (a+n— I) 1 

and hence is of rank at least r-f 1. Consequently the system of 
equations is inconsistent. If the determinant of order r in the 
upper left-hand corner is zero, simply choose y with initial 
values all zero but one and locate this non-zero value so that 
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the augmented matrix contains a determinant of order r-f 1 
like the above. 

The inconsistency of the equations proves our theorem. 
Theorem IX. No n+ 1 solutions form a fundamental system. 
This is an immediate consequence of Theorem VII. 

Theorem X. A necessary and sufficient condition that y^i),..., 
y n (i) form a fundamental system, of solutions of (6) is that they be 
linearly independent. 

First, to prove the condition sufficient we let Y(i) be any 
solution and write 

C 1 y l {a)+G i y i {a)+...+C n y n {a) = Y(a), 
C l y 1 (a+\)+C z y i {a+\)+...+C n y u (a+l) = Y(a+1), 


C 1 y 1 (a+n~l)-+-C 2 y 2 (a+n-l)+...+C 1 n y n (a+n-l) 

= Y(a+n~~l). 

These equations can be solved for the C 9 s which then serve to 
express Y(i) linearly in terms of y n (i). 

To prove the condition necessary it suffices to remark that if 
the solutions y^i),..., y n (i) constitute a fundamental system and 
if they are not linearly independent, at least one of them can 
be expressed linearly in terms of the others and hence any 
solution can be expressed as a linear combination of a sub-set 
y x (i),..., y n (i). This contradicts the hypothesis that they consti- 
tute a fundamental system. 

Theorem XI. A fundamental system, of solutions of (6) consists 
of exactly n linearly independent solutions. 

This is an immediate consequence of the last three theorems. 
It is well to remark that fundamental systems of solutions exist . 
We can assume initial values so that W{a) ^ 0. 

Theorem XII. Any n functions y x (i),-~, y n (i), which are 
defined for a < i < b+n and are such that W(i) ^ 0 at any point 
of (4), determine uniquely a homogeneous , linear recurrent 
relation of the n-th order with coefficients defined over (4), for which 
Vi(i), 3/ 2 ( ? ')v> y n {i) constitute a fundamental system of solutions. 
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We not only prove the theorem but develop formulae for the 
coefficients of the required equation, of the form (6), if we 
substitute in (6) successively and solve the resulting equations 


for p n {i)- We note that p n (i) 


W(i+l) 


W(i) 


0 so that 


the equation is actually of order n. 

Theorem XIII. The general solution of (6) is given by 

y(i) = C\ Vl (i) + C 2 y 2 (i) + ...-\-C n y n (i) , (13) 

where y n (i) constitute a fundamental system of solutions 

and C n are constants . 


This follows directly from the definition of a fundamental 
system of solutions and Theorem XI and the fact that a funda- 
mental system of solutions exists. 


5. Non-homogeneous equations 

Theorem XIV. If Y(i) is a particular solution of (7) and 
y n {i) are a fundamental system of solutions of (6) 
then the general solution of (7) is given by the formula 

y (i) = C 1 y 1 (i)+C z y i {i)+...+C n y n (i)+Y{i). (14) 

This is true since the constants C v ..., C\ / can be determined so 
that y(a), «/(a+l),..., y{a-\-n~ 1) have arbitrary preassigned 
values. The term 4 complementary function’ is used to describe 
the expression C 1 y 1 (i)+C 2 y i (i)+ ^^+G n y n (i) when speaking of 
the general solution of (7) as given by (14). 

Our next problem is to develop methods of finding a particu- 
lar solution Y(i ). We first develop below the so-called method 
of 'variations of constants', which is similar to the method bear- 
ing the same name in the analogous theory of linear differential 
equations. Let us again consider (7), namely the non -homo- 
geneous equation: 

y(i+n)+p 1 (i)y(i+n—\)+...+p n (i)y(i) = r(i). (7) 

Suppose y 2 ((),..., y n {i) form a fundamental system of solu- 
tions of the corresponding homogeneous equation (6). We wish 
to determine functions C 2 (i),..., C n (i) so that 

y{i) = C 1 (i)y 1 (i)+C i (i)y i (i)+...+C n (i)y H (i) 


(15) 
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satisfies (7). We write down 

2 /(*'+ 1 ) = G l {i)y 1 (i J rl)- i r C 2 {i)y 2 (i-\-\)- i r...- > rC n (i)y n (i- : \-l), 

y(i-{-2) = C 1 (i)y 1 (i-\-2)- s [-C 2 {i)y 2 (i-\-2)-\- ...-\-C n (i)y n {i-\- 2), 

y(i+n— 1 ) = C 1 (i)y 1 (i+n—l)+C 2 (i)y 2 (i+n—l)+...+ 

+C n {i)y n {i+n-\). 

(16) 

Since 1 ) = C(i)-\-AC(i), equations (16) are true if the 

(n— 1) equations (17) below are satisfied: 

y 1 (^l)A0 1 (i)+t/ 2 (i+l)A(7 2 (i)+...+^Jt>l)A6' n (i) = 0, 
yi{i J r'2 j )AC 1 (i)-\-y 2 (i-\-2)AC 2 (i)-\-...-\-y n {i-)-2)AC n (i) — 0, 


yi(i+n—l)AC 1 (i)+y 2 (i+n—l)AC 2 (i)+...+y n (i+n—l)AC n (i) 


Moreover, if equations (16) are satisfied, then 


= 0. 
(17) 


y(i+n) = C 1 (i)y 1 (i+n)+C 2 (i)y 2 (i+n)+...+C„(i)y n (i+n)+ 

J ryi(i~C n )AC 1 (i)-\-y< i (i-{-n)AC 2 (i)-\- ...-\-y n (i-{-n)AC n (i). (18) 
Substitute (16) and (18) in the given equation. We get 

y 1 (i+n)AC 1 (i)+y 2 (i+n)AC 2 (i)+...+y n (i+it)AC n (i) = r(i). 

(19) 

Add this to the set of equations (17) and solve the resulting n 
equations for A C^i), A C 2 (i),..., A C n (i). We find 


0 

Vi(i+1) • 

• • Vi (*+*) 


0 

y 2 (^+ 1 ) • 

. . y 2 (i+n) 



2/n(*+ 1 ) • 

• • y«(*+») 

= Sm 


W(i+ 1 ) W(i+l) 


with precisely similar formulae for AC 2 (i AC n (i). We know 
that W(i+ 1 ) 7 ^ 0 , and hence that the solution is possible and 
unique. We now get 


c,« = 2 


lF(i+l)’ 
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We substitute these functions in (15). That we actually have 
obtained a solution is shown by retracing our steps or by 
substitution in (7). As a matter of practical procedure the 
general solution of (7) is obtained by particularizing the sums 
appearing in the formulae for C x (i),..., C n (i), substituting in (15), 
and adding the complementary function. 

6. Linear equations with constant coefficients 

Let us consider 

y(i+n)+A x y(i+n—l)+...+A u y(i) = 0, (20) 

where A x ,..., A n are constants and A n =£ 0. This can con- 
veniently be written, employing the symbol E introduced in 

'■ m „(i) = 0, 

where (f>(x) = 

Similarly, if the equation written in A-form is 
A n y(i)+B x A n ~ 1 y(i)+...+B n y(i) = 0 
we can write x(^)y(i) “ 

where x( x ) = x n -\-B x x n ~ 1 -\-... + B n . 

Let us substitute y(i) = a? in (20). We find the following 
necessary condition that oc 1 be a solution of (20): 

<f>( a) = a n ^A l oc n ~ 1 -\-...-\-A n = 0 . ( 21 ) 

We call this the auxiliary equation of (20). Conversely, if a is a 
root of this equation, a 1 is a solution, as is immediately proved 
by trial. If the roots of (21) are all distinct, oq, a 2 ,..., oc n , then 
oc\ y aj,..., <4i constitute a fundamental system of solutions: 

W{i) = “i <*! ... o4( a l 0 t a) 4 ‘’( 0 t n-l a n) ^ °- 
It remains to consider multiple roots of the auxiliary equation 
( 21 ). 

If cq = oc 2 consider ioc\, and substitute in (20). We find that 
a necessary and sufficient condition that i<x\ be a solution of 

(20) " #'<«*) = 0 , 

which is precisely the condition that a, be a double root of (21). 
Similarly, if = a a == ... = ot m then af, i m_1 aj are all 
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solutions of (20). Treating each multiple root in this way we 
obtain a fundamental system of solutions as is proved by the 
Wronskian test. 

In case A v A n are real, imaginary roots occur in pairs, 

say yiS^—l), and the two solutions {y+S^— l)} 1 ’ and 
{y — — 1)}^ can be replaced by linear combinations, namely 
p i cosi6 and p*sini0, where 

yiM— 1 ) = Pi cos0±V(~l) sin 0}- 

As an example, consider the equation 

y(i+2)-7y(i+l) + C)ty(i) = i . (22) 

Here ^(a) = oc 2 — = 6, a: 2 = 1 . 

Thus, the complementary function is C\ l i -{-C 2 6 i = C 1 -\-C 2 6 i . 

We next find a particular solution of (22) by the method of 
variation of constants. This leads to 


AC \(i) - 


AC a (<) 




30 \ 6/ 5 


1 1 /IV 1 llV 

CM) = i(i— J), CM) = i(-) (-) . 

1W 10 v " 2V ’ 25 \6/ 125\6/ 

Whereupon the general solution of (22) is given by 

y(i) = a+C, 0< — U 2 -f— * — = C 1 +C 2 0 i — - 

’ 12 10 ' 50 125 1 2 10 '50 


7, The method of undetermined coefficients 

The determination of a particular solution by ‘undetermined 
coefficients’ is similar to the analogous method for differential 
equations. As an illustration we exhibit this method on the 
Example just treated, namely equation (22). We write this in 
difference form: 


A 2 y(i)—5Ay(i) 


( 22 ') 


Assume a particular solution in the form of a polynomial of the 
second degree, namely 


Y(i) = A 




+ Bi, 


A, B constants. 


2 
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We substitute this in (22') and readily find A 


i n i 

-K, X) — — gg# 


We easily verify that — ~ ~ is a solution. 

5 2 25 

In general, suppose that we are given the linear non-homo- 
geneous equation with constant coefficients 

4>{E)y(i) - (E*+A x E»-*+...+A„)y(i) - (23) 

where cf>(E ) is of degree n and, as we recall, 

Eu(i) = (1+A )u(i) = u(i-\- 1). 

Suppose that m is an r-fold root of </>(&) — 0 (r may be zero). 
We first remark the formula 

(f>(E)?ri*u(i) = m l (j) ( m -f mA)u ( i ) 
or, written in another way by means of Taylor’s series, 


ff>(E)m i u(i) ™ m 1 


A+ ... + m r A r + ••• + 

' ' r ! 


+ 


n\ 


m n A n 


*(0- ( 24 ) 


This formula follows from the fact that 

i?>’{ra%(i)} — (i£W)(l+A)%(i) = m*{m>(l+A)%(i)} 

= m*(m+mA)%(i) 

and the fact that <£(i£) is a polynomial. 

We next assume a particular solution as follows: 

Y(i) = (a 1 i (fc+r) +a 2 i ( * +r ” 1 l+...+«it^) w< > (25) 

where a 1? a k are unknown constants. 

Substitute Y(i) as given by (25) in (23) using (24). Note that 

We get = ^ ,(m) = •" = = °- 

</>(E)Y(i) = m r (fc+r)...(i+l)+ 

_l_^(*-«| ai £ 1JL +a a ^-~^ m r (&+r— + 

+i (fe - 2) {a 1 £„+«, £ 22 +a 3 ^p- ) m*-(Jfc+r— 2)...(*— 1)} + 



■Bfcl + ®2 -®*2 + • • • • + 1 ®*+l 


r! 



= CmH {k \ 
(26) 


Here the JS’s result from operating with A r+1 ,..., A”. 
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Now <f>^(m) ^ 0 as m is only an r-fold root of <£(a) = 0. 
Moreover m ^ 0 since we are assuming that (23) is non-homo- 
geneous. Also each of the products 

(4+r)...(*+l), (fc+r— 1), r\ 

is greater than zero. It is immediate that we can equate 
coefficients of i {k \ 1 on both sides of (26) and solve 

successively for a v a k+1 . The determination is such as 
to make Y(i) a solution of (23). 

In case there are several terms of the form CmH (k \ each can 
be treated separately, the work being carried forward in any 
convenient way. 

If the right-hand member of (23) is of the form CmH^coapi, 
it can be replaced by \ C -\-\C where 

M = m{cosp-\-y/(— l)sin^>} 

and M is the conjugate of M. If all coefficients in cj>(oc) are real, 
then if M is an r-fold root so is M. If C is also real, a moment’s 
reflection shows that dj,..., a k+1 corresponding to M i are conju- 
gate to corresponding to As a consequence if 

Y(i) denotes the sum of the particular solutions obtained corre- 
sponding to \CMH {k) and $CMH (k) respectively, then Y(i) is real. 
If the right-hand member contains CmH^sinpi simply replace 

— GMH {k) — GMH {k) and proceed as previously. 

8. The method of operators 

Consider the equation 

<f>i (E)y = (E—oc )y = p(i). (27) 

We denote the solution of this equation by 
y{i) = (E— <x)- x p{i). 

Consider now the equation 

<^2 {E)y = (E—aJiE—cxJy = p(i). (28) 

Then y(i) = (E—u. i )- 1 [{E—a. 1 )- 1 p(ij], 

where the negative exponent means the solution of the corre- 
sponding equation of the first order. That y which is thus given 
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is truly a solution of (28) follows from the properties of the 
operator E. In general if the equation has the form 

UE)y = (E—<x 1 ){E—<x i )...(E—<x n )y = p(i) 
a solution is given by 
y(i) = 

that is, by the successive solution of n first-order equations. 
The general solution of (28) is obtained if the general solution 
of each first-order equation is obtained and subsequently used. 
It is, however, more convenient to particularize the solution at 
each step on account of the ease of obtaining the complementary 
function. 

It may happen that the equation is easier to factor in the 
difference form. Thus we may have 

F(A)y = (A-/3 1 )(A-j8 a )...(A-)8 n )y = p(i). 

Procedure is exactly as formerly, namely, 

y(i) = (A-fi n )-'(A-fi n _ 1 )-\..(A-f} 1 )-'p(i) 

will give the general solution if the general solutions of all first- 
order equations involved are obtained. However, as before, the 
best procedure is to find a particular solution only, particulariz- 
ing as successive first-order equations are solved. 

9. The linear equation whose coefficients are power 
series in a parameter 

For compactness in writing we shall confine our attention to 
the equation of the second order. 

Consider 

y(i+2)+p(i, p)y(i+l)+q(i, p)y(i) = R(i, p), (29) 

WilGre (30) 

q{i, p) = q 0 (i)+q 1 {i)p+q i ii)p i +:., (31) 

E(i, p) = i2 0 (i)+i2 1 (i)^+-Ka(*)A ( ' a_ t - " > • (32) 

We assume series (30), (31), and (32) to be convergent when 
\fju\ < jjlq and a < i < b. 

* 0*4 jr 



130 


THE LINEAR RECURRENT RELATION chap, vii 


Theorem XV. A solution of (29) satisfying initial conditions 
y(a) = Ay y(a-j- 1) = B can be written 

y(i) = «/o(*)+2/i(*>+^> 2 +-, (33) 

which series is convergent , \/i\ < jjl 0 and a ^ i ^ 6+2. The 
functions y 0 (i), y^i),... are uniquely determined and satisfy the 
following equations: 

y«(*+2)+jp 0 (»> f ,(t+l)+ff 0 (i)y n (»)+X B (i) = 0, (34) 

where ^ ^ 

**(») = 2 0 {^(^+ 1 K- / ,(*')+^(*)9'„- M W}+-R„(i), n > 0, 
A' 0 (0 = Rq {i), 

yo( a ) — A, y 0 (a+\) = B, 

2/» = */,-(«+!) = 0, j > 0. 

This theorem is particularly useful in determining the func- 
tions y 0 (i)y y^i),--, if p 0 (i), q Q {i) are constants. The successive 
solving of (34) for these functions then falls directly under the 
methods developed in this chapter. We note that the reduced 
equation in each instance is the same. 

We proceed to the proof of the theorem. The proof is a sequel 
to well-known theorems on power series. Let i — a. Substitute 
for p, q, and R from (30), (31), (32) and substitute A for y(a) and 
B for y(a-\- 1). Prom this equation we determine y(a-\- 2) as a 
power series in y. We then determine y(a-\- 3) then y(a+ 4),..., 
y(b- f 2). If the series for p , q , and R converge for all values of i 
we can proceed indefinitely. 

Two developments of the form (33) are not possible, for if 

yo(i)+yi(i)y+yt(i)y 2 +- = yo(*)+£i(^+y 2 (^ 2 +- 
when |/x| < fi 0 and a < i ^ 6+2 then 

y 0 (i) = &(*)» y-Si) = &(*). 

In order to calculate the functions y 0 (i), ?/+),... we substitute 
(30), (31), (32), (33) in (29) and equate coefficients of yJ. We find 
y»(*+2)+^ 0 (i)y n (i+l)+g- 0 (i)y w (i)+Z„(i) = 0, 

•^o(*) == Rod), 

X n(i) = 2{y,*( i + l )Pn-r(i)+yr(iten- li ( i )}+Rn(i)> 

/i=0 

n = 1 , 2 ,... 
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Solutions of these equations subject to the conditions 
y f> {a) = A, y 0 (a+\) = B , y } (a) = y/a+1) = 0, j > 0, 

substituted in (33) form a series which satisfies (29) and the 
initial conditions. 

10. Graphical representation of solutions of recurrent 
relations 

A real solution of a recurrent relation can be plotted in the 
Cartesian plane as a set of isolated points. It is, however, 



customary to connect these points with straight line segments 
forming a broken straight line which we will call the graph of 
the solution. Points where the function of the continuous 
variable defined by this graph is zero will be called ‘nodes’. 
(See figure.) 

11. The difference interval different from unity 

In a recurrent relation as it actually occurs it is not necessary 
that the set of congruent points be the integers nor even that 
the difference interval be 1. This is only a matter of form. 
The relation 

y{a + (i + njfy-j-Pifa + ih)y{® +(i+ft— l)A}+...+ 

+p n (a+ih)y(a+ih) = r(a+ih) 

can be written 

^(j+w)+ix(i)r(i+ra-l)+---+i 5 »(j)^(j) = B(j), 

which is of the type studied. Properties of Y can be transferred 
to y or vice versa simply by means of the relationship 
Y(j+b) = y{a+(i+b)h} 

where 6 = 0, 1,.... 
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EXERCISES 

1. (a) The Fibonacci series is characterized as follows: 

y (i) = y(i-l)+y(f— 2). 

Solve for y(i), if y( 0) = 1, y(l) = 2. 

(6) Solve for y(i) if 

y(i) = 3y(i— l) + 5y(t— 2), y(0) = 2, y(l) = 3. 

2. Find the general solution of the following equations. Use at least 
two methods for finding a particular solution in each case. 

(а) y(t+3)-6y(i+2) + lly(»+l)-^(t)= 1 + 4*. 

(б) y(t + 3)-8y(») = 2*+t2*. 

(c) (JS7— 1) 2 (E+ l) 2 y(i) = i 3 +cosi. 

(d) (J£-2) 3 (J£+1) = i^-^+l. 

3. Show how to make the finding of the general solution of a homo- 
geneous linear equation depend upon the solution of a similar type of 
equation but of lesser order, given one solution not identically zero. 

4. If y^i), 2/ a (i),..., y n (i ) are linearly independent solutions of the 
equation y(iJ r n)+p 1 (i)y(i-! r n-l) + ...+p n (i)y(i) = 0, 

where p n (i) ^ 0 and n is even, show that W(i) retains a fixed sign. 
What is the corresponding theorem if n is odd ? 

5. If y x (i) and y 2 (i) are linearly independent solutions of 

y(i+2)+p 1 (i)y(i+l)+p 2 (i)y(i) = 0, p t (i) > 0, 
show that nodes of y, and y t separate each other. 

6. If 

2(*){»(t+2)+Pi(t)y(i+l)+J>, (%(*)} = + 

then «(«) is called an integrating factor of 

y(i+2)+p x (i)y(i^\)-\-p 2 (i)y(i) = 0. 

Set up a linear recurrent relation that must be satisfied by z(i). 

7. Generalize Exercise 6. 

8. Prove that it is possible to choose a function <f>(i) =£ 0 so that the 
substitution y(i) — <f>(i)y(i) transforms an equation 

& 2 y(i)+p(i)Ay(i)+q(i)y(i) = 0, 

-i-pW+?W^o, 

into an equation of the form 

A 2 y(*)+ Q(i)y(H 1) = 0. 

9. Generalize Exercise 8. 



VIII 

MAXIMA AND MINIMA OF FINITE SUMS 

1. Maxima and minima of functions of more than one 
variable 

We call attention to some theorems relative to maxima and 
minima in order that the reader may have them freshly in mind. 
Given a function/^,..., x n ) all of whose third derivatives exist 
in the neighbourhood in question : 

(I) A necessary condition for a maximum or minimum is that 

f = 0, i — 1 , 2 ,..., n. 

OXi 

(II) If (I) is satisfied at a point ajJ 1 *,..., x^\ then a sufficient 
condition for a minimum at that point is that the form 



be positive definite. A sufficient condition for a maximum is 
that it be negative definite. 

2. The finite sum 

Consider the sum 

= 2 F ( x i’ V’ A S/)> (!) 

i— 0 

where y is to be determined as a function of x { so as to make <f> 
a maximum or minimum, where x i+1 > x t , and where 

= y(z i+ i)—y(Xi). 

We shall assume at least the existence of all third derivatives 
of F in all neighbourhoods considered. 

Evidently x i is a function of i. An analytic form for this 
function can be written down in a variety of ways. A satis- 
factory way is by means of the Lagrange interpolation formula. 
Such a transformation on x { reduces (1) to the form 

<f>= n 2f(i,y,p), 

<— 0 


( 2 ) 
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where now y is to be determined as a function of i and 
p = Ay = y(i+l)~ y(i). 

The function y(i) can in turn be written as a function of x t if 
desired; the Lagrange interpolation formula is again an adequate 
instrument. Partly on account of this transformation we shall 
consider only the sum (2), although the major reason is for 
simplicity in writing. The reader will have no difficulty in 
carrying through like reasoning for (1) if he so desires. 

For convenience we shall usually replace f(i , y , p) simply by 
/(*)• 

Let us apply to (2) the first necessary condition for a mini- 
mum. We have 

=/»«-/,(••)+/,(*■- 1) = 0, (3) 

which can be written 

= 0. 

This holds when 0 < i < n— 1. We can rewrite (3) 

f y (i + l)-Af p (i) = 0, (4) 

where now 0 ^ i ^ n— 2. This in turn can be written 

a IW-fM+fvM = 0. (4') 

Theorem I. The satisfaction of equation (4) is a necessary 
condition that <f> be a maximum or minimum. 

In case y(0) and/or y(n) are variable as well as the y’s at 
intermediate points we have in addition the relations 

fy(0)~f p (0) = 0 

and/or f p (n— 1) == 0. (5) 

These are boundary conditions which result from the fact that 
/(— 1) does not occur in the sum (f> and consequently that the 
last term of (3) is lacking when i = 0 and/or that/(») does not 
occur in <f>. 

The similarity of (4) to Euler’s equation in the calculus of 
variations will be immediate to those who have studied that 
subject and it is interesting to derive it by the method of 
variations. 
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§2 

A function which satisfies (4) if y( 0) and y{n) are fixed, or (4) 
and (5) in the contrary case, will be called a critical function. 

The sufficiency condition, as quoted under (II), results as 
follows*)* when applied to <f>. Let y(i) be a critical function and 
let us assume that y( 0) and y(n) are constants. Let 

d 2 (f> 

° l} ~ Sy(i)8y( j ) ' 

Then the form in (II) can be written 
P(h v ...,h n ) = a n h\-\-a X2 

~\~ a 21 ^2~f~^23 ^2 ^3 ~t“ “f~ — -f- 0 — f~ 0 — (— 0 — 

-f-0-f-a 32 h 3 ^2“f" a 33^3“t“ a 34 ^3 ^4~f~ ... + 0+0+0 + 

+ + 

+ 0+0+0+0 +...+a Jlfll . 1 V 1 *»+«nn*S (®> 

with a {j = a j{ . 

Let 


i-H 

II 

Cf 

A 

= a 

n> 

II 

cf 

a il a i2 \ 
@'21 ®22 

> 


a ll 

a i2 

0 

. 

. 0 

0 

A = 

a i2 

a 22 

®23 

• 

. 0 

0 

' 

0 

0 

0 

• 

• a j.}-l % 


Theorem II. A sufficient condition that the bilinear form (6) 
be positive definite is that the sequence D 0 ~ 1, D v D 2 D n have 
all of its terms positive. A sufficient condition that the form be 
negative definite is that the terms of the sequence alternate in sign . 

Proof. We note first that 

Dj — a jj Dj~2- O) 

We next write 

P(h v ..., h n ) = a xl h\-\-2a X2 h x h 2 -j r a 2 ^h 2 -{-...-{-a nn h^ i . 
Assuming that no D is zero, completing the square, proceeding 

f See Kowalewski, Determinantenth eorie, ed. 1909, p. 239, where the general 
form is discussed. 
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from the beginning, and using relation (7), we arrive at the 
following identity: 


P(h v ... t h n ) = jy(al 1 h{+2a 11 a 12 h 1 h 2 +af 2 hl)+ 

+ jy + 2 a 2S h 2 h s -\-a 23 + * • • + 


^n~2 l^n-1 L2 

n Id 2 nn ~ 

-%-l \ 1J n-2 


1 + 2 ^ Vl K+ a l-l,n K) + 

^n - 2 


D„ 


D, 


K- 


n—1 


The conclusion is drawn immediately from this relation. 

Our condition states that if a solution of the recurrent relation 
(7) subject to the initial conditions 


D(§) 1, -^(1) &11 <f>y( l)tf(l) 

is positive throughout the interval over which y(i) is variable then 
y(i) renders (2) a minimum. If, on the other hand, Dj alternates 
in sign throughout this interval y(i) renders (2) a maximum. 

By differentiation of (2) we have 


«U = W) = f PP (i)+f PP (i~V-Vvr(i)+fyv(i), (») 

1 l) fyp(i ^ ) fpp(i !)• (®) 


3. A simple example 

Consider the sum 2 (4y 2 +3^ 2 ). (10) 

»=o 

Here 

/(*') = V+3p 2 , 4 = f p = 0p, = 8, = 6, f yp = 0. 

Equation (4') takes the form 

A(8y— 6f>)+8y = 0, 

which can be written 

3y(i+2)-l0y(i+l)+Sy(i) = 0. (11) 

To solve this recurrent relation we form the auxiliary equation 
3m 2 — 10m +3 = 0, 
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which yields m — 3, The general solution of (11) is then 

^) = c 1 3‘+c 2 I (12) 

Let us impose the boundary conditions 

2 /( 0 ) = A, y(n) = B. 

Under these conditions equations (5) do not enter. They are 
necessary only under the conditions that 2 /( 0 ) and/or y{n) 
are variable. Solving for and c 2 we find 

__A~BZ n 
Cl — l— 3 2m ’ 

By (8) and (9) we find 

Equation (7) takes the form 

D(j+2)~20D(j+l) + MD(j) - 0, 
from which D(j) — C x 18 ? ’+(7 2 2 ? '. 

Moreover, D( 0) = 1, D(l) = </y 1)i/(1 ) = 20. 

By means of these initial values w r e determine and C 2 
obtaining £)(j) = ^(i8^'+ 1 -2'+ 1 ). 

This is positive when j is positive and consequently ^ is a 
minimum when y is given by (12) and (13). 

4. Minimum surface of revolution 

Connect the points (0, A) and (n, B) in the (?’, ?/)-plane with 
a broken straight line, each segment of the broken line extending 
from a point {i, y(i)} to a point {(i+1), y(i+l)}. The broken 
line is then revolved about the i-axis. We wish to determine 
the function y(i) which renders the surface generated a mini- 
mum. Let A and B be positive. 

We are to minimize 

2 {y(»'+i)+y(»)}(i+i>*)*- 

i=0 


3 n B — ^4 3 2 " 
” 1— 3 2n 


(13) 


— ~ 6 - 


(14) 
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Here /= (_p-f 2y)(l+l> 2 ) i - Equation (4') becomes 

A j (15) 

which we can write 

1 — 2ff( i+ %(t+l) = l + 2j ?(i)y( e+l) fl5 ,, 

[i +{i>(*+ i)} 2 P {i+i»Vjp 

Call the right-hand member of this equation — 2C and solve for 
^(i-fl). We get 

n(i I n - y(»+l)±g(l+ W+iy -g*])* 

+ ; ~ w+i)p-^r 

provided 1)} 2 — C 2 0. Replace ;)(H- i ) by 

y(i+2)— y(i+l) 

and we get y(i+ 2) = — , 

where 

= 2{y(t+l)} 3 +2y(i+l){y(i)} 2 +y(z+l), 

-S’ = y(i+l)+2{y(i+l)} 3 — 2y(*+l){y(i)} 2 +y(*), 

D = 4y(%(i+l)— 1. 

We readily show that the vanishing of Z) is necessary and 
sufficient for the vanishing of [y(i-f-l)] 2 — C 2 which for the 
moment we have assumed not to vanish. 

Substituting for N, S , and D 

y(i+ 2) = (16) 

or y(i+ 2) = y(i). (17) 

By a rather tedious substitution, we find that y(i+ 2) as given 
by (16) identically satisfies (15). 

Substituting (17) in (15) yields \-\-2j>{i)y(i-\-\) = 0 which is 
in general not true. However, if we assume it to be true, (16) 
reduces to (17). In other words (17) never gives y(i+ 2) unless 
it is also given by (16). If 4y(i)y(i+ 1)— 1 = 0, substitution in 
(15) yields 1 + 2p(i)y(i+l) = 0. This is inconsistent with 
4y(i)y(i-}~l)~l = 0 for real values of y(i) and y{i+ 1)* We 
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conclude that the satisfaction of (16) is necessary as well as suf- 
ficient for the satisfaction of ( 1 5) by real values. If 4 y(i)y(i+ 1 ) — 1 
should be negative y would necessarily change sign, since in this 
case from (16), if y(i) and y(i+ 1) are positive or zero t/(i+ 2) is 
negative. But a function which generates the surface of revolu- 
tion which is an absolute minimum cannot be both positive and 
negative, as can be proved by elementary geometry. 

We consequently conclude that for the minimum surface of 
revolution in question it is necessary that y satisfy (16) and that 
4y(i)y{i+l)—l > 0. 

For equation (16) we have the following existence theorem: 

Given any two initial values y{ 0) and y( 1), it is possible to 
successively determine y(2), y( 3 ),..., y(n) provided that at no point 
4y(i)y(i-\-\) — l = 0, i = 0, 1,..., n— 2. If at some such point 
4y(i)y{i J r 1)— 1 = 0 there is no solution with the given initial 
values. 

Since 4y(i)y(i-\-l )— 1 = 0 is a rational algebraic equation in 
y{ 0) and y( 1), the initial values for which there is no solution 
are correspondingly restricted. 

We have remarked that all solutions of (16) are solutions of 
(15) and that (15) has no other solutions. We consequently have 
an existence theorem for (15). 

We next show by actual substitution that 


V = 


is a solution of (15). 


2sinh(l/2a) 


cosh 


i-~k 


(18) 


P 




i-f-1 — k 


-cosh- — -) — sinh[- — 

a I \ a 2a/ 


[i+^i* - ° osh ( t ^+^)- 

1—2 py 1 


sinh 


i—k 


[1-j-jp 2 ]* sinh(l/2a) a 
= - 2 '“ h 


(i=*+±) 

\ a + 2 a)’ 


verifying the solution. 
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We next ask the question: Does (18) give all solutions of (15) 
which are positive at all points considered and which are 
described in our existence theorem above as determined by 
point-to-point solution of (16) ? 

Suppose 4 AC— 1 > 0 and 

y( 0) = A = 1— _ cosh-, 

2smh(l/2a) a 

1 ll k\ (19) 

y^ = c = 2li5h(i7^j" os > _ «)' 

We wish to solve these pwo equations for a and k. 

(C—A) = sinh/- — = — sinh-cosh — 4-cosh-sinh — . 

\a 2a) a 2 a a 2 a 

( 20 ) 


Replace cosh (k/a) in this equation by 2 A sinh(l/2a) and sinh(&/a) 
by ±[4A 2 sinh 2 (l/2a)— -1]*. Solving for sinh(l/2a) we find 


sinh 


2a 


(C-A) 2 +l 
4 AC— l 


i 


( 21 ) 


We first discard the minus sign before the radical, as we are only 
interested in solutions which are always positive. We next 
notice that 4AC— 1 > 0, inasmuch as 4y(i-j-l)y(i) — l > 0!n 
particular when i = 0. Equation (21) consequently determine^ 
a positive value for sinh(l/2a) and consequently a positive value 
of a. To determine k replace sinh(l/2a) by the above value in 
(20), cosh(l/2a) by [1-f sinh 2 (l/2a)]*, cosh (k/a) by 2A sinh(l/2a), 
and solve for sinh(&/a). A unique value is determined for k . 
These values satisfy both equations (19) as again is verified by 
substitution. 

Formula (18) then gives us the general solution of (15) which 
remains positive throughout the interval in question and conse- 
quently is a necessary form for the function y(i) in order that the 
surface of revolution be a minimum . 


EXERCISE 

Discuss the maxima and minima of 

1000 n 

(i) % (2/ a +2pi/+6p 2 ), (ii) X (1+p 2 )*. 

i ~ 0 i ~ 0 



IX 

THE GENERAL BOUNDARY PROBLEM 
1. Compatibility and incompatibility 

We shall consider the recurrent relation of the wth order : 


p (y) = Po( i )y( i + n )+Pi( i M i + n — ] )+-+Pn( i M i ) = p(i)> 0 ) 

where p 0 (i), Pi(i),-~> p n (i), P(i) are defined when i = 

b ~ l and Po(i)Pn(i)*0 ( 2 ) 

at any point. Now let 

A<%) = a% ) y(a)+a{ i >y(a+l)+...+a%L 1 y(a+n—l), 

B (i) (y) = bfy{b) + b[ j h/(b + 1 ) + . . . + b%L 1 y(b+n—l), 
j = 1, 2 ,..., n, 

where the a’s and b’ s are constants. Let 




The restriction (2) can be replaced in much of the work by 
p 0 [i) 0 or p n {i) =£ 0. However, (2) is imposed once and for all 

for symmetry and to save frequent restatement of restrictions 
on the coefficients. 

We shall consider (1) subject to the conditions 

W«\y) = y p j=h2,...,n. (3) 

The y’s are constants. 

The system consisting of (1) and (3) will be called homo- 
geneous if both 

p{i) = 0 and Yl = y 2 = ... = y n = 0. 


It will be called non-homogeneous in the contrary case. It will 
be called semi-homogeneous in case p(i) ~ 0 and at least one y 
is not zero. When dealing with the non-homogeneous system 
we shall speak of the corresponding reduced system, meaning 
the homogeneous system formed by replacing p(i) and y v y 2 ,..., 
y n by zero. For ease of reference the homogeneous system is 
written down 


P(y) = 

W<%) = 0, j 


0 , 


1, 2,..., n. 


W 

( 5 ) 
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Conditions (5) will be assumed at all times to be linearly 
independent. 

Definition. The homogeneous system consisting of (4) and (5) 
is called incompatible if (4) has no solution other than zero which 
satisfies (5). It is said to have k-fold compatibility in case (4) has 
Jc and not more than k linearly independent solutions which 
satisfy (5). 

If (4), (5) has &-fold compatibility and if y k (i) are 

linearly independent solutions of the system (4), (5) then the 
general solution of (4), (5) is given by 

V(i) = c 1 y 1 (i)+c 2 y 2 (i)+...+c k y k (i), 

where c v c 2 ,..., c k are constants ; because a solution of (4) given 
by this expression satisfies (5) and if there were another not 
given by this formula there would be k- f 1 linearly independent 
solutions of (4), (5) and hence (&-fl)-fold compatibility. 

We now state in the form of a theorem the following impor- 
tant result. 

Theorem I. If y^i),..., y n (i) are a fundamental system of 
solutions of (4), a necessary and sufficient condition that the 
system (4), (5) be compatible is that the determinant 


F<%!) . 

. W«\y n ) 

W (n) (2/i) • 

• • WM(y n ) 


vanish. A necessary and sufficient condition that (4), (5) have 
k-fold compatibility is that D be of rank n—k. 

This theorem follows from that fact that if we substitute the 
general solution of (4), namely, c 1 y 1 (i)+c 2 y 2 (i)+...+c m y„(t) in 
(5), there results a system of linear homogeneous equations for 
the determination of the c’s whose determinant is D. 

The determinant, D, is not always zero. In other words the 
system (4), (5) is not always compatible. To show this choose 
o^ 1) = <4 a) = ... = = 1 and all the other a’s and all the b’e 

equal to zero. We then have 

D = yi(*)y»(a+l)...y ll (o+n— 1); 
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and it is possible to choose y^i), y 2 (i),— 9 yJJ') 80 thaf ^is is 
different from zero. 

Theorem II. There always exists a solution of (4) which 
satisfies fewer than n conditions of the form (5). 

This theorem is an immediate consequence of the fact that 
a system of n—j,j — 1,..., n—l> homogeneous linear equations 
in n unknowns always has a solution in which not all the 
unknowns are zero. 

We next prove the following theorem: 

Theorem III. A necessary and sufficient condition that the 
non-homogeneous system , (1), (3), have one and only one solution 
is that the reduced system be incompatible. 

We first remark that if the system, (1), (3), is compatible its 
general solution is formed by adding a particular solution of 
(1), (3) to the general solution of (4), (5). This general solution 
of (4), (5) may be identically zero. If we denote the general 
solution of (1) by 

y = c 1 yi+-+c,y»+r, (6) 

where Y is a particular solution of (1), (3), we then must choose 
c v ..., c n so that c 1 y 1 +...+c 7} j/ n is a solution of (4), (5); where- 
upon y will be a solution of (1), (3). Inasmuch as (6) is the 
general solution of (1) there are no other solutions of the 
system (1), (3). 

To prove the condition necessary: There is one and only one 
solution to (1), (3). We call this Y. Hence we must have 
c ± = ... = c n = 0. This means that (4), (5) is incompatible. 

To prove the condition sufficient : We need only show that if 
(4), (5) is incompatible then (1), (3) has a solution. There cannot 
be two since in (6) we have c x = ... = c v = 0. To show that if 
(4), (5) is compatible then (1), (3) has a solution we first consider 
the semi-homogeneous case in which p(i) == 0. Under this 
circumstance by Theorem II there exists a solution of equation 
(4) which satisfies all the reduced conditions except one. This 
cannot be satisfied by the solution in question since the reduced 
system is incompatible. We let the unfulfilled condition be 
the jth and call the corresponding solution y jt Let j range from 
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1 to n , Then none of the constants W^\yf) is zero. We now 
readily verify that 

7l V\ I 72 y*l I J 7 n Vn 

wv( y yw®\y,y - 

is a function which satisfies all of conditions (3). 

We next denote by y a solution of (1) and by y the solution 
of (4) which satisfies conditions (3). That is, y is a function 
whose existence we have just proved. We now immediately 
verify that y-\-y is a solution of the system (1), (3) and the 
proof of our theorem is complete. 


2. Green’s functions 

Here, as in the corresponding theory for the linear differen- 
tial equation, the concept of Green’s function arises in the 
attempt to set up a function which, in the case of an incom- 
patible system, comes as near as possible to satisfying the given 
conditions. 


Definition. By a Green's function G(i> £) of the system (4), (5) 
we understand a function of the integral arguments i , £ defined 
when a < i < b+n~ 1 and a < f ^ 6— 1 and such that , when £ 
is fixed , G, regarded as a function of i y satisfies the boundary con- 
ditions (5) and the equation (4) at all points of a ^ i ^ 6—1 
except for the one value i = Moreover when G(i , f) is substi- 
tuted in (4) the left-hand member takes the value 1 when i = 

We must first investigate the existence of such functions. 
As previously let y n (i) be a fundamental system of 

solutions of (4), that is, n linearly independent solutions. 

Let «i (i) = Cl yi(i)+~.+c n y n (i), 

u 2 (i) = d^ij+.-.+dny^i), ( 7 ) 


where c v ...,d n are to be independent of i but will depend upon £ 

Let i = a,a+l,...,£, 

£+ 1 , |+ 2 ,..., 6 — 1 . 


Mi), i 
\u 2 (i), i 


( 8 ) 


The function u(i) satisfies (4) at all integral points of the interval 
a < i < b— 1 with the possible exception of £, £—1,..., £— »+ 1 . 
In order that u{i) satisfy (4) also at the points 1,.„, »+l. 
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in so far as these points satisfy the inequality i ^ a , it is neces- 
sary and sufficient that 

u 2 (i) = u x (i ), i = f+1,..., f+n—l. (9) 

Moreover in order that u satisfy the final requirement for a 
Green’s function it is necessary and sufficient that 

Po(t)[ u 2(€+ n )~ u i(£+n)] = 1. (10) 

Substitute in (9) and (10) from (7) and let 

Zj(t) = PoWW-cM’ ( 11 ) 

where the dependence of dj and Cj upon f is indicated. We get 
the equivalent conditions 

z i(€)yi(£+j)+ ~ o, j = i,..., n— i, 
*i(f)yitf+n)+...+* n (f)Sf n tf+n) - 1. 

This is a system of linear equations which serve to determine 
z n {£)' Determination is unique since the determinant 
of the coefficients is the Wronskian of n linearly independent 
solutions. It is well to note that z n (£) are defined only 

when a <b-l whereas y n (i ) are defined when 

a ^ i ^ b-j-n — 1. 

We must now see under what conditions the function u can 
be made to satisfy the boundary conditions. Substitute u as 
given by (8) in (5). The following equations result: 

c l {£)AU\y 1 )+...+cJ£)A , i ) (y n )+d 1 (£)B (i) (y 1 ) + ...+ 

+d n (i)my n ) = 0, j= 1,..., n. (12) 
Replace the c ’s by their values as given by ( 1 1 ), and (12) goes into 

= 3 - i, 2,..., ». (is) 

This is a set of linear equations for the determination of the d’ s 
with any set of values for the z’s. We remark that z 1 (^),..., z n (£) 
are linearly independent. If they were not the determinant 

*i(€-n+ 1 ) . . . «*(*-»+ 1 ) 

A = . . . 

z l(£) • • • • z n(£) 

MU L 
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would vanish for all values of £ from 1 to 6—1. This is 

impossible, for multiplying A by 

lyitf+1) .... y*(f+ 1)1 


I y x (€+n) .... y*(f +») | 

we get, combining rows with rows, a determinant which has 
zeros everywhere below the primary diagonal and ones at 
every point of this diagonal and which is therefore not zero. 
We prove the following theorem: 

Theorem: A necessary and sufficient condition that equations 
(13) be consistent for all values of £ for which a ^ b~ 1 is 
that the determinant D do not vanish. 

That the condition is sufficient is immediate from (13). To 
prove the condition necessary we assume D = 0 and show that 
equations (13) are inconsistent. From the vanishing of D we 
infer that there exist n constants, k v ..., k n , not all zero such that 

hW 1 (y i )+...+k n W n (y j ) = 0 , (14) 

We now multiply equations (13) respectively by k v ..., k n and 
add. We obtain 

o = *1 i k j A»\y 1 ) + ...+z n i k } A^(y n ). 
j= i i~i 

This holds for integral values of a ^ ^ b— 1. But we have 

just proved that the z’s are linearly independent. Consequently 

h A i »(y j )+...+k n A (n) (y j ) = 0, j = 1,..., n. 

Subtract these from (14) and utilize the definition of W® and we 
have k i m\y j )+...+k n m(y j ) = 0, j = 1, 2...., ». 

Now write in the formulae for the ^4’s and 2?’s and we have 
(&, <>+.•• + k„ a£%(a)+...+ 

+(k 1 a ¥ ) +...+k n a% ) )y i (a+n—l) = 0, (15) 

{ ]c 1 b™+...+k n b£%(b)+...+ 

+ (k 1 bM+...+k n b%%(b+n-l) = 0, (16) 

j = 1,-, n. 



§2 


GREEN’S FUNCTIONS 


147 


We can regard these as equations for the determination of the 
parentheses; equations (15) for the a’s and (16) for the b' s. 
The determinants of the systems are the Wronskians of 
y v ..., y n at a and b respectively and are different from zero 
since y, t are linearly independent. It results that 

k 1 a[ j) +...+k ri a% ) = 0, j = 1,..., n, 
and b[ i) +...+k„bli ) =0, j = 1,..., n. 

This means that conditions (5) are linearly dependent, which 
is the desired contradiction. 

We now immediately have the following fundamental 
theorem: 

Theorem : A necessary and sufficient condition for the existence 
of a Green's function for the system consisting of (4) and (5), where 
(5) are assumed linearly independent , is that the system be incom- 
patible, Under which circumstance there is one and only one 
Green' s function u __ ^ 

3. An application of Green’s function 

We shall prove in this section the following theorem: 
Theorem. If the system (4), (5) is incompatible then the system 
P(y) = p(i), 

Wj(y) = 0, j=l,...,n, 

has one and only one solution which is given by the following 
formula: 

y(i) = 2 G(i, £)p(£). (17) 

i=a 

The proof of this theorem is a matter of verification. Substi- 
tute (17) in (1). We have 

IPn-foMi+j) = 1 Pn -ii^X G(i+j, ()p($) 

j = 0 j=0 

= b i ( i Pn-ima+j, )). (is) 

Each of the sums lying in the braces in (18) is zero except when 
i =ss whereupon it is#>(f ) = p(i). But | runs through all values 
from a to 6—1, consequently for any value of i, such that 
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a iC i ^ (6—1), (17) satisfies (1). Now as to boundary condi- 
tions (5). Here 0(i, £) satisfies (5) for any value of £; that is 
(17) satisfies (5). 


EXERCISE 

Aro the following systems compatible or incompatible ? If a system 
is compatible determine the order of compatibility. If a system is 
incompatible set up the corresponding Green's function. Discuss for 
all value of j. 

(а) A 2 y(i— 1) -f 4[sin 8 -- ^ --]y(t) = 0, 

2/(0) = y(n+l) = 0. 

(б) A 2 y(t-l) + 4^in 2 2 ^ 1 J y(/) =. 0, 

2/(0) = 2/(n + l), 

2/(1) = y(n + 2). 

(c) AV(i-l)+4jsin 2 2 — jj]j/(*) = 0, 

2/(0) - -y(n + l), 

2/(1) - -j/(n+2). 

SUGGESTED REFERENCE 

Bucher, M.: ‘ Boundary Problems and Green’s Functions for Linear 
Differential and Difference Equations Ann. of Math., 2nd series, 
13 , 71. 
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1. Fundamental theorems on nodes 

Consider the difference equation (recurrent relation) 

A [K(i, A)A y(i)]-G(i, X)y(i+l) = 0, (1) 

where K(i , A) and G(i, A) are real and defined as functions of i 
as follows: G(i, A) over 

1 , ( 2 ) 

and K(i , A) over 0 < i < b. (3) 

The operator A applies to the variable i which is limited to 
integral values. The variable A is a real parameter. The func- 
tions K(i , A) and G(i , A) are continuous in A over the interval of 
their definition, which is not specified, and are such that when 
A increases G increases and K does not increase. K(i , A) is always 
positive. 

We call equation (1) under these conditions Sturm’s normal 
form. We shall consider only real solutions of (1). 

The intervals of definition which we have assumed for K(i , A) 
and G(i , A), namely (3) and (2), are such that a solution with 
arbitrarily assigned values at i = 0 and i — 1 is uniquely deter- 
mined by (1) for all values of i on the interval 

0 ^ i < 6+1. 


Before proceeding farther, however, for convenience in our 

proofs, we extend the definitions of K(i , A) and G(i , A) as 

follows: Trtn i * t 

K\i , A) = 1, i > 6; 

G(i, A) = G(b- 1, A), i > b. 


Under these circumstances a solution of extended equation (1) 
is determined by its values at 0 and 1 for all positive integral 
values of i. It will be observed that our extended definition of 
j?(i, A) and G(i, A) preserves the essential behaviour of these 
functions. 

We shall consider solutions of (1) for which y{ 0) and y( 1) are 
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chosen as continuous functions of A. It results that y(i) is a 
continuous function of A, i being any positive integer. We 
exclude the possibility y( 0) == y{\) = 0 for any value of A. The 
only solution of (1) satisfying these equalities is the trivial one 
y(i) e= 0. We also exclude y(l) = 0 under any circumstances, 
inasmuch as this as an initial condition is the same as y( 0) = 0 
with the change of variable i into i — 1 . Moreover, we note that 
for no value of A will y(j) = y(j+l) = 0, j > 0. If this were 
true by (1) we would have y(j~ 1) = ... = y(l) = y( 0) = 0. 
But we have excluded this. Now K > 0; and consequently if 
j > 0 and y(j) = 0, then y(j~~ 1) and y(j-fl) are of opposite 
signs. We conclude that if through continuous variation of A 
the number of nodes of the solution on the interval 0 < x < 6+ 1 
changes, it must change by the entrance or exit of nodes over 
an end-point of the interval. It will develop that in § 2 we shall 
so restrict y{ 0) that no node enters or leaves the interval at the 
point 0. We shall require that either «/(0) = 0 for all values of A 
or 2/(0)*= 0 for no value of A. 

Let A = A-f AA, where AA > 0 is such that A still belongs to 
the domain of definition of K and G. Using this value of A we 
replace equation (1) by 

A[A>', A)A y{i)]—G{i, A)y(i+1) = 0. (4) 

Let us continue to assume now and henceforth that y{ 0) and 
^(1) are continuous functions of A. 

Let V(i) = y(i)K(i,X)Ay{i)—y(i)K(i,X)Ay(i). (5) 

Suppose that y(0) and y( 1) are so chosen as functions of X that 
F(0) > 0. 

From (1) and (4), 

y(i+l)A[A(i, A)Ay(i)]— #(i+l)A[A(i, A)Ay(i)]— 

—[#(*» A)]y(*+%(i+l) = 0. 

It follows that 

V{i+l)—V(i) = [K(i, l)—K(i, A)]Ay(*)A#(»)+ 

+[G(i, \)-G(i, A)^(*+l)y(i+l). (6) 
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Sum both sides of (6) from 0 to j— 1 >0. We get 

n?)-F(0) = f [K(i, X)—K(i, \)]Ay(i)Ay(i)+ 

1=0 

+ 2 [G(i, X)—G(i, \)]y(i+l)y(i+l). (7) 

i == 0 

For sufficiently small values of AA the products y(i-\-l)y(i+l) 
and Ay(i)Ay(i) are both non-negative on account of the con- 
tinuity of y(i) as a function of A. Moreover, y( 1)^0 by 
hypothesis. Consequently, y(l)y(l) > 0. Also 

K(i , X)~K(i, A) > 0 and G(i, A )-G(i, A) > 0. 

It results that the right-hand member of (7) is positive. Hence, 
since F(0)>0, V(j) > 0, j > 0. (8) 

Now let us assume y( j) ^ 0. Then when AA is sufficiently small, 

y(j)y{j) > o. 

From (8) we get 

K(j A)Ay(j) > K(j , X) Ay(j) 

y(j) y(j) 

We have thus proved that the ratio 

K(j, A)A y(j) 

y (j) 

is an increasing function of A, as long as y(j) =£ 0 andj ^ 1. 

If a node lies between j and j -\- 1 then y(j) and A y(j) are of 
opposite sign. Since K > 0 and K(j , A) ^ K(j, A) we conclude 
from (10) that —A y(j)/y(j) is a positive decreasing function of A. 
This means that \y(j + 1 ) | / \y{ j) | is a decreasing function of A. In 
other words if j ^ 1 when a node lies between j and j- f*l it moves 
to the right as A increases. 

Now let y( j) = 0 when A = A', that is, y( j> A') = 0. Then, by 
(8), y(j) ^ 0 for sufficiently small AA. Hence A' is not a cluster 
point of zeros of y(j) as a function of A. Moreover, if A = A'-f AA 
with AA sufficiently small, from (8) y(j)K(j , A')A y(j) < 0. From 
this, y(j)y(j+ 1) < 0. But y(j+l)y(j+ 1) > 0. Hence also 

y(j)y(j+ i) < o. 


( 9 ) 

(10) 
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In other words, when A = A'-j-AA the node previously at j is to 
the right of the point j. Also if A' is a zero of y(j) as a function 
of A then y(j)K(j, A'+ AA)A y(j) > 0, 

which means that y(j)y(j-{~ 1) > 0 and hence y(j)y(j+ 1) > 0. 
We conclude that the broken-line graphs of y(i) for values of A 
close to a zero of y(j, A) are somewhat as follows: 

A less than a zero oF y(j, A) 



A greater than a zero oP y(J,A) 



J 


-i 



The node moves to the right through j. When A approaches a zero 
of y(j) as a function of A from below, the ratio y(j—l)/y(j) 
becomes negatively infinite, y{j+l)jy{j) and consequently 
K(j, A)A y(j)/y(j) becomes positively infinite. 

If F(0) > 0 and y( 0) = 0 then y(0)y(l) < 0, that is, the node 
at 0 has advanced to the right. If F(0) > 0 and y( 0) # 0, 
extend (8) and the subsequent reasoning to include j = 0. We 
see that a node on the interval 0 < x < 1 moves to the right. 

We thus have completed the proof of the following important 
theorem. 

Theorem I. Ify(i) ^ 0 is a solution of ( 1 ) such that y( 0) and y( 1 ) 
are continuous functions of A and such that F(0) remains greater 
than or equal to zero as A increases , then any node of y(i) on the 
interval 1 < x < oo moves continuously to the right as A increases . 

If V{ 0) remains greater than zero as A increases , any node on the 
interval 0 < x < 1 moves continuously to the right also. 


2 . Theorems of oscillation and comparison 

Consider two equations, 

= 0 , 

A[Z,(t)Ay 1 (*)]-G I (t)y l (t+ 1) = 0, 


( 11 ) 

( 11 ') 
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where K 2 (i) ^ K ± (i) 9 0 2 (i) > G^i) are defined over (3) and (2) 
respectively. 

Theorem II. If y x (i) is a real solution of (II) and y 2 (i) a real 
solution of (11'), neither identically zero , and so chosen that 

y 1 (0)«' 2 (0)Ay 2 (0)-y a (0)if 1 (0)Ay 1 (0) > 0, (12) 

and either y r ( 0) = y 2 ( 0) = 0 or y 1 (0).y 2 (0) > 0; then y ± (i) has at 
least as many nodes on the interval 

OCx^b+l (13) 

as has y%(i). 

Let K(i, A) = \K 2 (i)+ (1 - A)JS^(t), 

G(i, A) = AG 2 (i)+(l~*mi) 
and consider the equation 

A [K(i, A)A y(i, A )]~G(i 9 \)y(i+l, A) = 0. (11") 

We shall assume y x (0) = y 2 (0). There is no loss of generality in 
this inasmuch as multiplying a solution by a positive constant 
does not affect nodes nor does it affect (12). Let y(i , A) be a 
solution of (11") such that y( 0, A) — y t ( 0) = y 2 (0). Let y( 1, A) 
be a continuous function of A so chosen that AT(0, A)Ay(0, A) 
changes monotonically from A r 1 (0)Ay 1 (0) to K 2 (0)Ay 2 (0) as A 
increases from 0 to 1. Now the fact that ^(O) = y 2 (0) = y(0, A) 
and that K(0, X)Ay(0, A) changes monotonically assures F(0) > 0, 
where V{i) is as defined in (5). Moreover since y( 0, A) is constant 
no node passes through the point 0 as A increases from 0 to 1. 
Theorem II then follows from Theorem I. 

Now let C be a positive constant such that K{i, A) ^ C , 
G(i , A) > C for all values of A considered. Consider the equation 


k[C/i.y{i)]—Cy{i+\) = 0, 


which is equivalent to 


(14) 


y{i+2)~~Zy{i+\)+y(i) = 0. (14') 

The auxiliary equation to (14') is 

a 2 — 3a-}-l = 0 
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and the general solution of (14) is 

y — a ! 4- L 2 °4 > 


where 


y = t 
3 — V5 


3 + V5 


Both oq and a 2 are positive. Let ]/ x) (i) be a solution of (14) such 
that y (1) ( 0) = 0, 2 / (1) (l) = L The second condition is added for 
definiteness only, inasmuch as all solutions of (14) which vanish 
at the origin are proportional. Determine C x and C 2 for «/ 1) (i). 

We find j i 

¥<«(») = £5l_3. (16) 

a 2 ~ a l 

This is positive for all values of i > 0, that is, y {1 \i) has no node 
on the interval (13). It results from Theorem II that a solution 
of (1) satisfying the initial condition y(0) = 0 has no node on (13). 

Now let us go to the other extreme case, still considering initial 
conditions 2 /( 0 ) = 0, y(l) = 1. Suppose 

K(i, A) < C, 0(i, A) < ~kC (17) 

for all i. Write down 

y(i+2)+(k-2)y(i+l)+y(i) = 0. (18) 

The auxiliary equation to (18) is 


<* 2 +(&-~2)a+l = 0. (19) 

Denote its roots by oq and a 2 . Let us assume k large and positive. 
Then, since — (a 1 +a 2 ) = k— 2 and aq a 2 = 1 , one of the numbers 
is numerically large and the other numerically small. Both are 
negative. Assume that a 2 is the numerically large one. By 
choosing k sufficiently great the ratio a 2 /oq is made as large as 
we wish to make it. Now let y ( x \i) be the solution of (18) 
satisfying 2 /i 2) ( 0 ) = 0, ?A 2) (1) = 1. Then 


y?\i) = ( 20 ) 

a 2 — a l 

Choose k so large that the sign of this is determined by ol\. 
Then j4 2) (i) will be positive or negative as i > 0 is odd or even. 
In other words yf\i) has the maximum possible number of 
nodes on the interval (13). As a consequence of Theorem II, 
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if (17) are satisfied, a solution of (1) satisfying the initial con- 
dition, ^(0) ™ 0, has the maximum possible number of nodes 
on (13). 

We are now in a position to prove the simplest form of the 
Theorem of Oscillation. We have defined K(i , A) = 1 when 
i > 6 and G(i, A) — - G(b— 1 , A) when i > 6 — 1. Let y(i) be a 
solution such that y( 0) = 0 , y(\) = 1 . Assume that as A 
increases G(i, A) increases from — oo to a positive value. Then, 
according to Theorem II and the facts that we have just 
observed about the equation with constant coefficients, y(i) has 
first the maximum number of nodes on (13), and finally none 
at all. Since nodes move continuously to the right we have the 
following theorem. 

Theorem III. If G(i, A) increases from — oo to positive values 
as A increases there exists one and only one value of A, A //p such 
that a solution of (1) vanishing at 0 vanishes again at 6-f-l with 
exactly m nodes between 1 and b. Moreover , 

0 m ^ 6—1 (21) 

and A„, > A„ 1+1 . 

The values A m are called characteristic values for equation (1), 
subject to the boundary conditions y( 0) — y(b-\-l) = 0. 

We next change the left-hand boundary conditions. 

Let us assume the condition 

[l+flA)>(0)-ff(0. A)Ay(0) = 0 (22) 

with y{ 1)^0. | 

Assume l-f^(A) a continuous non -decreasing function, posi- 
tivef for sufficiently great values of A. We denote a particular 
solution of (1) satisfying (22) by y(i). All such solutions are 
proportional and hence have the same nodes; but the one that 
we shall consider satisfies the conditions 

y( 0) - 1, K( 0 , A)Ay( 0 ) = 1+^(A). (23) 

Consider our comparison equation (18) subject to the initial 

f An alternative requirement to 1+^(A) > 0 is G(i f X) ~*oo. 
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conditions y< 2) (0) = 1, y (2) ( 1) = C = 1+<^(A). Denote a solution 
of (18) satisfying these conditions by y$\i). Then 


* 4 2> (*) 


(7- a. 


-C 


With k > 4 both aq and a 2 are real, negative, and distinct. As 
previously, if k is sufficiently large y$\i) will alternate in sign 
when 


1 < i < 6+1. 


(24) 


We conclude from Theorem II that if inequalities (17) are 
satisfied and k is sufficiently large, y has the maximum number 
of nodes on 1 < x < 5+ 1- 

Now, when 1+<^(A) > 0 and G(i, A) > 0 at all points of (2), 
there are no nodes on 1 < x < 6+1, as is shown by the follow- 
ing reasoning. We rewrite (1) thus : 


A)Ay(i+l) = [K{i, \)+G{i, X)]Ly{i)+G(i, A )y(i). 

Hence Ay(i+1) > 0 if y(i) > 0 and A y(i) > 0. But y( 0) > 0 
and Ay(0) > 0 . Hence Ay(\) > 0 . Hence y( 2) > y( 1) > 0. 
Hence Ay(2) > 0, etc. Hence y(i) remains of the same sign, 
i > 0. 

Since nodes move continuously to the right as A increases, 
we are now in a position to state the following theorem. 

Theorem IV. If K(i, A) > 0 does not decrease and G(i , A) 
increases from —oo to positive values and l+</>(A) is a continuous 
non-decreasing function , and if either 1+<£(A) is positive for A 
sufficiently great or G(i> A) oo as A increases , or both , then there 
exists one and only one value of A, A m , such that a solution of ( 1) 
satisfying | 

[l+<f>(\)]y(0)-K(0, A)Ay(0) - 0, y(l) ^ 0, 

vanishes atb-\-l with exactly m nodes on the interval 

1 < x < b } 


where 0 < m < 6—1 and A^ > A m+1 . 

The values A m are called characteristic values for the problem 
in question. In Theorems III and IV clearly the integer 6+1 
can be replaced by a lesser positive integer such as b with 
corresponding characteristic values. 
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We now wish to change the right-hand boundary condition. 
Consider (1) subject not only to a left-hand boundary con- 
dition 

[l+8^(A)]y(0)— SJ£T(0, A)Ay(O) = 0, y( 1)^0, 8 = 0, 1, ( 25 ) 
but also to i/j(\)y(b)—K(b f X)Ay(b) = 0, ( 26 ) 


where ip(X) is a continuous non-increasing function of A. Let 
y(i) be a solution of (1) satisfying ( 25 ). We know that 


K(b, X)Ay{b)/y(b) 

goes from — oo to go as A goes from one zero of 2/(6), as a function 
of A, to the next. Hence, there is one and only one value of A 
between each two successive zeros of y(b) for which ( 26 ) is 
satisfied. We denote those values for which y(b) = 0, that is, 
the characteristic values for ( 1 ) subject to ( 25 ) and y(b) = 0 , 
by A 0 , A 1? ..., X b _ 2 . We have thus proved the following theorem: 

Theorem V. Let G(i, A) increase with X from — oo to positive 
values and assume that either 1-f <f>(X) increases to positive values 
or G(i, A) -> oo as X increases , or both ; then there exists one and 
only one value of A, which we denote by A^ } , such that a solution 
of ( 1 ) satisfying ( 25 ) also satisfies ( 26 ) with exactly m nodes on 
the interval 


1 < x < b, 
l < rn < b— 2. 


( 27 ) 


Moreover , A 0 > A^ 1} > A x > ... > Aj ) 1 2 2 > A 6 _ 2 \ 

We now propose the question, Do values A[, 1) exist less than 
X b _ 2 and greater than A 0 ? We put additional restrictions on 
G(i , A) and in case 8^0we place an additional restriction on 
<£(A) also. These restrictions are: as A increases 1 +<^(A) increases 
from —oo to positive values, and G(i, A) increases from — oo tooo 
for all i. 

If G(i , A) is positive and y(i+l) > 0, it follows from (1) that 


K(i+ 1 , X)Ay(i+ 1)— K(i, X)A y(i) > 0 . 

Since K(i , A) > 0, this means that Ay(i+ 1) > 0 if A y(i) > 0. 
Consider firsji the case that 8=1, then y( 0) > 0 . Let us assume 
iq~^(A) > 0 and y( 0) > 0 , then Ay(0) ^ 0 and hence A y(i) > 0 
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for all i > 0. Under this circumstance y(i-\-\)y(i) > 0. But, 
from (1), 


y(i+l)*0. (28) 


K(i+l,X)Ay(i+l) _ K(i,\)Ay(i) 

y(i+ 1) ( ’ )+ y(i+ 1) ’ 

But > o. Hence K{b ’ X ^ b ' ) can be made as 

y( 0 ) y(6) 

large as we please by taking A sufficiently large. If 8 = 0, 
that is, y( 0) — 0, then y( 1)^0 and when 0 is positive A y(i) > 0 

for i ^ 0. We conclude as before that - can be 

V(b) 

made as large as we please by taking A sufficiently large. In 

- K(b , A)Ay(6) . ’ 

other words, as A increases irom A 0 , — rv - increases irom 

*/(&) 

~~oo to oo. Hence one and only one value A ( 0 X) > A 0 exists such 
K{b , X)Ay(b) 


that 


V(b) 


0(A), that is, when A = A ( 0 X) a solution of (1) 


satisfying (25) and (26) exists with no nodes on (27). 

Now to the other extreme case. Let 8=1 and A be negative 
and numerically large. Then G(i, A) is negative and numerically 

large. If y{i+ 1) ^Owe have (28). Moreover, since 

is numerically large, is numerically small and the 

sign and order of magnitude of the right-hand member of (28) 
with i = 0 is determined by G. By step-by-step procedure we 
see that, if A is negative and numerically sufficiently large, 


Z(6, X)Ay(b) . 


y(i>) 


is negative and numerically as large as we like. 


In case 8 = 0 the same conclusion is also readily drawn. Now 
inasmuch as becomes positively infinite as A 

y(b) F * 

approaches X b _ 2 from below, f we conclude that there exists 
one and only one value A^ less than X b _ 2 such that a solution 
of (1) satisfying (25) also satisfies (26) with 6—1 nodes on (27). 
We consequently have proved the following addition to 
Theorem V. 

f See p. J 52. 
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Theorem VI. If to the condition of Theorem V we add : (1 ) for 
every i, G(i , A) increases from — oo to oo as A increases; (2) 

S 7^ 0, 1 +</>(A) increases from — oo to positive values as A increases; 
then there exists one and only one characteristic value A^ > A 0 and 
one and only one characteristic value Ajj*^ < A 6 _ 2 . 

EXERCISE 

Sturm’s theorem in the theory of algebraic equations is as follows: 

Let /(A) - A*+o 1 A ,l “ 1 + ... + o« - 0 , ( 1 ) 

where a v ..., a n are real constants, have no multiple roots. Let 
2/(0, A) - /(A), 2/(1, A) /'(A) 

and form the sequence y(i, A) by means of division as indicated in the 
following equation : 

y(h A) - q{i, \)y(i f 1, \)-y(i + 2, A), i - 1, 2,..., m. 

Let F(A) be the number of variations in sign (nodes) of y(i, A). Let 
c x and c 2 (c 2 > c L ) be two real numbers neither of which is a root of ( 1 ). 
The number m is chosen not greater than n and such that y(m, A) 
does not equal zero as A increases from c x to c 2 . Then the number of 
roots of (1) between c l and c 2 is F(<h)— J r (c 2 ). 

Notice that the functions y(i , A), which we can write y(i ), satisfy a linear 
recurrent relation of the second order. Show that when A increases, the 
number of nodes on the interval 0 <: x < m can change only by exit or 
entrance of nodes at .r =-- 0. Then show that in the neighbourhood of 
x — 0 nodes move continuously to the left as A increases. As a conse- 
quence of these facts prove Sturm’s theorem. 
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THE SOLUTION OF A DIFFERENTIAL EQUATION AS 
THE LIMIT OF THE SOLUTION OF A DIFFERENCE 

EQUATION 

1. Introduction 

The early writers on linear differential and difference equations 
at times established certain results for the difference equation and 
then, it seems, assumed like results for the differential equation 
without any careful consideration of the complex limit problem 
that was involved. The difference equation that they treated was 
what we know as a recursion formula or recurrent relation, that 
is, an equation in which the independent variable is limited to 
integral values or at most a set of isolated congruent values. If 
the solution of such an equation is plotted in the Cartesian plane, 
a set of isolated points is the complete graph. If now the differ- 
ence interval is allowed to approach Zero these isolated points 
can lightly be assumed to approach a continuous curve which is 
the graph of the solution of the differential equation whose coeffi- 
cients are the limits of the coefficients of the difference equation. 
The present chapter treats this limit problem. It is particularly 
interesting as applying to Sturm -Liouville boundary problems. 
For compactness in writing we treat only the pair of linear equa- 
tions of the first order involving two dependent variables. This 
includes the single equation of the second order. The reader can 
readily pass to the nth order equation if he so desires. 


>• r uuuaiucmai uicvu cm 

Consider side by side the sets of equations (1) and (2) belov 
= A n (px, p)U(x)+A n (px, p)V(x)+B 1 (px, P ), 

tl ( P x, p)U(x)+A 22 (px, p)V(x)+B 2 (px, p). 

dv ' (S 

= a^u+a^v+b^x). 
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Here A <j)(x) = <j>(x-\-h)~~<l>(x ). 

Hypotheses on the coefficients are: (i) A n (px, B 2 (px, p) 
are defined when 0 < x < 1 and p > 0; (ii) a n (a;),..., b 2 (x) 
are defined when 0 ^ x 1 and \a lx (x)\ < a,..., |6 2 (a:) | < a; 

(iii) | a ni x )\ >•••> |6 2 (^)l are Hiemann integrable from 0 to 1; 

(iv) when p -> oo, A u (p#, p) -> a n (:c),..., B 2 (p£, p) -> b 2 (x), all 
uniformly in x over the interval 0 < x < 1 . 

There is, of course, much arbitrariness in the interval for x . 
It can be changed by a linear transformation if desired. The 
assumption p > 0 might have been written p > M > 0. The 
somewhat peculiar form in which the coefficients in (1) are 
written, namely ( px , p), is chosen for convenience and is in no 
way more restrictive than simply ( x , p). Thus 

p) = pj = <P(pX, p). 

We wish to consider (1) subject to initial conditions 
(7(0) = r(p), V(0) = cr(p) 

and (2) subject to ^(0) = r, v(0) — a. It will appear in the 
sequel that p ~ l/h. 

A special case of (1), (2) is, of course, 

¥*M+P(px, p)^l + Q(px, P )Y(x+h) = R( P x, P ), (3) 

= r ^' 

The well-known process of successive approximations is now 
applied to (2) and to (1), as is frequently done in establishing 
the existence of solutions of (2). For ease in reading the work is 
carried through first for (2) and then in less detail for (1). This is 
done rather than treat both sets of equations at once by means of 
a general operator. Assume initial approximations %(#) = r and 
v x (x) = cr. Suppose |t| ^ c, |<t| ^ c. Substitute in (2) as follows: 

dlJb ^ 

= a u (*K(z)+a 12 (;e)^)HA(*)> 


5034 


M 
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Here u 2 and v 2 are second approximations. Solve for u 2 and v 2 
subject to initial conditions u 2 ( 0) = r, t> 2 (0) == a. Substitute 
in the right-hand members of (2), denoting the u and v in the 
left-hand members by u z and v 2 . Continue. As is well known, u n 
and v n converge uniformly in x to functions which satisfy the 
differential equations (2) and the initial conditions. The work 
is carried out by forming the infinite series 

%+(w 2 — %)+ (u 2 — u 2 )+... 
and «i+(^ 2 -~%)+K~- v 2 )+..m 

which we write ^ 1) +^ 1) + ^ 1) +... (5) 

and ^i 1) +4 1) +^ 1) +.... (6) 

Then and n > 1, satisfy the differential equations 

= a^u^+a^v^, 

and the initial conditions u ( V( 0) = 0, i4 x) (0) = 0- Then 



( 7 ) 

( 8 ) 


We know that c(2ay jj\ is the general term of a convergent series 
of positive constants. Consequently, by the familiar Weierstrass 
test, series (5) converges uniformly in a; to a function which we 
denote by u(x) and (6) to a function which we denote by v(x ) : 


lim u n (x) = u(x), 

n-+°o 


lim v n (x) = v(x). 

n-+oo 
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Now u(x) and v(x) satisfy the differential equations and the 
initial conditions. 

We now apply a like process of successive approximations to 
(1). To do this we replace x by i/p — hi, where i is a positive 
integer or zero. This limits x to the set of congruent values, 
0, h, 2 h,.... Replace U(hi) by w(i) and V(hi) by z(i). For the 
time being hold p = l/h fixed. We have 

= A u(i, p)Mi)+A n (i, p)z(i)+B 1 (i, p), 

—y p = A 21 (i, p)w(i)+A 22 (i, p)z(i)+B 2 (i, p). 

Here with independent variable i the difference interval is 1. 

Proceed as previously, forming successive approximations 
from initial approximations, 

w i(*) = T (p). h (i) = ^p). 

where r(p) -> t, a(p) —> a, 

when />-> co, and |r(p) | < c, \cr(p)\ < c. Note that 
0 ^ hi = x ^ 1. 

Assume that 

\A u (i, p) | <C a, I $ 2(^1 p) I < a - 

Form the series 

« 4 1 ) (*)+« 4 1 > (*)+« 4 1) (*)+-» 0 >) 

a4 1> (»)+4 1> (»)+4 1> (»)+- • (10) 

We know that if A f(i) = <f>(i) and/(0) = 0, then 

= *> 0 . 

t—0 

We consequently have 

= \2{A n (i, p)wf\i)+A n (i, p)zf ) (i)}h 
U=o 

^ V h i c(2a)H j ~ 1 ^ h i c(2a)H i ^ c(2 a) 1 n ^ 

o'- 1 )' 71 ^ ~jr> ( ) 

( 12 ) 

J * 

The right-hand members in (11) and (12) are the same as the 
right-hand members in (7) and (8). Now replace i by px. 
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Formulae for uj 1} (px) and zf\px) are not written out. However, 
consider the forms which would result from the method of 
defining these functions. The formula for w >j 1) would be exactly 
the same as the formula for u j 1} except that there is an inter- 

f i- 1 

change of letters and the symbol J dx is replaced by 2 h . Now 

o i=o 

if p -> oo (i.e. h -> 0) independently of x the multiple sums 
appearing in the formula for will each approach a multiple 
integral which is equal to the corresponding iterated integral 
appearing in the formula for We assume that the coefficients 

appearing in (2) are such as to assure this. Continuity is suffi- 
cient. Now series (5) and (9) considered as one series in p and 
x converges uniformly by the Weierstrass test. Consequently 
the series of the limits is equal to the limit of the series: 

lim w(px) = lim U(x) = u(x). 

p~>00 h — ►() 

Similarly lim z(px) = lim V(x) = v(x). 

p>oo 7i->0 

We consequently conclude that the following theorem is true. 

Theorem I. When p ->oo the solution (U , V ) of (1) satisfying 
initial conditions U(0) — r(p), F(0) = a(p) approaches the solu- 
tion (u, v) of (2) satisfying initial conditions u(0) = r, v(0) = a. 
The approach is uniform in x when 0 ^ x ^ 1. 

We note that r(p) -> r, a (p) -> cr. 

Theorem I implies as a special case the following theorem. 


Theorem II. The solution Y(x) of (3) satisfying initial condi- 
tions , F(0) — r(p), pAF(O) = a(p) approaches uniformly in x 
over the interval 0 ^ x < 1 the solution y(x) of (4) satisfying 


initial conditions , y(0) 


r, ir ~ a 

dx . 

J x=0 


; and the first difference 


quotient ]-AY(x) approaches uniformly . 

h dx 


3. Sturm’s normal form 

Consider 

^A[k( P x, p, A)A y(x)]-g(px, p, A )y(x+h) = 0 (13) 
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side by side with 

K(z,\)^ — G(x,\)y(x) == Q. • (14) 

Assume that when p -> oo, 

k(px, p, A) -> K(x , A) > 0 and < 7 (/o#, />, A) -> (?(#, A), 

both uniformly, 0 < x < 1. Conditions on (3) are fulfilled and 
a solution of (13) satisfying initial conditions of the type dis- 
cussed in § 2 and its first difference quotient approach uniformly 
respectively the corresponding solution of (14) and its first 
derivative. If now p and A are so related that for the various 
values of p the solution in question is a particular characteristic 
function of a fSturm-Liouville difference problem with boundary 
conditions at 0 and 1, the function which it approaches is the 
corresponding characteristic function of the limiting Sturm- 
Liouville differential problem. 

We give in detail one theorem. 

The following theorem is quoted from Chapter X. 

Theorem III. Given 

A [k{x, A) A y(x)]—g(x, A )y(x+h) = 0, (15) 

where x = 0, h, 2A,..., nh = 1. If k(x , A) > 0 does not decrease 
and g(x, A) increases from — oo to positive values as A increases , 
both being continuous in A, there exists one and only one value of 
A denoted by A m such that a solution of (15), not identically zero , 
vanishing at 0 vanishes again at 1 with exactly m nodes between 
0 and 1. Moreover 0 ^ m < n — 2 and X m _ x > A m . 

By a node is meant a point where the broken line formed by 
connecting in order by straight -fine segments the points 
y(0), y(h), y(2A),..., y(l), when plotted in the Cartesian plane, 
crosses the axis. Now, inasmuch as zeros of a solution of (14) 
which is not identically zero cannot cluster, we immediately 
infer the existence of a solution of (14), zero at the origin and 
at 1, with exactly j zeros on the interval 0 < x < 1 and corre- 
sponding characteristic value A ; -. Since n-> oo as h-> 0 there 
are an infinite number of such values. These are all distinct. 
Because with fixed A all solutions of (14) for which y( 0) = 0 
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are proportional, and consequently it is impossible for two 
such solutions to exist, the one with j zeros and the other with 
j + /, l > 0. Moreover, the characteristic values must be in the 
same order as the characteristic values for the difference system, 
namely X^ x > Xj. 

Stated as a theorem we have: 

Theorem IV. Given equation (14), where K{x , A) > 0 does not 
decrease as A increases and G(x, A) actually increases from — oo 
to positive values , then there exists one and only~one real number 
A m such that when A = X m all solutions not identically zero vanish- 
ing at 0 vanish again at 1 with exactly m zeros on the interval 

0 < x < 1, m = 0,1, 2,..., 

and A m _j > A W( . 

Let / v 

k( P x, P, A) = Aj, 

g( P x, P , A) = fl>(^, Aj, 

and carry through in detail the reasoning just given. 


EXERCISES 

1. State and prove a generalization of Theorem I. 

2. State and prove Sturm -Liouville theorems for the differential 
equation other than the theorem given in the text. 

SUGGESTED REFERENCE 
Picard, E. : Traiti d' Analyse, 3, 90. 



XII 

THE WEIGHTED VIBRATING STRING 
AND ITS LIMIT 


The problem of the weighted vibrating string goes back at least 
to Johann Bernoulli. Other references are given at the end of 
the chapter. The string with fixed end-points is treated as 
seeming of greatest interest and the special case of equally spaced 
particles is treated in detail. It is evident that the vibrating 
weighted string treated in § 1 could be subjected to other 
boundary conditions than the simple ones u( 0) = u(n-\~ 1) — 0.* 
No change is thereby introduced into our general discussion 
other than a change in the Sturm -Liouville problem. Also, 
passage to the limit, in many instances at least, involves but 
few additional difficulties. 


l. The general case 

Consider an elastic string of negligible mass with fixed end- 
points under tension and loaded with n particles, each of mass 

m, spaced at irregular intervals and vibrating in a plane. Denote 
the tension in the string between the (i — 1 )th and the ith 
particles by T the coordinates of the ith particle by (x { , u { ) 
and the length of string between the ith and (t+l)th particles 

by d t . 

Neglecting gravity, the equations of motion are 


<**«<_ m u i~ u i~\ m M t~ M i+i 

dt* * 1+1 d ’ 


m d%_ rp x i~ x i-l , rp x i+l~ x i 

m !£ ~ ~ li ~d^T +li+1 ~~sr~ 

We add the terminal conditions 


( 2 ) 


M o = «»+i = 0. (3) 

Let us ass um e the displacements so small that each particle 
remains essentially in the same vertical line. Let 0 t be the acute 
angle made by the ith section of the string with the horizontal. 
And, under the assumption of the small displacement, let us 
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replace cos^ by 1 and sin^ by tan^. We then have from (2) 
that T f = = T v We assume T t independent of the time 

and replace it by T. Equations (1) and (3) reduce to 

/ 72 ai 

= k(i— 1)%!— {k(i— \)+k{i)}u i -\-k{i)u i+v (4) 

u o — u n+i — °> ( 5 ) 

T 

where k(j) = --- - - , j = n. 

m{x jJrl -x } ) 

In order to solve the system of equations consisting of (4) and 
(5), we let u. t = where y(i) is independent of t. This 

yields 

k{i—l)y{i—\)—{k{i—\)+k{i)+y 2 }y{i)+k{i)y(i+\) = 0, 

i=l,...,n, (6) 

y(0) = y(n+l) = 0. (7) 

The satisfaction of (t>) and (7) is necessary and sufficient that 
a set of functions of the type = y(i)et lt exist satisfying 
(4) and (5). 

Equation (6) is a recurrent relation (difference equation) of 
the type which is called Sturm's normal form. It is to be solved 
subject to the boundary conditions (7). Equation (6) can be 
written 

A[k{i—\)Ay(i—\)]—y?y(i) == 0. (6') 

There exist values of y 2 , 

l4> (4> ... > yl, 

for which solutions of (6) and (7), not identically zero, exist 
and a complete theorem of oscillation is known, f Each of these 
values of y 2 is negative. To prove this, assume the contrary, 
namely that (6) and (7) are satisfied and y 2 > 0. All solutions 
of (6) satisfying y( 0) = 0 are proportional. Consider a y such 
that y(0) = 0 and y( 1) = 1. Then 1c(l)y(2) = &(0)+&(l)+/* 2 . 
Remark that k(i) > 0. Then y( 2) > y(l) >0. Then, from (6), 

2/(3) = y(2) + ^L[k(l){y(2)-y(l)}+^y(2)] 


f See Chapter X. 
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and hence y( 3) > y{ 2). In precisely similar manner 
y( 4) > y( 3) > 0, etc. 

But this is inconsistent with y(w+l) = 0. This is the desired 
contradiction. 

If fi 2 = jjlJ, replace /x| by —aj where is real. Represent the 
corresponding solution of (6) by y^{i). 

The general solution of the system of differential equations 
(4) is then n 

= 2 yj(, i )[ c ? ) cos <Jjt+c { V sin cij t}. (8) 

We note that the summand is y^i) multiplied by a function of t. 
In other words, the shape of the string at any time t is deter- 
mined by the difference equation. 

The problem of determining the c/s from specific initial 
conditions next presents itself. Let us assume that when t = 0, 
u i ~ U n {i) and dujdt = V n (i). Then 

2 = ?4(*)> 

= F n (i). 

Now the functions y(i) constitute an orthogonal set in the sense 
that w 

2 yj(i)y P (i) = o, 

t=l 

This is readily proved as follows. Write (6') for /-q and 
multiply respectively by y p (i) and y^(i) and subtract; we get 
A[*(t- 1 ){y p (i - 1 )Ay j {i- )A y p (i- 1 )}] 

= 04— **?)%(*)»*>(*)• 

Sum this from i = 1 to n and note that 

yA°) = Vp(°) = vA n + l ) = = o 

and we have the desired result. 

Hence , » 

c \ l) = li 2 U n (i)y } (i), 

2 {^(»)} 2 1=0 
i— 1 

cj«> == — -1 f V n (i)yAi). 

°i 2 {&(*)}* i “° 

I s ®! 


( 9 ) 
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Moreover, the functions y } (i) can be normalized if we like, that 
is, each can be multiplied by such a constant that 

i = i. 

i—i 

2. Special case 

An interesting special case is that in \\;hich all the particles 
are equally spaced as among each other and from the fixed end- 
points of the string. In this case all the &’s are equal. Let M 
be the total mass of all n particles; let the horizontal distance 
between two successive particles be w. The horizontal distance 
from one fixed end-point to the most remote particle is s. Then 

— = = n 2 B 2 . 

moo Ms 

Equation (6) and boundary conditions (7) reduce to 


Hi) 



A 2 y(i~l) + ~~y(i) = 0, 

(10) 


y( o) = y(n+ 1) = o, 

(11) 

where 

a 2 = — /x 2 , R 2 = T 

Ms 


If 

a 2 = 4n 2 _R 2 sin 2 ^ 

1) 



one readily verifies that a solution of (10) satisfying (11) is 

iirj 


y(») 


sm- 


n+V 


1,..., n. 


This is of the general discussion. Formulae (8) now become 


u { — y lain y dp cos 2wi?(sin — - ?? ■ — -)<+ 
n+l)[ 3 \ 2(n+l)| T 


+c) 2) sin 2 nR[ sin — — 1 1 

1 hi)/ J 


1 2(n+l), 

Formulae for the coefficients are as follows: 

^ = — ; 2 


(12) 


c r 


»+l 4-i. 

J=1 

l 


( 13 ) 


2 nR sin 


■nj ra+ 1 


2(»+l) 


i= 1 
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We may, if we like, consider the particles as equally spaced 
within the interval (0, 1) and replace i/(n+ 1) by x. We then 
allow n to become infinite, retaining a fixed total mass M . We 
have, assuming that (12), thought of as an infinite series, 
converges uniformly! in n, 

u = ^ (sinj7r^)[cd ) cosjf7rJ?^+cj 2) sinj7ri2^], R 2 = T\M. (14) 

j—i 

Here 1 

cf ] — 2 J U(x)(sinj7Tx) dx , 
o 

l 

j V(x)(sinj7Tx) dx , 

0 

U (x) = lim J7„{(n+ 1 )x}, F(tf) = lim ^ # {(n+ 1 )&•}, 

n -+ oo 7i— >oo 

which last two limits are assumed uniform in x. 

3. The limit in the general case 

In equation (6') replace fj 2 by. — or 2 , then consider the general 
system 

k[k(i-l)&y(i-l)]+a 2 y(i) = 0, (15) 

subject to 7/(0) = y(n+l) = 0. 

Here &(i) — — — — — - . 

Let all particles be on the interval (0, 1). That is, let s = 1. 
Let n->co and the particles approach coincidence but with 
irregular spacing, the limit being a continuous string with ends 
at 0 and 1. Let M = rnn be constant. Now consider (15) and 
make the transformation i = nx and let n -> oo. Assume that 
limtt- 2 &(tt&) exists and equals K(x). The existence of this limit 

n-+«o 

and an interpretation of K will be discussed presently. 

t Summation by parts will show that cj l) and c]‘ 2) are for many functions of 
the order of 1/n 2 . Integration by parts will show that the same thing is true 
for and c<a>. 
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We have the limiting equation 

< i6 > 


subject to y(0) = y{\) = 0. This is precisely the problem dis- 
cussed in Chapter XI. 

It is well to remark that (16) is not the equation of the string 
at any time. It is the limiting form of a recurrent relation 
(difference equation) with independent variable ranging over 
isolated equally spaced points. 

We wish to show the existence of K(x) and at the same time 
to get an interpretation of it in terms of the physical properties 
of the string. Let the abscissa of a point on the limit string 
measured from one end be g. Denote the mass of the string 
measured from the end where q = 0 by 9W(g). Let the density 
of the string be 8(g), which we assume to be integrable. We 
have denoted the abscissa of the ith particle by x £ . Let be 
given. This determines i for a given n (number of particles). 
Let x t -> g. Suppose x { — F(i ) = F(nx) -> <j>(x) = q. Then 


*(*<-*<- 1 ) = 


F(nx)— F{n(x— 1/w)} 
l/n 


dq 

dx' 


We assume F such a function as to justify this. 


But 


nfa—Xi- 1 ) -> 


%)* 


Hence 

Then 

Then 

and 

Also, since 


dq_M_ 
dx 8 (g)* 

Q 

9Jt(g) *=e | 8(g) dq = Mx. 
o 


dx dx 


K(x) = 


T 


nfa-Zi-i) 


M 

'%)’ 


M(dldx)m-\Mx)' 

K(x) — T8(q)M~ 2 . 
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We assume 0 < € < 8(q) < A , and consequently 
0 < e < K(x) < A. 

Denote the characteristic values for the differential system 
by pjyj = 1, 2 ,... . It is well knownf that 

0 < c i j ^ Pj ^ c 2i> (1?) 

where c x and c 2 are independent of j. Denote the characteristic 
values for the difference problem by ay j = I, 2,..., n. A rela- 
tion similar to (17) holds for oy namely 

0 < c x j < < cj, (18) 

where and c 2 are independent of j and n. To show this 
consider the equations 

A[eAy(i—l)]+(7 2 y(i) = 0 (19) 

and A[jAy(i-l)]+a 2 y(i) = 0 (20) 

side by side with (15), all subject to the boundary conditions 
y( 0) = y(n) — 0. Denote the characteristic values for (19) by 
Xj, j = 1, 2 ,..., and for (20) by v p j = 1, 2 ,... . Then 

> cr, > Vy 

But the characteristic values for (19) and (20), which are 
equations with constant coefficients, have been found in § 2 of 
the present chapter. The desired result is immediate from these 
values. 

We now consider c0> and cj 2) as given by (9). Perform the 
transformation i = nx. Initial functions are U n {nx) and V n (nx ). 
We prove the following theorem: 

Theorem I. Assume that when n-~> oo, U(nx) U(x), 

■ (n+l)AU n (nx)-*^M, (n+l)>A>U n (nx)-> d ^, 

V n (nx) -> V{x), and {n+l)AV n {nx) -> . 

f See, for example, E. W. Hobson, Proceedings of London Mathematical 
Society, series 2, 6, 378. 
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all uniformly in x . Assume moreover that V(x), — - 

V(x), and, are all bounded 0 < x ^ 1. Then 

dx 

|cj P) l<5. P=h‘2, 


r , v dU(x ) d 2 U(x) 


dx 9 dx 2 


where B is independent of j and n. 

This result follows from applying twice the following summa- 
tion by parts formula, 

2 u(i)Av(i) = u(i)v(i)] } a +1 — 2 v(i+l)Au(i). ( 22 ) 

i — a i~ a 

Refer to (9) and we have, noting that U n (0) ~ U v (n-{- 1) = 0, 

c j X) _ - n — i- — f-{At7 B (»+l)} i 2 %(*)+ 

i=1<=1 


i %(*)] 

t=--l i = J 


2{yj(i)} 2 (l/n) 

i — 1 


X —n{AUJn+l)}^ 2 {^(i)wA^(t)— &( 0 )»A^( 0 )}~ 


+ w2A2f »(*) 2 {*(*> A ^<*)-*(0)«A^(0)}i] . (23) 

j i — 1 i*=l J 

Whenp = I, our theorem follows from (23). We must apply (22) 
only once to prove (21) for cf\ In the limiting case we have 

00 

u(x, t) = 2 ^(*)[«* COS Pj t+bj sin p } <], (24) 

3 = 1 ' 

where pj is a characteristic number and y^x) the corresponding 
characteristic function for the Sturm-Liouville system 

«m=m=o. 
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and where x 

j f U(x)y } (x)dx , 

J {%(«)} 2 0 

0 

1 

b i = — r— J v ( x )vM) dx - 

Pj j {Vj( x )f dx 0 

0 

We readily prove by integration by parts that aj and bj 
satisfy a relation similar to (21). Moreover, yfipc) is bounded (6) 
and consequently y^i) which approaches y^x) uniformly is 
bounded. 

We are now prepared to state the following theorem which 
follows from the foregoing considerations, considering (S) as an 
infinite series with i = nx. 

Theorem II. Series (8) converge uniformly in n and x for 
0 ^ x < 1 and for all values of n including the limiting case 
when n-+ oo. 


Now inasmuch as under uniform convergence the limit of the 
series is the same as the series of the limits, we have the follow- 
ing fundamental theorem, passing directly from (8) and (9). 

Theorem III. The position of the continuous string is given by 
(24). If q is the abscissa of a point on the string , q = ffll-^Mx). 


We next make the transformation of independent variable 
3K(y) = Mx . We have already discussed this transformation. 
Under it K{x) — Tb(q)M~*. Equation (16) goes into 


u(x , t) goes into w(q , t ), where w(q , t) is the ordinate of the point 
on the string with abscissa q at time t. Let U(x) go into X(q) 
and V(x) into i[t(q). We now are in a position to state the follow- 
ing theorem. 

Theorem IV. Let there be given a stretched string with end-points 
fixed at q ~ 0 and q = 1. Let the tension in the string be uniform 
and independent of the time . Denote it by T. Denote the total mass 
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of the string by M. Denote the density of the string by B(q), which 
we assume to be a function with continuous first derivative. Let the 
string vibrate in a plane with small vibrations. Let w(q, t) denote 
the ordinate of any point of the string, and assume that 

w(q, 0) = X(q) and w t (x, 0) — ifs{q). 

Assume that X(q) is a function with continuous second derivative 
and 4>[q) a function with continuous first derivative at all points 
of the interval 0 < x ^ 1. Then 

00 

w(q, 0 = 2 yM)[ a j cos Pjt+bj sin Pj t], 

j = l 

where pj is a characteristic number and y^x) the corresponding 
characteristic function for the Stimn-Liouville system 

* = °, y(0) = y(i) = o, 

and where x 

ttj = I f X(q)y j (q)b{q) dq, 

0, 

1 

bj = — T f <p(q)y } (q)B(q) dq. 

pjj {y0}*Hq)dqo 

o 

Proof is immediate from the foregoing considerations and 
from the fact that under the conditions of our theorem we 
can construct the functions K(x), U(x), and V(x) and then 
functions k(i), U n {i), and V n (i) which satisfy the requirements 
that when i = nx and n -> oo, n~ 2 k(nx) -> K(x), U n (nx) -» U(x), 
V n {nx) -* V{x) and 

all uniformly, 0 ^ x < 1. This is all that is required. 
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> EXERCISES 

1. Study the problem of the weighted vibrating string for more general 
boundary conditions than those treated in the text. 

2. Given a number of hot objects (vases) arranged in line but not 
touching and radiating heat the one to the other. Sot up differential 
equations for the temperature of the objects and show how the problem 
can be studied by a linear recurrent relation. Carry through the study 
in detail for terminal conditions of your own choosing. 
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XIII 

THE LINEAR RECURRENT RELATION OF THE 
FIRST ORDER WITH PERIODIC COEFFICIENTS 


1. Fundamental theorem 

We begin by laying down the following definitions : 

A function z(i) is said to be periodic with the period w if 
z(i-\-u>) ~ z(i). 

It is said to be periodic of the second kind with period co and 
multiplier p if z (i +a >) ^ P z(i), 

where p is a constant . It is said to be anti-periodic with period co if 
z(i-\-co) = —z(i). 

We shall consider first the homogeneous equation of the first 

order y(i+i) = p(i)y(i), (i) 

where p(i) is defined for all integral values of i, has the period to, 
and does not equal zero at any point. 

Equation (1) is called bounded in case every solution remains 
bounded. It is said to be unbounded in the contrary case. It is to 
be remarked that any two solutions are linearly dependent. 
Let y(i) be a solution of (1). Then 


y(i) — y(0)p(0)p(l)...p(i—l), i > 0, 


y(i) = y( 0) 


1 

p(-l)p(~2)...p(i)’ 


i < 0. 


Now due to the periodic character of p(i) we see that 
p{k)p{k+l)...p(k+co-l) 

is independent of k. Denote its value by L. We immediately 
infer the following theorem: 

Theorem I. Every solution of { 1) is periodic of the second kind 
with period to and multiplier L. The equation is bounded or 
unbounded according as \L\ < 1 or \L\ > 1. Every solution has 
the period co if L = 1 . Every sohUion is anti-periodic with period 
coif L = —1. 
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For the calculation of L we have the formula 

L = p(0)p(\)...p(u>— 1). (2) 

The application of this formula is generally practicable, how- 
ever, only when a > is small. If is large, alternative methods 
must be devised. 


2. An alternative formula for L 

Equation (1) of the previous section can be written 

A y(i)+P(i)y(i) = 0, (3) 

where P(i) ~ 

Then L = {1-P(0)}{1-P(1)}...{1^P(^~])}. (4) 

Let L n denote the sum of all possible products of 

P(0), P(l), P(co-l), 
taken n at a time. Then 

L — L 0 — Pi+P 2 — P 3 +... + (~ 1) w Lojj L 0 — 1. (5) 

For L n we can write the formula 

k j 1 ... ,v fw 2 )...p(a » > o. 

T , -r- n in — = n 


3. Important inequality 

Theorem II. If P(i) is real then 


3 3 <0-3 3 1 J 


7+1. 3 = 1. 


To prove this theorem we consider the equation 

P 2 ^- 2 -...+(— 1)^ = 0, ^ 0. 

Let P(0) = oq, P(l) = aq, ..., P(o> 1) = a w . 
Now letj = 1. Inequality (6) states that 

(aq+a 2 +... + <0 2 ^ 2 - (oq oq+cq a 3 +... + a w ~i a <J* 

cu — 1 


( 6 ) 


Assume the contrary and we readily deduce the contradiction 
oq) 2 +(aq--~ a 3 ) 2 + *.. + (a <w - 1 — a J 2 < °- 
Now set up the equation whose roots are the reciprocals of the 
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roots of the equation which we were just discussing and we see 
that 

Ll~i > 2—^— L w _ 2 L w . (6') 

CD — 1 

Now differentiate our equation (k— 2) times and we have 

a> (fc-2)^co-A:+2 — — 1 J(fc-2)jT^ £<o-A:+l_j_ 

+ (— 1 )"-*!,„_* 4®-%a+ (— 1 ) OJ - k+1 L^,. +1 (k— 1 

+ (- l ) 0 >- k + 2 Lw _ k+2 ( k _2 )(*-2) = 0. 
Apply (6') to this, noting that all roots are real. Replace P w by 
4 u -* + #-2)< fc - 2 >, L w _ 1 by £„_*«(*- L„_, by 
and cd by cd— Z+2. We arrive at 

7 2 \> ^ ^ k-\-2 j j 

k+1 ^ i= T CD-^+l £t> ^ +2 ' 

In this we replace cd— &+1 by j and we get (6). 

TFe remark also the following simple facts : If P(i) > 0 then 
L 5 > 0. 7/P(i) ^ 0 then Lj ^ 0, and in addition if L- = 0 
then L j+1 = 0. 

Next we have the following theorem : 

Theorem III. // P(i) ^ 0 ami P(i) > 0 at all points , when 

(а) 1 — L 1 -\-L 2 — L 2n < 1, then L <C 1, 

(б) 1 — L x -\-L 2 — P 3 -K-* — P 2 n-1 > ^ then L > 1, 

(c) 1 — Pi+P 2 — ^ P < — 1, 

(d) 1 — Pj+Pg— P3+...— Pjn-i > — 1, then L > — 1. 

To prove this theorem we remark that whenever any one of 

the relations (a), (b), (c), (d) holds we must have L^—L i+X > 0 
at least once in that relation. To show this we treat each case 
separately, remarking that L n > 0. In (a), ( ft ), (c) the result is 
immediate: 

(a) (L t L 2 ) [L 2 L t ) ... (L 2n -i — L 2n ) < 0, 

(ft) — L 1 -{-(L 2 —L 3 )-\-...-{-(L 2n _2~L2 n - 1 ) > 0, 

(c) . 1 (L t L 2 ) ... (L 2n ^i—L 2n ) < — 1, 

(fi) (1 — Lj)-\-(L 2 — L 2 )-\- ...~\-(L 2n _ 2 — L 2n ^ 2 ) > — 1. 

We proceed to discuss (d). Assume each parenthesis negative. 
Then each parenthesis must be numerically less than one. Hence 
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L 1 < 2. But by (6) we have L\ > 2 L 2 . Hence by division 
L x > L z or — > 0, and hence L 2 > L Zi a contradiction. 

Now, by (6), if Lj~L j+1 > 0 then L j+1 —L^ +2 > 0, and the 
inequality in question as given in the statement of the theorem 
is not affected if the series is continued through L w to obtain L. 

The theorem is useful in determining whether (3) is bounded 
or unbounded. 

We make the following remark: From (6), 

T ^ n oj—n L* 

71+1 < n+1 aj-n + 1 Z^i* 

We can thus frequently determine whether L n+1 < L n without 
actually calculating L n+V 


4. Upper bounds for L n 


The final thought of the last paragraph can be amplified by 
developing further formulae. 

We know that 


to - \ h — 1 i'h-i — 1 

-2 I - I P(h)P(» 2 )...P(ij. 

ii*=0ia & 0 in — 0 


Suppose \P(i)\ ^ My then 


< M' 


— l)...(c o — n+1) 


ni 


(?) 


Another and frequently more precise bound is obtained as 
follows. 

Let P ^ 0. Then 

Hence 


CO — 1 ii — 1 in - 1 — 1 

[{p(h)} n +{p(* 2 r+-+{p(ij} n ] 


71 

ii**0 ii^O 


ln= ~0 




where 2 denotes the sum of all expressions 

[{p(h)} n +{p(a n +---+{p(on 

where the numbers i v i n are chosen in every possible way 
from at— 1, (o— 2,..., 2, 1, 0, subject only to the restrictions 
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i x > i 2 > ... > i n . The number of ways in which such expres- 
sions can be formed is 

co (to — l)...(o> — n-\- 1) 
nl 

The number of these expressions th^t will contain {P(a)} n is 
(cu--l)(<o — 2 )...(cd— n+l) 

(»—!)! 

wherea = 0, 1 , 2,...,a>— 1. The total coefficient of{P(a)} m is then 
(tO — 1 ) (tt) — 2). ..((JO — 71 1) 


Consequently, 

L n < 


(n-l)! 

(w— l)(w— 2)...(o>— n+1) 


2 toc 


Formula (8) has been derived under the hypothesis that P ^ 0. 
However, it still holds if we simply require that P be real, if we 
also require that n be even. 

The bounds that we have derived can be used in the following 
way. It is desired to tell whether (3) is bounded or unbounded. 
Suppose that we have calculated L v Z 2 ,..., L n and know that 
L < 1 but do not know whether lor£< — 1; that is, we 

know that r . T T , , T zno 

and wish to see if 

Ai+ 1 ^ + 

We may be able to do this by means of (7) or (8) without the 
necessity of calculating L n+V 


5. The calculation of L n 


We know the formulae 


i= 0 

( 9 ) 

<o-l ll-l 

lP(h)P(h), 

ti = 0ia = 0 

( 10 ) 

<o-l U-1 i 2 -l 

i i ** 0 la^O ia^O 

(11) 
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Summation by parts may greatly simplify the calculation of 
We find 

<*>— 1 ii—l rco — 1 1 9 <o—l it 

L z =. 2 2 P(h)P(i t) = 2 P(i)] ~ 2 P(h) I P(h ) 

ti — Oii—O L £= 0 J ?i = 0 1*2 = 0 

/CO— -1 \ o to—1 i\ — 1 o>-~l 

= .2 - 2 2 P(h)P{H)~ 2 W*')} 2 - 

' 1=0 ’ ii = 0 1*2 = 0 1 = 0 

Transposing and dividing by 2 we have 

^2 = (12) 
L i=o J ?:=© 

A similar process yields 

a = *[%^>] 


- r2 1 ^(h)l!2V(^)} 2 -i2V(h)} 2 '.2 1 ^(^). (13) 
*1 — 0 1,2 — 0 1*1 = 0 1*2=0 


From (9), (12), and (13), 

l 2 = m-ii{p(i)?, 

1=0 


(14) 


A, = I P(i x ) 2 {P(i 2 )} 2 -1 3 2 {P(h)} 2 2 P(H)- 

i i = 0 1*2 = 0 /i = 0 i* = 0 

(15) 

6. An example 

W e wish to determ ine whether the fol lowing equation is bounded 
or unbounded: 


A.y(i)+P(i)y(i) = 0, 


(16) 


P(i) = A(10)-‘,0 < i < co— 1 . Also P(i) is periodic with period 
to, Here A > 0 is an arbitrary parameter to be discussed later. 

We shall consider (16) for large values of a >. 

It is immediate from (4) that 0<L<lifA<l. Equation 
(16) is bounded under this circumstance. It also is immediate 
that p(i) = 1 — P(i) == 0 if A(10)~* = 1. We consequently shall 
assume that A ^ 10* for any value of i. We shall proceed to the 
calculation of L v L 2 , and L z for other values of A. 

*2 p (h) = *2 = A¥ti-(o*i)<], (17) 

ii*0 ii=0 

*2 {P(h)} 2 = A2 2 (0-01 )«* = A 2 -^ 9 [l — (0-01) 1 ], (18) 

it<“0 if =» 0 
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I' ^(b) iVw} 2 = «t(0-l)<.-(0-(H>l)«.] 

*1 = 0 »,=0 *i =0 

= A s ^[f{l-(0-l)i}-®{I-(0-001)i}], (19) 
I{P(h)f2P(h) = ^2 Ps Q {(0-0] )<i-(0-001)**}] 

ti=0 i a = 0 ii = 0 

= A 3 Ml - (0-01 Y}-W{ 1 - (0-001 )*}]. 

( 20 ) 

Since a) is large we have from these formulae and from (9), (14), 
and (15) the following approximate results: 

„ L, ~ Aft 
L 2 = 

l, * 

These results can be rewritten: 

L x ~ A(lTlllll), 

L 2 ~ A 2 (0-112233), 

L a ~ A 3 (0-001123). 

We now refer to Theorem III (a) and ( d ) and see that, if the 
following two inequalities are simultaneously satisfied, \L\ < 1, 
and hence that (16) is bounded: 

A( 1 - 1 1 1 1 1 1 ) — A 2 (0-1 1 2233) >0, 

2— A(M11111)+A 2 (0-112233)-A 3 (0-00H23) > 0. 

The first of these inequalities is satisfied if A < 9-9. The second 
inequality is satisfied for various values of A, in particular if 

9 < A < 10. 

From Theorem III (6) equation (16) is unbounded if 
A 2 (0-001123)-A(0-112233)+M11111 < 0, 

which is true if A lies between the real roots of the corresponding 
quadratic equation. 

It will be observed that the results obtained in the above 
discussion have to do with the value of an infinite product. 
The method used may be of interest in treating certain infinite 
products which arise elsewhere than in the theory of finite 
differences. 
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7. The non-homogeneous equation 

Consider the equation 

y(i+l)-p(i)y(i) = r(i), (21) 

where p(i) and r(i) have the period and#>(i) ^ 0 at any point. 

Denote by y x (i) a particular non-vanishing solution of the 
reduced equation 

y(i+l)~p(i)y(i) = 0. (22) 

We know that y x (i) is periodic of the second kind with period 

a> and multiplier L. 

The general solution of (1) is given by 

-i—i 


y(i) 


= *,<«>[ 2 


r(i) 


2/i(*+l) 


■ C 


(23) 


where G is arbitrary. 

Now form the expression 

if- co — 1 

y(i+m)—y(i) ~ Ly y {i) ^ 

ii — 0 


r(i) 




LCy^i)- 


1-1 


-Vi (*) 2 


r(i) 


1 + CO - 1 


But 

Hence 


2 


r(i) 


CO — 1 

V 


1=0 

r(i ) . 1 '' _1 


Vi(i+ 1) 


■Cy x (i). 


r(i) 


i=0 + x ) ^ l 2 + 1 ) ' 


co— 1 


r(i) 


y(i+to)— «/(») = 

For brevity we write 

y(i+a>)-y(i) = Ky^i). (24) 

Here K is constant. 

If 1^1, then K can be given any arbitrary value by a 
proper choice of C and conversely. Since to every C there 
corresponds a unique solution of equation (21) we conclude 
that, if L ^ 1, to every K there corresponds a unique solution 
of (21). Sum both sides of (24) for i = i, i- f a>, i- f 2ca,..., 
i~}~(n—l)a). We get 

n— 1 

y(i+nw) = K^y 1 {i+jw)+y{i). 
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Now yi(i+a>) = Ly x (i). Hence 

n-l 

y(i+na>) = Ky x (i) £ H+y(i)- 

y=o 

We draw the following conclusions which are formulated as a 
theorem. 


Theorem IV. Let y be that solution of (21) given by (23), and 


let 


K 


(i ~l> C+i lTIn 

£kVA*+ l ) 


If K ^ 0 and L < 1 ZAen y is bounded . 

If K ^ 0 and L ^ 1 then y is unbounded. 

If L y£= 1 there is always one and only one periodic solution , 
namely that one for which K = 0. 

If L — 1 there is in general no periodic solution . However , a/Z 
solutions will be periodic if K , which is now independent of C> is 
zero. 


8. Right-hand member periodic of second kind 

Consider Ay(i) = r(i), i > 0, (25) 

where r(i) is periodic of the second kind, with period and 
multiplier p ^ 1. 

The general solution of (25) is 

y{i) == j r(*)+C, C = y(0), »' > 0. (26) 

i = 0 

Assume the existence of a solution y periodic of the second kind 
with period w and multiplier p. Then 

t-i 

y(i+w) == py(i) = p 2 r(t)+p<7, i > 0, 

i= 0 

and = 2 r(i)+C — 2 *■(*)+/» 2 r(i)+C. 

Equating these values we have 

“SW (27) 

i = 0 

This is necessary and sufficient for the existence of y as assumed. 
There is clearly a unique determination of G satisfying (27) and 
hence one and only one solution of (25) periodic of the second 
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kind with period u> and multiplier p. The form of the general 
solution is y[i) = f{i)+C, where C is an arbitrary constant and 
/(») periodic of the second class. 

EXERCISES 

1. Discuss y(i+ 1) = p(i)y(i), where p(i) is periodic of the second kind 
with multiplier p ^ 1. 

2. Discuss 

(a) Ajr(i)+Asin 2 — y(i) = 0; 

(xi 

(b) Ay(i)+9il0riy(i) = 0; 

(c) Ay(t)H-A^ 2 -sin^j 2 /(i) = 0. 
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THE LINEAR RECURRENT RELATION OF THE 
SECOND ORDER WITH PERIODIC COEFFICIENTS 

1. Periodic solutions 

Consider the equation 

y(i+2)+p{i)y(i+l)+q(i)y(i) = 0, (1) 

where p(i) and q(i) are real and defined for all values of i each 
with the period co, and q(i) ^ 0 at any point. We ask if solutions 
exist satisfying identically the relation 

y(i+aj) = y(i) 9 (2) 

and also if solutions exist satisfying identically 

y(i+co) = — y(i). (3) 

A solution satisfying (2) is called periodic and a solution satisfy- 
ing (3) anti-periodic. 

The following theorem is immediate. 

Theorem 1 . A necessary and sufficient condition that a solution 
y(i) of ( 1) be periodic is that 

y(a) = y(a+w), 

(4) 

A y{a) = A y(a+o>), 

where a is any particular point , and that a solution y(i) be anti- 
periodic is that 

yifl) = — y{a+w), 

(5) 

A y(a) = — Ay(a+w). 


2 . The characteristic equation 


We propose the question: Does a solution y(i) of (1) exist such 

tlmt y(i+u>) = py(i), ' (6) 

where p is a constant ? 

Let y t (i) and y 2 (i) be two Hnearly independent solutions. 
There exist two linearly independent solutions y x (i) and y 2 (i) 


such that 


&(*+«) == y x {i), 


$«(*+») = y,(t). 


( 7 ) 
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This is true, since if a is any point the equations 
Vi(a+oj) = y x {a), y 2 (a+io) = y 2 (a), 

■y^a+oi+l) = y^a+l), y 2 {a+to+\) = y 2 (a+l), 

serve to determine y t (i) and y 2 (/') uniquely. 

Now any two solutions such as y x {i) and y 2 (i) are linear 
combinations of y x (i) and y 2 (i). Consequently, using (7), 

y^i+w) = a nyi(i)+oi 12 y 2 (i), 
y 2 (i+co) = a 21 ?/!(*')+ a 22 y 2 (i). 

Assume now the existence of a solution y 3 (i) =£ 0 such that 

y a (i+io) = py 3 (i). (9) 

Then 

y a {i+oj) = ft yi(i+oj)-jrP 2 y 2 (i+cxi) 

= ftKi Vi( i )+ «i2 »i(») + «22 y-M 

= />y 8 (») = pfftz/iW+ft .%(*)}• 

Transposing, we have 

{ftKl~ P)+ft«2lK(*) + {ft“l2+ft(“22 — P^y^) = °- 

Since y x {i) and y 2 (i) are linearly independent, 

A(“ll — P)+ft“ 2 l = °» 

ft a 12+ft( a 22 — />) = °- 

But f$ x and jS 2 are not both zero since y 3 (i) =£ 0. Hence 

A = (“ll”/ ) )( a 22— P)~ «12“21 = °- (10) 

This has been derived as a necessary condition. However, if p 
is so chosen that D x = 0 we can retrace steps and see that a 
solution not identically zero satisfying the relation (6) actually 
does exist. 

Prom (8) 

^(*+<0+1) y^i+oj) = 0i u a 12 yi(i+l) y x (i) 

y^i+cu+l) y 2 (i+oj) a 21 a 22 ' y 2 (i+ 1 ) y 2 (i) 

But by use of (I) 

yi(*+2) y x (i+ 1) _ (i) y x {i+ 1) yi(i) 
y a (*+2) y,(*+l) 1 ; y 2 (i+i) y*{i) 
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Hence 


y x {i+ o>+I) Vi (i+oj) 


1) 


Hence 


*21 


Vi(i+1) 

y 2 (i+i) 


yi(») 


(ii) 


We denote this by M and rewrite (10) as follows: 

p 2 — (a n +a 22 )p+^f == 0, 

M = ?(i)?(i+l)...?(i+w— 1). 

Regard (II) as an equation in p. We call it the characteristic 
equation. There will then always exist at least one solution of 
(1), not identically zero, satisfying (6). If equation (11) has two 
distinct roots p x and p 2 there exist at least two| solutions y 4 (t) 
and y 5 (i), not either identically zero, which satisfy respectively 
the relations 

V &+<*>) = PiVS) and y 5 (t+m) = PzVS)- 
Moreover y±(i) and y b (i) are hnearly independent for, assuming 
the contrary, there exist two constants p x and p 2 not both zero 
such that ^ yi (i)+^y s (i) = 0. (12) 

From (12), ^iy^i+^)+M 5 ( i + co ) = °* 

Hence (1®) 

For definiteness assume ^ 0. Eliminate y 5 (i) from (12) and 
(13) and we get = 0 . 

But pb x ^ 0, y^i) 0. Hence p x = p 2 . This is a contradiction. 
Hence y 4 (i) and y 5 (i) are linearly independent. 

We shall now prove the following theorem. 

Theorem II. The characteristic equation is independent of the 
particular fundamental system of solutions chosen . 

Consider a second fundamental system of solutions y 7 (i) and 
y 8 (t). Then y l{i+w) = B n y 7 (i)+B n y 6 (i), 

y 6 {i+w) = B zl y 7 (i)+B M y 6 (i). 


t These solutions may be imaginary. 
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The characteristic equation is 

A ~ (Ai p)(A 2 P) As Ai ~ 

?/ 7 (i) = Ai 2 /i( 0 + A2 2 / 2(0 > 

2/s(0 = Al2/l(0 + A2 2/2*0, 
where Ai Aa”“ A2 Ai ^ 0. Hence 

2/ 7 ( i +*0 = Ax[AiyiW+A2y2(0]+A2[Aiyi(0+A2^)]- 

On the other hand one can write 

2/7^ + ^) = Al2/l( i + ^) + A22/2( i + ^) 

= Ai[ a n yS ) + a i2 2/2(0] + A2O21 2/i(0 + a 22 2/2(0 J- 

Equate these two right-hand members and collect: 

[( Ai Ax + A2 Ai) ~ ( Ai a n+ A2 a 2 i)] 2 /i( 0 + 

+ [(Al A2+A2A2) ( Ax a 12”t~ A2 a 22 )] 2 / 2(0 “ 

Here the coefficients must be zero as y x (i) and y 2 (i) are linearly 
independent; that is, 

Ai A1+A2A1 — Ai a n+A 2 a 2 i> 

Al A2+A2A2 ” Al Q 6 12~ t~ A2 a 22* 

Similarly Ln+B ^ = X 21 a n +Z, 22 a 21> 

^21 A 2 “l "-®22 A2 ^ Al OL 12 +L 22 OC 22 . 

If these four equations are solved for 2? u , JS I2 , JJ 21 , I? 22 and 
substitution made in I) 2 , we find D 2 = D 1? which we desired to 
prove. 

3. Simple theorems 

The following four theorems are so easy that proofs are 
omitted. 

Theorem III. If p x and p 2 are real then y A (i) and y b (i) are 
real but for possible constant multipliers. 

Theorem IV. When p x and p 2 are imaginary y 4 (i) and y 5 (i) 
are conjugate but for a possible constant multiplier . 

Theorem V. When p x and p 2 are imaginary qnd y 4 (i) and y b (i) 
taken conjugate , in order for a solution c x y 4 (i)-{-c 2 y b {i) to be real 
it is necessary and sufficient that c x and c 2 be conjugate . 



192 SECOND ORDER: PERIODIC COEFFICIENTS chap, xiv 


Theorem VI. If p x and p 2 are equal they are real , and a 
solution satisfying the relation , y{i-\-a>) = py(i), is real but for 
a constant multiplier. 


4. The general solution 

Suppose that p x — p 2 . Denote the common value by p v Let 
y 6 (i) be a solution such that 

y e {i+co) = p^i). 

Let y 7 (i) be a particular solution linearly independent of y 6 (i), 

thCn ?/«(*'+") = Pi ye(*)> 

y^i+co) = c 21 y 6 (i)+c 22 y 7 (i). 


The characteristic equation is 

(Pl~P){ C 22~p) = °- 


This must have p 1 a double root. Hence c 22 = p v 

WOrdS t/itf+to) = CziVeW+Piyitf)- 

By division 


In other 


= VS) , c 2i 

y§(i-\-a>) Ve(i) pi 


when y 6 (i) ^ 0. 


It results that i is single-valued and has the period o>. 

Pi" 

Call it If y 6 (S) = 0 then <f>(i) is not defined when 


i — i-j-nco f n — -f- 1 <, ~4~2 . 


We have y 7 W = ^(*)y«(*)— *— y«(») 

when y 6 (i) ^ 0. We accordingly write 

y 7 (») = o*y 6 (*)+y 8 (*). 

where c = c 21 fp 1 o> and y 8 (i) = <f>(i)y 6 (i) when y 6 (i) ^ 0. When 
y«(») = 0 then y 8 (i) = y 7 (i). We know that <f>(i)y 6 (i) is periodic 
of the second kjnd with multiplier p x when y e (i) ^ 0. But 
y 7 (i+oj) = py,(i) at the points where y 9 (i) = 0. Hence y s (i) is 
periodic of the second kind with multiplier 'p l for all values of ». 
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Now y$(i) and y 7 (i ) constitute a fundamental system. Conse- 
quently the general solution when p x = p 2 is of the form 

V = c 1 y s (i)+c 2 {ciy 6 (i)+y s (i)}. 

We write this y = 

where f x (i) and f 2 (i) are each periodic of the second kind with 
period co and multiplier p x . 

In case p x ^ p 2 the general solution is given by 

V = tiVi (*)+c a y 2 (t), 

where y x (i) and y 2 (i) are periodic of the second kind with 
multipliers p x and p 2 respectively. 

We remark at this point that any function F(i) periodic of 
the second kind with multiplier p and period a> can be written 

F(i) = P ila >f(i), 

where f(i) is periodic. 

We consequently can write the general solution as follows : 

y = c i Px = Pi, 
y = c ipl / “x( i ’)+ c 2 pi u Q{i), Px =£ Pi, 

where ifs(i ), ^(i), and fi(i) are periodic with period co. 

5. Sturm’s normal form and the functions A j(x) 

* We now further particularize equation (1). We consider 

A [K(i, \)Ay(i)]-G(i, \)y(i+l) = 0, (14) 

where both K and G have the period a> as functions of A and 
are continuous. We assume moreover that K(i, A) > 0 is 
bounded and never decreases as A increases, also that G{i, A) 
increases from — oo to oo as A increases. 

Now ?(i)3(i+l)...?(*'+w-l) = = 

and (11) reduces to 

p*-(* n +ot 22 )p+l = 0. (15) 

Let us refer to Theorems III and IV of Chapter X. We now 
define the function y(i) as a function y{x) of a continuous argu- 
ment, namely as the function defined by the broken-line graph 

£084 o 



194 SECOND ORDER ; PERIODIC COEFFICIENTS chap, xiv 

of y(i ). We shall denote by y'+(x) the forward derivative of y(x) 
and by y_ (x) the backward derivative of y(x). Theorems III 
and IV state that there exist values Ay such that when A = A^ 
all solutions of (14), not identically zero, vanishing at x vanish 
at x+co also with exactly^’ zeros in between. If x is an integer 
j = 0, 1 ,..., a ) — 2; if x is not an integer^* = 0, 1 ,..., co— 1 . 

A value Ay is a function of the beginning point x. We write 
Xj(x). 

Theorem VII. Ay (a:) is a continuous function for all values of x 
when j = 0, 1,..., a>— 2. Moreover is a continuous func- 

tion except where x is integral and A a> _ 1 (a:) becomes negatively 
infinite as x approaches any integer. 

Let £ be any particular value of x and let yg(x) be a particular 
solution not identically zero such that y^(i) = 0. Let c be that 
integer such that c <€<c+i. 

Let £ be a second real number and let |£— £| < 8. Let y^(x) 
be a particular solution not identically zero such that y^(£) = 0. 
Suppose £ < c+1. Then, let ^_(£) = y't-ii)- If, on the other 
hand, £ > c- fl let y£+(£) = */£+(£)• In the first instance 
l%( c )—^( c )l < 6 and lyf( c +l)— yj(c+i)| < €, where e > 0, if 
8 is sufficiently small ; and in the second instance 

|yf(c+l)— yj(c+l)| < c and |^(c+2)~ y { (c+2)| < e. 

But by solving (14) for successive values we obtain y^c+to) as 
a polynomial in y^(c) and ^(c-f-l) with coefficients continuous 
functions of A. Moreover, y^{c-\- cv) is the same polynomial 
function of y^(c) and y^(c+ 1). Similarly, 

yf{c+o)+ 1), yf(c+a>+ 2) and yft+co+l), y i {c+to+ 2) 
are given by the same polynomial in 

Vi(c+ 1), y((c+ 2) and y £ (c+ 1), y { (c+ 2), 
respectively. Consequently, if e is sufficiently small, 
|%(c+o>)-y { (c+cu)| < 
|^(c4‘tt>+i)“~yj(c+cu+i)| < 17, 
\y^c+w+2)~y£c+<i>+2)\ < 17 , * 
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where 77 is arbitrarily small. Now yg(x) has a zero at £+a» and 
crosses the axis at that point. Consequently, y^(x) has a zero 
arbitrarily close to £+<*> crossing the axis. Now as A increases 
zeros of y^(x) move continuously to the right and as A decreases 
continuously to the left, actually reaching the point £-\-oj if 
j < cd~~ 1 or if £ is non-integral. Consequently, in these cases, 
given a cr > 0 it is possible to find a 8 such that when |£— £[ < 8 

lA^-A^)! <<r. 

It is well to remark at this point that the roots of y^{x) are in 
no way changed by the assignment of a forward, or if you please, 
backward derivative at £. The solution is determined, but for 
a constant multiplier, by the fact that y^{Qj = 0. 

The exceptional situation in the case of A a; „ 1 (x) arises from 
the fact that if £ is an integer no value of A a) _ 1 (f ) exists but that 
as A ->—00 the root on the interval < x < £-fa>+l 

approaches arbitrarily close to £-f w. 

6. The maxima and minima of the functions Xj{x) 

We shall prove the following theorem : 

Theorem VIII. The maxima and minima of the functions 
Xj(x) are values for which a solution exists satisfying identically 
either ( 2 ) or ( 3 ). 

Under maximum (minimum) we include the case that the 
function is a constant or has a constant value over a neighbour- 
hood. 

Suppose A j(a) a maximum. We shall prove that p = 
Assume that this is not the case, then p x ^ p 2 since p x p 2 — 

As previously, denote by y^(x) and y b (x) solutions such 

y t {x+w) = p l y i (x), 
y«(*+«) == p 2 y 5 (x). 

Then 

yi{^)y&{x+^)—y 6 {x)y t {x+(xi) = (p 2 —p 1 )y i (x)y i {x). 

Let y a (x) be a solution, not identically zero, such that 

y 0 («) - y«(«+w) = 0 


±1. 

1. 

that 

( 16 ) 


( 17 ) 
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when A = \-(a). Then 

y a {x) = Ci 2 / 4 (a;)+C 2 y 5 (a;). 

Hence 0 = C^j^+C^y^a), 

0 = P\C 1 y i {a)+C i p i y 6 {a). 

As G x and C% are not both zero, 

(pi-p%)yi(a)y & (a) = 0. 

But Pi # p 2 . 

Hence yi(a)y&(a) = 0. 

But y 4 (a) and y 5 (a) are not both zero, since y 4 (x) and y 5 (x) are 
linearly independent, and in some neighbourhood of a, exclud- 
ing a itself, neither is zero. Suppose for definiteness y 4 (a) = 0. 
Now y 4 (x ) is essentially real, that is, real but for a constant 
multiplier. Write y 4 (x) — y p (x)+yj(—l)y q (x ), where y p (x) and 
y q (x) are real. Then y p (x) and y q (x) are also solutions of 
(1). But y p {a) = y Q (a) = 0. Hence y p {x) and y Q (x) are propor- 
tional as is the case with all solutions which vanish at the same 
point. Consequently, y 4 (x) == cy p (x). Let us then so choose c 
as to make y 4 (x) real. It changes sign at a. Also y 5 (a) ^ 0. 

Now let y x {x) and y 2 (x) be any two real linearly independent 
solutions. Then 

yi (x) = k n y 4 {x)+k u y & (x), 
y 2 {x) = k n y 4 {x) + lc 22 y h (x) ; 

u ( x ) s y 1 (x)y 2 (x+w)—y 2 (x)y 1 (x+io) (18) 

= (*u hi— hi hi){yi( x )y5( x +™)— ViWy *.{*+<*>)}■ 

It results from (17) that U (x) changes sign at a, that is, if S > 0 
is sufficiently small, 

U(a+ S)U(a— S) < 0. 

Under the assumption that Xj(a) is a maximum we shall derive 
a contradiction to this statement. 

Let y a {x) be a solution such y a (a ) = 0. Choose points a— -8 
and a + 8 and two real solutions, not identically zero, y a ~$(z) and 
Pa+&( x )> where y a ^{a~ 8) = 0 and y a +s(a+ 8) = 0, with forward 
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derivatives at a— 8 and a-f-S respectively equal to the forward 
derivative of y a (x) at a . When A = A^(a) the situation is some- 
what as here illustrated. 



2/a-s( a dbS)y rt+ s(«+w±8)— 2/a-s( a +^±S)y a+ s( a ±S) ^ 0. (19) 

As these are two linearly independent solutions similar to y x {x) 
and y 2 (x) we see by (18) that 


U(a+ 8)U(a-8) > 0, (20) 

which is the desired contradiction. 

Formal changes only are necessary to treat the minima of Xj(x). 

Theorem IX. If when A = A, p x = p 2 , and a solution not 
identically zero satisfying (2) or (3) has a zero at a , then A is 
necessarily a maximum or minimum of Ay(a?) and A = A j(a). 

The terms maximum and minimum are used as heretofore. 
When p x = p 2 there exists a real solution, not identically zero, 
which we shall call y 7 (x) such that y 7 (x-\-cv) = py 7 (x) and a 
linearly independent real solution y 8 (x) where, as we have seen, 

y s (x+w) = C 21 y 7 (x)+py 8 (x). 

Then 

U{x) = y 7 {x)y s (x+co)-y 7 (x+aj)y s (x) = C 2X [y 7 {x)f. 

This never changes sign and only vanishes when y 7 (x) = 0. 
Coiwequently, t , (0+8)t7(o _ S) > 0 (21) 

Assume A not an extreme of Xj(x). Refer to the determinant (19). 
The corresponding figure now is 
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From this we conclude that U, which is a real constant times 

y a ^( x )ya + h( x +^)-ya~h{ x +^)yaA x ) ( 22 ) 

, does ngt satisfy the relation (21). This is a contradiction. 

Theorem X. If all solutions satisfy (2) [(3)] when X = A, then 
A = Xp where j is determined by the number of nodes of any 
particular solution on any interval of length to. 

This theorem is immediate. 

Theorem XI. If X j(x) is constant over any interval then it is 
constant for all values of x; and when X = Xj all solutions satisfy 
(2) [(3)]. 

Suppose Xj(x) constant over some interval x' < x ^ x* . Then 
by Theorem IX, if a belongs to this interval, Xj(a) is a value l or l 
for which p — 1 or — 1. Take two distinct points a and b of the 
interval. Then choose y a (x) and y b (x) such that yja) = 0 and 
y b (b) = 0 without either solution being identically zero. Then 
y a (x) and y b (x) are linearly independent if a and 6 are sufficiently 
close together. But y a (x) and y b (x) satisfy identically (2) [(3)]. 
Consequently, all solutions satisfy (2) [(3)] and X^(x) is a con- 
stant. 

Theorem XII. When Xj(x) is not a constant all its maxima 
are equal among themselves and all its minima are equal among 
themselves . ’ 

Let us suppose that Xj(x) has two minima Zj 1) and and that 
Zj 2) < lf\ Suppose that Xj(c) is not an extreme. Suppose, more- 
over, that Xj(x) is an increasing function at c. Let x decrease 
from c. Then Xj(x) can never get less than \ for as soon as it 
equals \ suppose at b, there exists a solution, not identically 
zero, satisfying (2) [(3)] which we denote by y n . The correspond- 
ing value of Xj(x), namely X^b) = is then a minimum and the 
function begins to increase again as x proceeds through 6. So 
every time A ; -(#) reaches l\ l) it begins to increase again and hence 
it can never reach Zj 2) . Similar reasoning applies to the maxima. 

Theorem XIII. IfX^x) is not a constant , j > 0, then it always 
has on every closed interval of length to at least one maximum and 
at least one minimum . 
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This theorem is immediate from the fact that \-(x) has the 
period co . 

Our next undertaking is to distinguish the two cases when the 
two roots of the characteristic equation are equal, namely to 
determine whether p — 1 or p — — 1 . 

The following theorem is immediate, if we recall that the 
nodes of linearly independent solutions separate each other. 
Theorem XIV. If j is even p — — 1, if j is odd p = 1. 

7. Solutions without zeros and solutions with the maxi- 
mum number of zeros 

We assume K(i) independent of A, an assumption not pre- 
viously made. 

We have seen that maxima and minima of A 0 (#) are values 
for which a solution not identically zero satisfying (3) exists. 
We propose the question: Are there values l for which a solution, 
not identically zero, satisfying (2) exists, with l > A 0 (:r) ? We 
shall answer this question in the affirmative. 

Let y x {x) and y 2 (x) be two solutions such that 

Vi («) = 0, Vi(a+l) = -j^-y 

y i( a ) = y z {a+\) = 0. 

Now use these two solutions to construct the characteristic 
equation. We find 

/> 2 — ( a ii+a 22 )/o+l = 0, 

where a u~f " a 22 = X(u)[y 1 (u--)--a>-{-l)+2/ 2 (a4"^+l)]» 

Now when A is very large \y x {a-\- co+ l)/y 2 (a+ca+l)\ is as large 
as we like. This is true since y 1 {a+ co-fl) is of the order of 
(7(a, A)(?(a+1, A)...(?(a-f a>— 1, A) andy 2 (a+^+l)is of the order 
of 0(a+l , A)...(?(a+a>— 1, A). Moreover, K > 0, and for large 
values of A, 0 > 0. Consequently, y x (a+co-\- 1) > 0 since 
y x {a) = 0 and y*(a+ 1) > 0. Hence, if A is sufficiently large 
p+p 2 = «n +«22 > 0 is large and positive. Moreover, p x p 2 = 1, 
Suppose p % large and p 2 small. Now G and K are continuous in 
A and, hence, y x (a+ w+ 1) and y 2 (a+m+ 1) and, hence, p x and p z . 
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Consequently, as A decreases, ^ = 1 before p x = p 2 = — 1. 

In other words, a value l exists larger than any value l, in 
particular larger than the maximum of A 0 (&). 

We now propose the question: Is there more than one such 
value ? Let us assume that there are two such values l 0 and L 0 . 
Denote corresponding solutions satisfying (2) by y and Y. 
Assume both of the same sign. If necessary, multiply one of 
them by a constant to bring this about. From (14) 

[. K(a-^-co)y(a-\-co)AY(a-{-oj)—K(a-{-oj)Y(a+co)Ay(a-\-co )]— 

— [K(a)y(a)LY{a)-K(a)Y(a)Ly(a)] 

a 4 oj — 1 

= 2 [G(i, L 0 )—G(i,l 0 )]Y(i+l)y(i+l). 

That is, 

rt+to— 3 

2 [0(i, L 0 )—G(i, l 0 )]Y(i+l)y(i+l) = 0. 

i = a 

This is impossible since G(i y A) is an increasing function and 
T(i+l)y(i+l) > 0. Hence no value L exists. 

A precisely similar line of reasoning shows that in case co—l 
is odd there exists a value < A w _ 2 and in case to— I is even 
a value l w _ x < A £u _ 2 . 

It is only necessary to remark that for numerically large 
negative values of A we know that y 1 (a+o>+ 1) has the sign of 
G(a , A)(?(a+1, A)...G{a-}-(co—l), A}, which is positive or negative 
as co is even or odd. For these large negative values of A the 
sum p x + p 2 is numerically large with the sign of y x {a+co+ 1) and 
is continuous. As A increases we must have p x = p 2 = —I 
before p x = p 2 = 1, or vice versa according as c o is even or odd. 

8. Sturm’s normal form subject to periodic boundary 
conditions 

Let us be given the equation 

A[K(i)Ay(i)]-G(i, X)y(i+1) = 0, 
where G(i, A) is defined when 


( 23 ) 
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and is a continuous function of A increasing from —oo to oo as 
A increases; where moreover K(i) is defined when 

a < i < a-\-a >, (24) 

and K(a) = K(a+to). 

Denote by Ay those values of A for which a solution, not 
identically zero, vanishing at a vanishes also at with 

exactly j nodes on the interval 

a+1 < x < 1. (25) 

We know that there exist such values as follows 


^0 ^ \ ^ ••• > ^cu-2* 

We now define the coefficients K(i) and G(i } A) by the formulae 
K(i-\-oj) = K(i), G(i+oo, A) = G(i , A) for all values of i for 
which they are not already defined. This does not affect the 
solutions of the equation over the interval a i < a+o>+l. 
From our previous discussions of this chapter we infer the 
following theorem: 


Theorem XV. There exist values such that , when A = a 
solution not identically zero exists satisfying the boundary con - 


(26) 


y(a) = y(a+w), 
y(a+l) = ^(a+w+1) 
witfA exactly j nodes on the interval 


Moreover 


a < x < a-fo>- 


(27) 


^0 Aj > ^ A 2 ^ ^2 Ag > Z3 ^ A4 ^ ( 28 ) 

Here in the last inequality the ^ sigw AoZds a> odd and the > 
if a) is even . 

There exist values lj such that , when A = a solution not identi- 
cally zero exists satisfying the boundary conditions 

y(a) == — y(a+w), 

y(a+l) = — y(a+^+l) 

wtfA exactly j nodes on the interval (27). 

Moreover 

^0 ^ A^ ^ > Ag > ^ 


(30) 
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The final values Z a> _ 1 and are maxima of A w ^ 1 (x) as pre- 
viously discussed according as co is even or odd . 

There are no values l or l other than the unique ones listed 
in (28) and (30). 

We remark that the restriction that K be independent of A 
was added only to establish the existence and uniqueness of l 0 
and or according as co— I is odd or even. 


9. The non-homogeneous equation 

Let the given equation be 

y(i+2)+p(i)y(i+l)+q(i)y(i) = B(i), (31) 

when p(i ), q(i), and R{i) are defined when — oo < i < oo and 
each has the period co , q(i) =£ 0 at any point and R(i ) =/k 0. 

Let the roots of the characteristic equation of 


y(i+2)+p{i)y(i+l)+q{i)y{i) = 0 (32) 


be p x and p 2 which we assume for the time being are distinct. 

Particular solutions of (32) are of the form pH w fi(i) and 
/4 /a, / 2 (i), where f x (i) and f 2 (i) are periodic and neither identically 
zero. To obtain the general solution of (31) we follow the 
method of variation of constants. 

We have a particular solution 


y(i) = p^f^i) ^ 


— pi i+1)lto f z (i+l)R(i) 
Wli+1) 


+ Pl lw Ui)^ 


TF(i+l) 


. ( 33 ) 


W{i) = + 1 )/#■/,(*)- p ( 2 i+1)lw f 2 (i + 1 )pi lw f 1 (i)- 


Here the additive arbitrary constants of summation are taken 
as zero. Each summand is in the form of a periodic function 
multiplied by pf ii+v > lu ‘, j — 1,2. Expand the periodic factors 
into trigonometric sums (Chap. XV). Distribute the sign of 
summation. There is first a term of the form 


o 0 ^ — d 0 p -(i+1) V 
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All other terms are of the form 

b k y pj-a+Dio) or a k y p-a+nia> CO s?^!!!. ( 34 ) 

CO CO 

0 < * ^ co/2, j = 1, 2. 

We treat these by summation by parts. We find 

y prO'+D/w s in — prO'+D/^r^ j eos + -®i s i n ~~"1 

CO I CO CO J 

and 

y pJ"«+D/"C 0 S^^ = pJ~^ +1) ^[^2 C0S “— + ^2 S i R — 
co L 60 CO J 

where A 1? J? 1? ^4 2 , JS 2 are constants. Substitute these in (33) 
and we see that we have a particular solution which is periodic. 
Denote this by F(i). For the general solution of equation (31) 
we must add the general solution of (32). Hence the general 
solution of (31) is of the form 

Ci P^fi(i)+C 2 P^Mi)+F(i), (35) 

where f v / 2 , and F are periodic with period co. 

We next suppose that p x = p 2 . Particular solutions of the 
reduced equation (32) are now of the forms p^fiii) and 
) + fcipl ,0) fi (i ) > where f x (i) and f 2 (i) are periodic. 

To get a particular solution of the non-homogeneous equation 
we again follow the method of variation of constants. As pre- 
viously, summing by parts we find a particular solution of the 

f0rm H^+iHS), 

where H x (i) and H 2 {i) each has the period co. To get the general 
solution of (31) we add the general solution of (32), obtaining 

(36) 

The results of this section can be summarized in the following 
theorem. 

Theorem XVI. If p x and p 2 , the roots of the characteristic 
equation of (32) are distinct , then (31) has at least one solution 
with the period c o . If p x and p 2 are coincident , then (31) has at 
least one solution of the form H x (i)-\-iH 2 (i) s where H x (i) and H 2 (i ) 
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each has the period oj. The general solution is given by (35) or (36) 
according as p x =£ p 2 or p x — p 2 . 

10. Generalizations 

The results in this chapter have been generalized, f The 
underlying idea of this generalization alone will be given here. 
An interested reader can consult the paper in question. 

The fundamental facts from which the material of the chapter 
follows are: (a) If y(i) is a solution of the difference equation 
then y{i-\-co) is also a solution. ( b ) A necessary and sufficient 
condition that a solution y(i) be periodic is y(a) = y(a-\-u)), 
y(a~\~l) — y(a-{-CA)-\~l). Result (a) follows from the periodic 
character of the coefficients. We consequently undertake to 
generalize the notion of periodicity. 

Let u n (i) = a n (i)y n (i)+a lz (i)y n (i-l), 

»«(*') = b u (i)y n (i+l)+b li {i)y n (i). 

Now we define our coefficients so that if y n (i) is a solution of the 
difference equation there exists a solution y„(i) such that 

u n {i) == v„(i+co). 

Such a definition proves possible and is a generalization of 
periodicity. The general theory of the characteristic equation 
follows as for the simpler periodic case. 

We now generalize condition (6), but for details refer to p. 14 
of the paper. There is a complete theory including the solution 
of the boundary -value problem for Sturm’s normal form as 
expressed briefly below: 

oc n K(a)Ay(a)+oc 12 y{a) = p n K(a+aj)Ay(a+aj)+p 12 y(a+a>), 
<x 2l K(a)Ay(a)+<x 22 y(a) == p 21 K(a+w)Ay{a+w)+p 22 y{a+w ), 

a ll a 22 °fi2 a 21 ~ $L1 @22 ~~Pl2p21 • 

The theory of maxima and minima of functions X j(x) arises as 
in the periodic case. 

An almost identical theory exists for the differential equation 
and is carried through in detail in the paper. Its proof by means 
of the limit theory of Chapter XI would be interesting, 
t Fort, T., Amer . Joum . of Math . 39* I. 
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11. Bounded and unbounded linear equations 

Given y {i+ 2) + M(i)y(i+l)+y(i) = 0, (37) 

where the function M(i) is real and defined for all integral values 
of the argument, and satisfies the relation M{i~\~a)) ~ M(i ). 

This equation is called bounded if all solutions are bounded . 
It is said to be unbounded in the contrary case. 

Let y 1 and y 2 be two real linearly independent solutions. 
Then, as y^i-^co) and 2 / 2 (i-f-co) are also solutions, 

= ^ny 1 (i)-ha 12 y 2 (i), 
y 2 (i+co) = a 21 y x (i)+a 22 y 2 (i) y 
where a lv a 12 , a 2V a 22 are constants; and since the determinant 


(38) 


Vi(i ) Vi(i+ 1) 

y 2 (i) y 2 (i+i) 


is a constant, 


'll “12 


I “21 


^22 


1. 


Consequently, the characteristic equation of (37), 


a n~P 


a 


12 


a, 


21 


a, 


22 P 


= 0, 


reduces to p 2 ~(Oi X -{-a 22 )p~{-] = 0, which we write 
P 2 ~2A P +l = 0. 

From the first of equations (38), 


(39) 


y^i+w) = 2Ay 1 (i)+a n y 2 (i)— a w y x (i). (40) 

Write equations (38) in the form 

Vi (*') = a n y 1 (i~oj)+a 12 y 2 (i-oj), 

(41) 

Vti*) — a n — w )“f~ a 22 Vatf — co )- 

Solve (41) for y x (i—w) and substitute in (40). We get 
yi(i+<*>)+yi(i— w) = 2 Ay x (i). 

But A is real and, being a coefficient of the characteristic equa- 
tion, is independent of the particular fundamental system of 
solutions chosen. Hence, when y is any solution of (37), 

y(i-fa))-fy(i— oj) = 2 Ay(i). 


(42) 
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We call A the characteristic constant of the difference equation 
(37). 

Relation (42) can be written in the form 

y{i+{n-\-2)a)}— 2Ay{i+{n+\)o)}+y{i-\-nco) = 0, (43) 

that is, y(i-\-rux)) satisfies the difference equation 

u(n-\-2)— 2Au(n-\-l)-\-u(n) — 0. (44) 

Solve this equation subject to the initial conditions 
u(0) = y(i), u( 1) = y(i+a>). 

Denote the roots of the quadratic equation a 2 — 2^4a+l == 0 by 
oq and oc 2 * 

cq = A-{~^(A 2 —1), 0 C 2 = A—^(A 2 —l). 

If A 2 1, y(i-j-nco) — C 1 a^-j-C 2 a^. (45) 


From the initial conditions we readily determine C x and C 2 : 


Let 


p _ y(t +a>)— {4— V (v4 2 - l)}y(i) 

1 ' 2i/(A 2 — 1) 

r _ y( i+ M )~ {-A+-J(A 2 —l)}y(i) 

2 " V(i 2 -1) ' ' ‘ 

2V(i 2 -l) 


and substitute for C x and C 2 in (45), then 


y{i+nu) = T n y(i+u>)—T n _ x y(i). (46) 

When ^4 2 = 1 define T n = limT w . Then T n = (±l) n+1 ft, 
according as ^4 = ±1. 

We immediately verify that formula (46) still gives the 
required solution. It reduces to 

y(i+na>) = (±1 ) n y(i)+(± l)^[y{i+w)Ty{i)}n. (47) 


Let us assume A 2 > 1 and let A — |(a+l/a),a = A±:*J(A 2 —1). 
Choose a = A—J(A 2 — 1). Substitute in the formula for T n and 

we ge * (1 /a) n —a n 


T 


(1/a)— a 


This function is unbounded as n becomes infinite. Moreover 
one readily sees that K t T n —K a T n _ lt where K t and JT a are 



§ 11 BOUNDED AND UNBOUNDED LINEAR EQUATIONS 207 


independent of n and not both zero, is also unbounded. Conse- 
quently, from formula (46), all solutions of (37) not identically 
zero are unbounded. 

If A 2 < 1, let A — cosa: 

rp __ {cosa+^(---l)sina} n --{cosa-— A /(— l)sina} n 
11 2^/(— l)sina 

__ sinwa 
sin a ’ 

which is bounded. Hence, by (46), all solutions of (37) are 
bounded. 

If A 2 = I we see from (47) that a solution y(i) is unbounded 
if 2/(i-f-ct>) := F3/(i) ^ 0, and bounded in the contrary case. But 
yii+oj^yif) is a solution of the given equation. Denote it by 
0(i). Apply (42) to its first term, then 

0(i+co) = y(i-{-2a))^ : y(i+oj) = ±y(i+<o)— y(i) = ±0(i), 

that is, this solution is periodic with a period co or 2a> according 
as A = ±1. This it will appear is in accordance with previous 
results. 

We state the above results in the form of a theorem, and have: 

Theorem XVII. If A 2 1 all solutions of (37), not identically 
zero , are unbounded. If A 2 < 1 all solutions of (37) are bounded . 
If A — 1 , there exists at least one solution , not identically zero , 
having the period a>; all solutions not having the period a> are 
unbounded . If A = — 1 , there exists at least one solution , not 
identically zero , satisfying the relation yii+ta) — — ■ y(i ); all solu- 
tions not having the period 2a> are unbounded . 

The problem of the calculation of A next presents itself. 

Let/(i) and <f>(i) be the two solutions of (37) such that 

fiO) = 1, A/(0) = 0; 

<f>{ 0) = 0, A<f>(0) = 1. 

From (42), /(£»)+/(— o>) — 2A. Moreover, 

{A^(w)}/(i+w)— {A/(to)}^(i+a>) 
is a linear combination of/(i-f o>) and two solutions of 
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(37), and hence is itself a solution. Moreover, it and its first 
difference at 0 are equal respectively to/(0) and A/(0); hence 

f(i) = {A</ ) (u>)}f(i+a ) )-{AfH}<f>(i+ ( o). (48) 

From (48) f(—co) = A<f>(to); and hence 

2A = f(co)+A<f>(a>). (49) 

If oj is small, the calculation of A from (49) is easy. We calcu- 
late /(2),/(3),...,/(co) successively from (37), then <£(2), <£(3),..., 
<j&(a>~f 1), and substitute in (49). 

If oj is large, this process is tedious, and for very large values 
of oj is prohibitive. In the following pages we prove a theorem 
by means of which it is frequently possible to determine whether 
A 2 > 1, A 2 = 1, or A 2 < 1 with a minimum of labour. We 
begin by writing the difference equation in the form 

A 2 y(i)+p{i)y(i+l) = 0, (50) 

where p(i) replaces M(i)+ 2. 

Treat /(i) and <j f>(i) by a method of successive approximations.! 
Denote the successive terms in the two series by / 0 , — f l9 ... 9 
( — l)“~i/ w -i and <£ 0 , — ( — 1)^0, respectively. Adopting 

the convention F(i) = 0, k > g, then when i ^ 0 

^o(^) = 

i i*=0 ia*=0 


Ui) = 


< — 1 <1 — 1 <2 iin~t <2n-i-l 

2 2 2- 2 2 P(H)P(U)-P(Hn)(hn+ l )> 

ii = 0 <s=*0 <a = 0 <sn-i*=0 l 2 n =0 


fo(i) = 1 . 


(51) 


<~1 <1 — 1 <2 < 2 n-a <8»I-L“1 

fn(i) =. 2 . . 2 . . 2 .-. 2 . .2_P(h)P(h)-P(hn)- (52) 

From (51) 


<1 0 <* « 0 <i == 0 <2J»-i *“ 0 <2n = 0 


%— 1 it is 1 igw-i — 1 

A <f>n(i)=.2 .2 2 - .2 p(h)p(h)-p(hn)(hn+ 1 ) 

it 83 0 <3 ** 0 <4 «** 0 <2J» *“ 0 


<— 1 <i , <8 — 1 ian-a — 1 <an-i 

=,2 .2 .2 -.2 2 p(h)p(h)-p(hn-ib (53) 

<1 ** 0 it ** 0 <a *** 0 <2n-i 0 <a» — 0 * 

f See Chapter XI* 
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Let 2A n =f »+ 

Clearly A = 1— A t +A 2 — ...+(— l)"^. 

Consider AM = “j 1 N^ 1 ^) ^ 

ix = 0i2 = 0 la^Oi^O 

i — 1 

Let — -P(^) thus defining P(i); and sum by parts con- 

i = 0 

sidering i a as variable of summation. We get 


AH = “l YWh)— ww- 

ll~”0l2 = 0 


Now apply similar summation by parts to f n (a>) considering 
successively, as variables of summation, i 2 , i 2n ~ 2 * The 
above result is clearly general for any single summation, and 
we write 


CD — 1 lx — 1 1 2 — 1 Ign-l — 1 

AH = 2 2 2- 2 {P{H)-P{H)}{PH-P{i z )}... 

lx — 0 i 2 — 0 la — 0 lan — 0 

Consider next 

CD — 1 l‘l 12 1 1*3 

. A hH= 2 p(h) 2 I p(h) I L 

tx = 0 la = 0l3 = 0 1 4 — 0 


Sum by parts, considering successively and as variables of 
summation: 

a AH = 2* Y^M-PWXPW-PO'*)}- 

ii = 0 ia^O 

In general, letting P(o>) — f2, 


a 4nH 

ii — 0 ia = 0 ia— 0 i« = 0 

•••{P(Mi)-PW}- (H 

Combining (54) and (55), 


CD — 1 ll — 1 la — 1 ln-1 — 1 

5 2- 1 {0-P(h)+i*(iJ}x 

il«0 t*=“0 18 = 0 ln“0 

X {P(h)-P(a...{P(A-i)-P«)}- (56) 


Theorem XVIII. If p(i) >0oi all points, A n > 0, and if 
= 0 then A n+1 = 0; i/ .4 n ^ 0 then 


An+i <- _2_ 

n+1 ^n-1 


p 


5034 
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For the proof of the theorem we refer to (56) . This can be written 
2A n = l {Q-P(i 1 )+P(iJ}{P(i 1 )-P(i 2 )}...{P(i n _ 1 )-P(i n )} > 

where E denotes the sum of all products of the form expressed, 
the letters i l9 i n , chosen in every possible way from the 

numbers o>— 1, to— 2,..., 1,0, subject to the restrictions 

H ^ ^2 ^ ^3 ^ ••• ^ 


If we conceive of the numbers co— 1, co— 2,..., 1,0 as equally 
spaced points on a circle of circumference a>, in the expression 




the first factor is in no manner different from any other, and 
(56) can be written 


2 




where 2 denotes the sum of all possible products of the form 
expressed, k 0 , k v ... } k^ — k^ being the numbers to— 1, a> — 2,..., 0 
taken always in the same cyclic order, namely o>— 1, a>— 2,..., 0. 
For brevity we write 


Then 


— 2 o Ax h D u — fcj Ai* 


[2 O^Ai Ai A\* ••• 0^X1 ... (57) 

4^n-l^n+l [2 O-A'i vfivt *** P»_s^Pn-i][2 O^DI pl^/3* * • ’ pn^pn+l ], (58) 


where, instead of using only the letter Z, we use distinct letters 
A, n, v, p. 

We shall consider (57) and (58). Begin by supposing a 1 ,a 2 . • • a t n 
numbers of the succession a>— 1, a>— 2,..., 0 and assume that 
among the a’s there are exactly k distinct numbers, and that 
no number occurs more than twice among them. If k ^ »+ 1 
the product p(a 1 )p(o 2 )...p(a 2n ) will occur in the expanded right- 
hand members of both (57) and (58). We shall show that the 
ratio of its coefficient in (57) to its coefficient in (58) is greater 
than or equal to (n+\)jn. 

Omitting coefficients, let p0‘i)—p0' n -i) be a term of A n ^ and 
p(ii)—p(i n +i) a term of A n+1 such that 

PUl)-Pttn-lMh)-P(in+l) 
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is identical with ^(a 1 )j»(a 2 )...j5(a 2n ) and let p(ji)--p(j n ) and 
P(h)-P(K) b e terms of A n such that p(j 1 )-p{j n )p(h)--P(K) is 
identical with p(a 1 )p(a 2 )...p(a 2n ). We shall show that the ratio 
of the number of ways in which j l9 —j n9 i l9 — 9 l n can be chosen to 
the number of ways in which j n ~ v i lv .., i n +i can he chosen 
is greater than or equal to {n+l)jn. These numbers are exactly 
the coefficients oi p{a 1 ),... y p(a 2n ) in (57) and (58) respectively. 

Require, first, that pijx), p(j 2 )>-->P(jn-i) he each the first term 
of one of the parentheses 0 D Vl , Vi D V 2 ,..., Vn Z D Vn l and that p{i x ), 
p(i 2 ),..., p(i n +^) be each the first term of one of the parentheses 
0 D pi , pi D pt ,..., Pn D pnV1 - Under this requirement the number of 
ways in which Ji,..., i n+1 can be chosen is the number 

of ways in which j l 9 — 9 j n ~i can be chosen from a v a 2 ,..., a 2n . 
The 2 n—k numbers which occur twice among ~a v a 2 ,..., a 2n 
necessarily occur among j v j 2 , . . . , j n _ v There remain k—n—l of 
the y s which can be chosen arbitrarily from the remaining 
2k— 2n numbers. Letting 1c— n = N k , this can be done in 

^ 1 ) r : ways. Similarly, the number of ways 


that jj,..., j n , h,..., l n can be chosen, requiring that^jq),..., p(j n ) 
be each the first term of one of the parentheses \ n l Dx n 

and p^),..., p{i n ) be each the first term of one of the parentheses 


oD, r , 




2N k (2N k -l)...(N k +l) 

NJ 


The second is larger 


in the ratio (N k +l)/N k . But N k < n and hence 


(N k +1)/N k ^^±l. 


We generalize as follows: Instead of requiring that each p be 
the first term of a parenthesis, let us require that p(a x ) be the 
rj th, p(a 2 ) the 0th,..., p(a 2n ) the £th. For convenience we shall 
refer toj v ... 9 j n ~ 1 and j v -~>j n as the sets J and to i n+1 and 
l n as the sets /. As above, those a 9 s occurring twice among 
a 2n necessarily occur in both the sets J and /. Consider 
them as fixed. We proceed as before, choosing the remainder 
of the sets J. 

It may happen that the fact that a m lies in the sets J (or I) 
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requires that a m+ „ lie in the corresponding sets 7 (or J). Thus, 
suppose that a m is the pth term of a parenthesis and a m+v the 
pth, and suppose that p > v\ then, if a m is one of the set «/, in 
order for p(a m+v ) to lie in a different parenthesis from p(a m ) as 
it must, it must necessarily be a member of the set 7. Moreover, 
the fact that a m lies in the set J can require that only one of the 
a’s lie in the sets 7; for, suppose that p(a m+n ) is the Sth term 
of a parenthesis and S > p > v, then^(a m+r ) &ndp(a m+fjL ) -belong 
to the sets 7 and lie in different parentheses. Hence S ^ p— v 
but S > p, a contradiction. 

In the way that we are choosing the sets J , let us suppose all 
p(ay s that impose any restriction on others as fixed. Let this 
number be L. Then there are thereby fixed R in the sets 7, and 
necessarily J? ^ L. The remaining a ’s can now be distributed 
in sets J and 7 at pleasure. This can be done in (58) and (57) in 

(2N k -L~R)(2N k ~L-R-l)...(N k -R+ty 

(K-L-iy. 


and 


(2N k -L-B)(2N k -L-B-l)...(N k -B+V 

(N k -L)l 


ways respectively. The second is the larger, in the r^ttio 
(N k ~R-\-l)/(N k —L), which is greater than (n-\-l)jn. We thus 
conclude that the coefficient of ^(a 1 )...^(a 2n ) in (57) is greater 
than its coefficient in (58) by a ratio greater than or equal to 
(n+l)Jn. 

We have considered 1c = w-f 1, which exhausts the terms of 
(58). There are in addition in (57) terms of the form 


p(a t )...p{a 2n ), 

where k — n\ that is, terms of the form 

{'P(a 1 )...p(a 2n )f. 

If A n 0 these are not all positive. All coefficients are positive, 

and hence we conclude 


> ~i- A n+1 A n ~ v A n ^ 0, 

71 

A n ^n+l^n) ^ n 

from which we immediately draw the desired conclusion. 
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From Theorem XVIII one readily provesf the following 
theorem: 

Theorem XIX. If p(i) > 0 at all points, 
when —A 1 +A 2 —A 3 -+-—+A 2n <0, then A <1, 
when 2—A 1 +A 2 —...—A 2n _ 1 > 0, then A > — 1, 

when 2-A 1 -\-A 2 —...-fA 2n < 0, then A < — 1, 

when —A 1 +A 2 —A 3 +...—A 2h _ 1 > 0, then A > 1. 

We calculate A v A 2 .... successively and examine the inequali- 
ties of Theorem XIX. 

f See Chapter XIII, Theorem II. 

EXERCISES 

1. If in (23) Q(i, A) s Ap(i)-f-/i(i) note that A of § 11 is a function of A. 

Prove: When A is a double root of ^4 (A) — I then and only then do all 

solutions of (23) satisfy (20); and when A is a double root of 4(A) + 1 then 
and only then do all solutions of (23) satisfy (29). 

2. By means of summation by parts arrive at formulae for the calcula- 
tion of A j, A 2 , A 3 similar to the formulae of Chapter XIII. 
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XV 

ORTHOGONAL SETS AND THE DEVELOPMENT 
OE AN ARBITRARY FUNCTION 


1. Definition 

A set of functions y x {i), y 2 (i),..., y m (i) of the integral argument, i, 
defined when c^i^b, (1) 

is said to be orthogonal by summation over (1) with respect to g(i) if 

2 g(i-i)y } (i)yS) = i ^ k - ( 2 ) 

i—c 

We have encountered several such sets of functions. f 


2. The set satisfying periodic boundary conditions 

Consider the difference equation 

A 2 y(i)—[\g(i)+h{i)]y(i+l) = 0, (3) 

where the real functions g and h are defined at every point of 
the interval 

c — 1 -jC i t<i 6—1 and g(i) > 0. (4) 

In Chapter XIV it was proved that there exist values of A 

h > h ^ h > ^4 h - > ••• > h-c+i 

such that when A = Ipj = 1 , 2 ,..., 6— c+l, there exist solutions 
of (3), not identically zero, which satisfy the conditions 

y(c-l) = y(b), y(c) = y(b+l); (5) 

moreover that there exist two linearly independent solutions 
satisfying (5) when and only when A = l 2n — l 2n+1 . 

Suppose l 2n > l 2n+1 . When A — l tn or l 2n+1 we choose a real 
solution of (3), satisfying (5) and not identically zero, which we 
shall say corresponds to l 2n or Z 2n _ 1 as the case may be. 

If l 2n = l 2n+1 we choose a pair of real linearly independent 
solutions, which we shall say correspond to l 2n and l 2n+1 respec- 
tively. The solutions chosen will be further particularized later. 
Let y v y 2 ,..., y b ~ c+1 respectively represent the above solutions- 
. f See, for example, Chapter XU, § 1. 
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Suppose l k ly Then, over (1), 

AVi(*'-i)-P^(»'-i)+*(*'-i)]y # (*') = o, 

!)+*(*— i )>*(*') = o. 

Multiply the first by y k (i) and the second by y^i) and subtract : 
l)-yj(i- l)Ay k (i- 1)] 

= {h— l k)9(i-l)yj(i)yk(i)- 

Sum from c to 6 : 

hkii- l)Ay,(» — !)-%(* — l)Ay*(t- 1)]^ +1 

— 2 

i = c 

But from conditions (5) the left-hand member is zero. Moreover 
h~~h 0. Hence 

1 )%(*>*(*) = °> 3 ^ L ( 6 ) 

i=c 

Hence y 1? y 2 ,..., y b - c+1 constitute an orthogonal system. 

If Z 2n — Z 2n+1 we choose y 2n and y 2n +i rea l anc l linearly inde- 
pendent and so that (6) holds when k and j are replaced by 2 n 
and 2?i+l respectively. To show that this is always possible 
proceed as follows: Let y and y be a pair of real linearly inde- 
pendent solutions of (3), for which by hypothesis (6) does not 
hold. Form two solutions y i = c x y-\~c 2 y and y k = d t y-\-d 2 y, 
where as yet c v c 2 , d v d 2 are not specified. We shall choose 
them so that (6) holds and so that y,* and y k are linearly inde- 
pendent. Substitute y ^ and y k in the left-hand member of (6). 
We have 

b __ _ 

< 2s r ( l '- 1 )( c i y + c 2 y)( d i y+d^y) 

= c k d k 2 g{i— i)y 2 +{c 1 d i +c z d 1 ) 2 g(i— 1)0+ 

+c 2 d !S 2ff(i—l)y 2 . 

We write this for brevity 

A T g(i—l)$*+B y g(i—l)yy+C 2 g(i~ 1)P 2 = ■4r+2fa+0*. 

<“C i«c 

Here r > 0, t > 0, s 0. 
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Since, by hypothesis, 

2 g{i—i)yy =£ o 

i=c 

we can choose two numbers A and C at pleasure and determine 
a third number B, so that 

Ar+Bs+Ct = 0. (7) 

We begin by requiring that <7 0. The equations c 1 d 1 = A, 

°i^2+ c 2^i = and c 2 d 2 — C, serve to determine the ratios 
c x /c 2 and djd 2 as two different real numbers if A, B, and C are 
real and B 2 — 4 AC > 0. Substitute for B in B 2 — 4 AC < 0 
from (7). There results the condition 

r 2 A 2 + 2 tCrA+t 2 C 2 ~~ 4 ACs 2 < 0. (8) 

It is possible to choose A and 0 as real numbers, so that 
(8) is not satisfied. Let them be so chosen. B is then also real. 
It results that the corresponding values of cjc 2 and djd 2 are 
real and different. Now in addition choose c v c 2 , d v and d 2 real. 
With this choice and y k are real and linearly independent. 
They satisfy (6). 

Theorem I. In y v y 2 ,..., Vb-c+i we have b— c+1 functions 
which are linearly independent over (I). 

Assume the contrary, that is, that 

Ciyi+Cz^+.-.+Cft-c+l^-c+X = 0 
at all points of (1) and c, 7^ 0. Multiply by g(i~l)y j (i), and sum 
from c to b, 

Cj 2 = 0. 

i — c 

But g(i) > 0 ; and y^i) is real and not identically zero. Hence 
Cj = 0, a contradiction. 

Theorem II. An arbitrary function defined at all points 
of (1), can be written in one and only one way as a linear function 
of y v y 2 ,—, Vb-c+i with constant coefficients. 

By means of (6) we can determine the coefficients in this 
development. Write 

<f>(i) = a 1 y 1 (i)-f-a2y 2 (^)+---+^6-c+iy6~c+iW" 
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Multiply by g(i— l)y^(i), and sum from c to 6, 

2 MX*- i )%•(*') = % 1 0(*-i )!>#(»)]*. 

i —■ c i—c 

b 


X c MM*'— i)y*(») 
i ?(*— l)[yy(»)] a 


(9) 


The functions ^(i) can be multiplied by real constants different 
from zero at pleasure. If we desire we can choose constant 
multipliers so that the denominator in (9) is unity. 


3. A trigonometric development 

As a special case under the preceding section we obtain a 
well-known trigonometric development. 

Consider A 2 ?/(i)-f Ay(i-fl) — 0. (10) 

Let c = 0 and b — co — 1. When A = 0 the constant 1 is a 
solution of (10) satisfying (5). If co is even let co == 2 k-\~2, and 
if it is odd let co = 2&-f 1. Then, when 


- 2 ( 


1— cos n 


1 < n < k, 


Gos^mrijco) and sin(2?i77i/aj) are solutions of (10), which satisfy 
(5). If co is even; when A = 4, then cos7n is also asolutionof (10) 
satisfying (5). Now remark that if p ^ 0 and q ^ 0 are integers, 
not both zero, and if p+q < 2 co is even, 

co-1 . , ^ . 

p #?. 


2 771 77t (0, 

COS£> — COS# — = { 

CO co xico. 

5 


t 

cu — 1 


p 


2. 7Ti 771 * 

sm_p — cosg — = 0, 

CO CO 

»“ 0 


co — 1 

2 
i 


( 11 ) 


* . 77i . 7ri [ 0, p =£ q , 

► smp—sinj— = { 1 * 

^ cu p = q. 


From these formulae the above solutions satisfy (6), and 
hence, if co = 2&+ 1, 

= i«o+ 2(®» cosw ~+ fe » sinn ~)> ( j2 ) 
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and if co = 2&+2, 

k 


<f>(i) = |a 0 -f V (a n cosn — + ^sinn— )+|a fc+1 cos7ri. (13) 
^Ti\ " / 

From (9) and (11), 

2 V" 1 //-\ 27ri 


CO T" 

1 = 0 


2 'ST .... ,_2m 

71 - 

O) f- 

1=0 


*. = — 2 ^(^) s “ i 
ft = 0, 1,..., &-)~l- 


4. The set satisfying anti-periodic boundary conditions 

In direct line with § 2 is the following. 

Consider again (3). There exist values of A 


for which there are solutions of (3), not identically zero, satis- 
fying the conditions 

yip— 1) = -y(b), y(c) = -y(b+ 1). (14) 

Proceed just as in § 2, and we find that if l } # l k corresponding 
solutions satisfy the relation 

2 g{i-l)y } (i)y k {i) = 0 (15) 

i=c 

and that if two Vs coincide, linearly independent solutions can 
always be chosen satisfying this relation. This granted, like 
the y’s of § 2, the solutions corresponding to the Vs } which we 
designate by y v Vb-c+ v are linearly independent over (1), 

and hence we have the theorem: 


Theorem III. If <f>(i) is an arbitrary function defined at all 
points of ( 1), 

<f>(i) = 2 «»£»(*)> 

n=l 

where the a's are constants. There is only one such development. 
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The coefficients are determined precisely as in § 2: 

* n = i -£ • (16) 

2 8 r (*'- 1 )[y»W] 2 

i~C 


5. A trigonometric development 

Again, as a special case under the preceding section we obtain 
a trigonometric development. 

Consider (10) and let c = 0 and b = co— 1. 

Suppose o> even, to = 2k. Let A = 2{1— costi^/co)}, n = 1, 
3, 5,..., co— 1. Then cos n(7ri/(o) and sin n^ijw) give co solutions, 
not identically zero, which satisfy (14). They also satisfy (15), 
and consequently 


fc~i r 


= I [® 2 n+i cos(2»+ 1)— -f- b in+1 sin(2n+ 1)— 1 . (17) 

From (11) and (16), 

2 w-i ^ 

a n = - y <f>(i)cosn—, 
co ^w CO 


to T~ 

1 = 0 


Cl) 1 


6 » = ;;5>> in ’V 


(18) 




If co is odd, co = 2i+l> we again let A = 2(1 — cos nfa I co)}, 
where now n = 1, 3,..., co. We obtain the development 

k - 1 ( . .. 

4>{i) = y (o 2n+1 cos(2ra+l)— + 6 2»+iSin(2w+l)—} -fiascos 7n. 

*~° l ; (19) 

The coefficients are again given by (18). 


EXERCISES 

1. Consider (3) subject to the boundary conditions 
3/(c — 1 ) = i/(6+ 1) = 0. 

This is a Sturm -Liouville problem discussed in Chapter X. 

Prove that the characteristic functions form an orthogonal set of 
linearly independent functions. 
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2. Discuss a trigonometric development following from the discussion 
under Exercise 1. 

3. Generalize equation (3) but do not thus destroy the orthogonal 
character of the sets of fimctions corresponding to the orthogonal sets 
of the text. 

4. Obtain a trigonometric development for i 2 over 0 < i < 100. 
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XVI 

OSCILLATORY AND NON-OSCILLATORY LINEAR 
DIFFERENCE EQUATIONS OF THE SECOND ORDER 

The present chapter is a continuation of our study of the linear 
recurrent relation. Some of the results are closely related to the 
results of Chapter X and some closely related to the results 
given in Chapter XIV. 


1. Discussion for a finite interval 

Given y{i+2)+P{i)y(i+\)+Q(i)y{i) = 0, (1) 


where P(i) and Q(i) > 0 are real and defined, 


U ^ l ^ U — 1 . ) 

This equation is said to be oscillatory or non-oscillatory over the 

interval „ ^ ^ u /q\ 

a ^ x ^ b (3) 


according as it does or does not have at least one solution , not 
identically zero , which has more than one node on this interval. 


Theorem I. A necessary and sufficient condition that (1) be 
non-oscillqtory over (3) is that it have a solution not identically 
zero , with no node on this interval . 


That this is sufficient follows from the fact that the nodes of 
two linearly independent solutions of (1) separate each other. 

It is also necessary; consider two solutions y x {i) and y 2 (i) 
determined by the conditions 

Vi («) = 0 , y x {a+ 1 ) = 1 ; 

2/2(6) = 2/2(6“ 1) = 1. 

These must each be positive throughout the whole interval, the 
points a and b respectively excepted. It follows that yi(i)+y 2 (i)i 
which is also a solution, is positive without exception over (3). 

Corollary. A necessary and sufficient condition that (1 ) be 
non-oscillatory over (3) is that a solution , zero at a and not identi- 
cally zero , have no additional node on this interval . 
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Consider two equations 

L[K 1 ^y(i)]-O i mi+ 1) = 0 (4) 

and A[K 2 (i)Ay(i)]-G 2 {i)y(i+l) = 0, (5) 

where K x (i), K 2 (i ), C? 1 (i), and G 2 (i) are defined over (2) and 
where K 2 (i) ^ K t (i) and G 2 (i) > G x (i). 

Theorem II. If (4) is non-oscillatory over (3), then (5) is also 
non-oscillatory over (3). If (5) is oscillatory over (3), then (4) is 
also oscillatory over (3). 

Suppose (4) non-oscillatory over (3) and consider a solution 
satisfying the conditions 

y(a) = o, y(a+ 1) = 1. (6) 

From Theorem I corollary, this has no other node on (3). But 
from Chapter X, Theorem II, this solutionf has at least as 
many nodes on (3) as a solution of (5), satisfying the same 
conditions at a. Hence, from Theorem I corollary, (5) is non- 
oscillatory over (3). 

Suppose (5) oscillatory over (3), then from Theorem I corol- 
lary a solution satisfying the conditions y(a) = 0, y{a-\- 1) = 1 
must have at least two nodes on (3). Then a solution of (4) 
satisfying these same conditions at a must have at least two 
nodes on (3) and hence, by definition, (4) is oscillatory. 

Theorem III. A necessary and sufficient condition that (4) be 
non-oscillatory over (3) is that there exist a function <f>(i) > 0 over 

a < i < b, (7) 

<f>(a) > 0, and such that 

A[X 1 (i)A^(i)]--G 1 (i)^(i+l) > 0 (8) 

over (2). 

That this condition is necessary is immediate. By Theorem I 
there exists a solution <f>(i) > 0 over a < i < b and hence 

AiK^A^-G.mi+l) = 0 

over (2). 

In order to prove the condition sufficient assume that there 

t Theorem TI of Chapter X will still hold if the assumption <7 t (t) > O t (i) is 
replaced by O t (i) > O^i). 
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exists a <f>(i) > 0 over (2) satisfying (8). If necessary decrease 
O x to 0 2 , 80 that A[jK l (i)A<f>(i)]—G 2 (i)<f>(i-{- 1) = 0 over (2). Con- 
sider this as an equation in <f>. By hypothesis it has a solution 
<f>{i) > 0 over (7), and hence, by Theorem I or Theorem I corol- 
lary, it is non-oscillatory over (3). Then from Theorem II, (4) is 
non-oseillatory over (3). 

Equation (1) can be written in the form (4), hence the above 
theorem can be stated in the following form: 

Theorem IV. A necessary and sufficient condition that (1) be 
non-oscillatory over (3) is that there exist a function (f>(i ) > 0 
over (7), <f>(a) > 0, and such that 

^i + 2)+P(i)<t>{i+\)+Q(i)<f>(i) > 0 (9) 

over (2). 

Functions <f>(i) can be assumed at pleasure and resulting 
sufficient conditions that (1) be non-oscillatory over (3) obtained. 
For example, assume $ == 1, and we obtain the condition 
0(i) ^ 0; assume <f>(i) = a% where a > 0, a ^ 1, and we obtain 

> 0, etc. 

Theorem V. If r(i) is a real function, which throughout (2) 
satisfies the relation r(i) > 0, then a necessary and sufficient 
condition that (1) be non-oscillatory over (3) is that the non - 
homogeneous equation 

L[K{i)Ly{ij\—Q{i)y(i+\) = r(i) (10) 

have a solution satisfying the relations y(i) > 0 over (7), y(a) ^ 0. 

That this is sufficient is immediate from Theorem IV. It is 
also necessary, as is seen from the fact that if (1) is non- 
oscillatory over (3), it has a solution positive at all points of (3). 
By adding a sufficiently large positive multiple of such a solution 
of (1) to an arbitrary solution of (10), we get a solution of (10) 
of the form desired. 

2. Discussion for the infinite interval 

In the preceding discussion we have limited ourselves to the 
consideration of a finite interval. There is nothing, however, in 
this that is essential, and the interval a ^ i < 6—1 can be 
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replaced by a <. i < oo without in any way affecting the 
theorems. 

Theorem VI. Oiven 

A 2 y(i)+p(i)y(i+i) = 0 , 

where p(i) > € > 0 is defined , 

a < i < oo, (11) 

then every solution , not identically zero , Aas an infinite number 
of nodes on the interval 

a ^ x <oo. " (11') 

Replace by e. The equation A 2 y(^) + e?/(i-f 1) = 0 can be 
solved explicitly. Particular solutions are 

|2— g+^/{( 2— g) 2 — an( j | 2— e— V{(2— g 

If c ^ 4 these solutions are real and each has an infinite 
number of nodes on (11'). If e < 4 the above solutions are 
imaginary, but particular real solutions are given by r l ’cos id 
and r l sin id, where 

%[2—€+yJ{(2—€) 2 ~ 4}] = r{cos 0 + \/( -~ 1 )sin 0}, —tt <6 <tt. 

Each of these solutions has an infinite number of nodes on (11'). 
Moreover, since the nodes of linearly independent solutions 
separate each other and of linearly dependent solutions coincide, 
every solution has an infinite number of nodes on (11'). Now 
apply Chapter X, Theorem II, and the proof is complete. 

In view of the above and subsequent theorems, when dealing 
with the infinite interval, it is convenient to make new defini- 
tions of oscillatory and non-oscillatory equations. 

An equation 

h?y(i)+p{i)Ly{i)+q{i)y{i) = 0, 
where p and q are real and defined over (11) and where 
q(i)-p{i) > --1, 

will be said to be non-oscillatory if there exists a point x 0 beyond 
which no solution has more than < one node . It will be said to be 
oscillatory in the contrary case . 
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Similarly: A differential equation 

g+p(*)g+«»=°, 

where the real functions p and q are defined and continuous over 
(11'), will be said to be non-oscillatory or oscillatory according as 
there does or does not exist a point X Q beyond which no solution , 
not identically zero , has more than one zero. 

Consider the equation 

A 2 y(i)+p(i, l)Ay(i)+q(i, l)y(i+ 1) = 0, (12) 

where p(x, l) and q(x, l ), as functions of the continuous variable 
x, are defined over (11') and where lp(lx, l ) and l 2 q(lx, l) approach 
uniformly continuous functions P(x) and Q(x) respectively when 
l becomes infinite and where 1— p(x, l) > 0. 

Assume a > 0 and an integer. This result can always be 
attained by a change of variable j = i+C, where G is a properly 
chosen constant. 

In (12) make the change of independent variable i = lx , 
where l > 0 is an integer. The integral points 0, 1, 2, 3,... are 
transformed into the set of points 0, 1/Z, 2 /Z, 3/1,... . Denote the 
abscissae of those points 1/Z, 2/1,... which lie to the right of a 
by x v x 2 ,... respectively. 

Denote y(lxf) by F (Z) (^-), and (12) goes into 

A *V®(x { )+p(lx i9 l)LV9>( Xi )+q(lx i9 l)V*>(Zi) = 0. (13) 

Divide through by 1/Z 2 — (A^J 2 and we have 

Z 2 A 2 F (z) (# t *) -f lp(lx it Z)ZAF (Z) (a\-)-f l 2 q{lx t , Z)F (/) (^) = 0. (14) 

We will consider side by side with equation (14) the equation 
y"+P(x)y'+Q(x)y = 0, (15) 

where, as usual, accents denote differentiation. 

Theorem VII. Let V^xf) be a solution of (14) such that 
F®(a)'= k, ZAF <Z) (a) = C , and let y(x) be a solution of (15) such 
that y(a) = k , y'(a) C. Let rj > 0 be arbitrarily small and let 

*034 0 
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x 0 > a be a fixed point. Then we can choose a positive integer T 
such that , when Z ^ T, 

\v {l) {Xi)-y{Xi)\ < v> 

llAVWixJ-y'ix^ < rj 

for all points x i of a < x < x 0 . 

W© proved this theorem in Chapter XI. 

We can define F (/) (z) as a continuous function of x , the 
definition being that function defined by the broken -line graph 
of F®fo). 

Theorem VIII. Given an € > 0, there exists a positive integer 
T ' such that , when a < x ^ x 0 and l ^ T 

\y{x)—V®{x)\ < e, 

\y'(x)— ZAF (/) (a;)| < c. 

Let rj of the previous theorem be less than £e. 

y(x) and y'{x) are uniformly continuous over the interval 
a ^ x ^ x 0 . Consequently we can choose T' ^ T of the 
previous theorem so that when Z > T' and a ^ x f < x n < x 0 
and x"— x' < 1/Z, |i/(a;') — y(x")\ < fc and \y\x')—y f {x")\ < Je. 
This T' can be immediately shown to be as required in the 
theorem. 

Theorem IX. A necessary and sufficient condition that (12) 
be oscillatory is that (15) be oscillatory . 

The oscillatory or non -oscillatory character of (12) is clearly 
invariant under the transformation previously made ( i = Ixf) 
and hence, instead of (12), we shall consider (14). 

The differential equation (15) is independent of l . Assume 
that it is oscillatory and suppose that the difference equation 
(14) is non-oscillatory. Let c be a point beyond which no 
solution of (14) has more than one node when Z — l v As l 
increases, the nodes of every solution of (14), with fixed values 
at a and a-fl/Z, move towards the left; hence, when l > l v 
V\x^ has not more than one node to the right of c. Take a 
point b such that 6— c > 0, then take an interval b < x < d in 
which y has two zeros. Denote these zeros by 8 X and 8 Z . As y 
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and y' do not vanish together we can take a positive 8 < £ so 
that in each of the intervals 


Si—S < x < /Sj+S and $ 2 — 8 < x < &>+8 

there is only one zero of y . Then y{S x ~h) and y(S x +8) are of 
opposite signs. Similarly y{S 2 — 8) and y{S 2 -\~ 8) are of opposite 
signs. Suppose |y(/S\±8)( > e > 0 and |y(/S 2 ±8)| > e. Now 
choose T so large that, when T, \V ( $ ) —y(x)\ <e over 
b < x < d. When l ^ T, V®(x) has at least one node in each 
of the intervals ^—8 < x < $ X +S and $ 2 — 8 < x < $ 2 +8. 
This is a contradiction. Hence (14) is oscillatory. 

Now assume (15) non-oscillatory, but (14) oscillatory. Let c 
be a point at which y ^ 0 and beyond which y has no roots. 
Take an arbitrary interval c ^ x < b. There exists an e > 0 
such that \y(x)\ > e over c < x < b. Let M be so chosen that, 
when l ^ M, \V®(x)~ y{x)\ < c over the interval c < x < 6. 

Consider next a certain value of l, l x > M, and suppose that 
V^\x) has at least two nodes on the interval c < x ^ d, where 
d > b. These must lie to the right of b. Denote them by S x and 
S 2 (S 1 < S 2 ). We now let l increase through integral values. 
The points S 1 and S 2 will be considered as variable, and we 
write S x (l) and S 2 (l). As l increases, S^l) and S 2 (l) move towards 
the origin, always remaining nodes of a solution of (14). Hence 
each subsequent F (/) must have nodes coinciding with S^l) and 
S 2 (l), or at least one node lying between them. Every time l is 
increased by unity, S x (l) and S 2 (l) move towards the origin 
distances a8i(Z)/(Z 4- 1) and $ 2 (Z)/(Z+ 1) respectively. Hence 

S^l+l^S^l+l) < ^V^(Z). 


The point b was arbitrary in the beginning, therefore assume 


that 


6-0^)-^)+^. 


It results that, as l increases through integral values, S x (l) and 
S 2 (l) cannot get to the left of c unless at some time both are on 
the interval c ^ x < b at the same time. If this occurred it 
would necessitate a node of V {l) {x) on the interval c < x < fc, 
which is impossible. Hence, when l > l t , 8 x (l) and S 2 (l) lie on 
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the interval b < x < d and consequently V®(x) always has at 
least one node on the interval b < x < d. 

Suppose \y(x)\ > e over the interval c ^ x < d. We can 
choose V so that, when l ^ V, \V if) {x)—y(x)\ < e over the 
interval c < x < d; and hence, when l > V , F (/) (#) has no node 
on the interval c < x < d. This is a contradiction, and the 
theorem is complete. 

It is possible to choose <f>(i) > 0 so that, by the change of 
variable y(i) = <f>(i)y(i ), equation (12) is transformed into an 
equation of the form 

A 2 y(i)+p(i, l)y(i+ 1 ) = 0 . ( 16 ) 

As <j>(i) > 0 the oscillatory or non-oscillatory character of 
equation (12) is invariant under this transformation. The 
discussion can consequently be confined to (16). 

When l 2 p(lx, l) approaches uniformly a limit, P(x), as l 
becomes infinite, the question of the oscillatory or non-oscilla- 
tory character of (16) is, by Theorem IX, identical with the 
question of the oscillatory or non-oscillatory character of the 
equation ™ 

g - 0. (17) 

3. The difference equation with periodic coefficients in 

the infinite interval 

Let p(i~±-a ) , l ) == p(i , l) and let p x and p z be the roots of the 
characteristic equation. 

Assume that p x and p 2 are real. There consequently exists a 
real solution, not identically zero, which is periodic of the second 
kind. Denote one such by y v 

* 

Theokem X. A necessary and sufficient condition that (16) be 
oscillatory is that y x have a node . 

Suppose a node of y 1 to lie at a point x 0 , then nodes lie at 
x 0 + no), where n = ±1, ±2, ±3,... * Hence the sufficiency of 
the condition. 

If (16) is oscillatory, every solution not identically zero has 
an infinite number of nodes; hence the necessity of the condition. 
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Now y x has the same number of nodes on each interval 
a J r (n—l)(x) ^ x < a+noj. Denote this number by M. The 
number of nodes on an interval a < x < nco is then equal to nM . 
Consider an arbitrary interval a ^ x < 6. Choose k so that 

0 ^ b — a — kco < cd; 


that is, b—a = where m < a>. The number of nodes 

of on a < a; < 6 equals kM+K , where 0 < if < Jf. More- 


over, 


lim 


JfeJf+tf If 


/c— >co &Cl) — {- 7?l CO 


Now remark again that nodes of linearly independent solutions 
separate each other, and we have the general theorem: 

Theorem XI. If ( 16 ) is oscillatory and p x and p 2 are real , then 
the ratio of the number of nodes of any real solution , not identically 
zero , on an interval a x < b, to the length of the interval ap- 
proaches a limit , other than zero , as £/ie length of the interval 
becomes infinite . 

Now assume and p 2 imaginary. 

Let y(i) be a solution of (16) such that 

y{i+<») = Pi y(i); 

then y{i) = u(i)+j(—l)v(i), 

where u and v are real and linearly independent. They will be 
considered as continuous functions of x , according to the defini- 
tion previously given: that is, as those functions defined by the 
broken-line graphs. 

Choose some point a, and let 

y(a) = j R et^-V, 

where 0 < </> < 2n. When x varies continuously from a to 
a+aJ, y changes continuously from y(a) to p x y(a). It never 
passes through the origin, as u and v are linearly independent 
and hence do not vanish together. Let i(j denote the actual 
increment of the angle of y, determined by continuity during 
this process of variation, 

Pi = \Pi\e^. 

Now p x is imaginary, and hence if) ^ 0. 
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When x goes from a+(n—l)a> to a+nco the increment added 
to the angle of y(x) by continuity is again \p, Suppose it were 
ip n = ip-\~2M n 7T i M n an integer not equal to zero. y{i+(n— l)co} 
is a solution of equation (16), as is readily seen by substitution. 
When x goes from a to a-f o> the angle of y{x+(n— l)o>} deter- 
mined by continuity is increased by \p n . That is, the point 
y{x-{-(n-~ l)ou} has made at least one more (or less) complete 
revolution around the origin than has y{x ). In other words, the 
solution u{x-\-(n—l)cjL)} has had at least two more (or less) nodes 
than u(x). This is impossible, as the nodes of two solutions 
either coincide or separate each other. Hence we conclude 

'I’n = «A- 

Let the angle of y(x) be designated by cp(x ). cp(x) either always 
increases or always decreases with x ; for let <f> , (x) i u\x ), v'(x) 
represent the forward derivatives of the respective functions 
with respect to x : 

,r M __ V(x)*'(z)--u(x)v'(z) 

1 {u(x)}*+{v(x)}* ' 

This is always defined and preserves the same sign.f 

We have just observed that ip n , determined by continuity as 
x goes from a+ (n— 1 )o> to a+nco is independent of n . It follows 
that the number of complete revolutions of y(x) around the origin 
as x goes from a-\-(n~K)u) to a+nco is also independent of n . 

Let x—a = ww+fc, 0 < 8 < 1. 

Let M be the number of complete revolutions of y{x) as x goes 
from a to a+nco+Oco, N the number of complete revolutions 
of y as x goes from a to a+ nw, and let ip = ol27t; then 

N ^ M < JV'-f a+2 and noc— 1 < iV' < noc. 

Hence lim = lim “ . 

x — xo x a j->co x a co 

Let the number of nodes of u on the interval x—a be P; then 
2M < P < 2M+2. 

t As we know, when u(i) and v(i) are linearly independent solutions of (16), 
the determinant v(i)Au(i)—u(i)Av(i) never vanishes and preserves the same 
sign for all values of i. If one assumes that v(x)u f (x) — u(x)v'(x) vanishes or 
changes sign, one can readily deduce a contradiction to this theorem. 
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Hence 


r P 2oc 

lim = — . 

X—ko X — d CO 


Since the nodes of linearly independent solutions separate each 

other, if u(x) is any real solution of (16), not identically zero, and 

P the number of its nodes on x—a , then 

,. P 2oc 

lim = — . 

x — kjo x — a co 

We can summarize the foregoing results in the following two 
theorems: 

Theorem XII. If p x and p 2 are imaginary (16) is oscillatory . 

Theorem XIII. If equation (16) is oscillatory the ratio of the 
numbey of nodes of any real solution , not identically zero on an 
interval , to the length of the interval , approaches a limit other than 
zero as the length of the interval becomes infinite. This limit is 
the same for all solutions. 


EXERCISES 


1. Prove the differential equation 

§+(.>+»£- 0. p’> 0. 

to be oscillatory over the infinite interval. 


Prove 


^y,\y_ = o 

dz 2i ~4 x 1 


non-oscillatory over the infinite interval. 

2. Given JS?y(i)+p(i)y(i+ 1) = 0, (18) 

where p(t) is defined, a < i < oo, and lim p(i) — 0. Prove, if lim i 2 p(i) > 

(—►00 (— HX> 

then (18) is oscillatory; if lim i 2 p(i) < £ or if limi 2 p(t) = £ with the 

(—►00 (—►00 

approach from below, then (18) is non-oscillatory. 


SUGGESTED REFERENCES 

B6cher, M.: ‘Non-Oscillatory Linear Differential Equations of the 
Second Order’, Bull . Amer. Math . Soc. 7, 333. 

Fort, T. : 1 Oscillatory and N on-Oscillatory Linear Difference Equations of 
the Second Order’, Quart. Jour . of Pure and Ap . Math. No. 179, 240. 

Kneser, A.: ‘Untersuchungen iiber die reellen Nullstellen der integrale 
linear Differentialgleichungen ’, Math. Ann. 42, 400. 

Levi -Ci vita, M. T.: ‘Sur les equations lin^aires k coefficients period - 
iques ’, Ann. Sci . de L'lScole N. Sup. 28, 325. 



XVII 


THE LINEAR DIFFERENCE EQUATION IN A 
CONTINUOUS REAL INDEPENDENT VARIABLE 

1. The gamma function 

The gamma function plays such a fundamental role in the 
theory of differences that some discussion of it should be given 
at this point. However, the most interesting properties of 
gamma of x lie in the theory of analytic functions of a complex 
variable. Consequently, inasmuch as this subject is omittedfrom 
the present volume the discussion that is given is perforce brief. 
We give the following definition 
00 

r (x) = j du, x > 0. (1) 

o 

The integral is readily proved convergent. It can be thrown 
into other forms by means of various transformations. One 
frequently employed is the following: Let 


u — log - 
v 

i 


and we get r(#) = J |log-j dv. 

(2) 

0 

Integration by parts shows that 


T(a;+1) = xY(x). 

(3) 

If x = 1 we see from (1) that T(l) = 1. 
(3) if n is a positive integer, 

Consequently from 

r(n) = (n— •!)!. 

, W 


From the theory of integrals T(x) is continuous in x, x > 0. 

Formula (3) is a homogeneous linear difference equation of the 
first order and T(a;) is a continuous function, x > 0, which is a 
solution of difference equation (3). Note that the range of the 
independent variable x is the continuum and not a discrete set 
of values as was the case in Chapter VII. Now equation (3) can 
be made a basis of definition for T(a:) for negative values of x 
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other than —1, —2, —3,..., the values being successively deter- 
mined by (3) from the values in the interval 


0 < x < 1. 


( 5 ) 


r(#) is not defined when x — 0, —1, —2, —3,,... 

Formula (3) also makes it unnecessary to tabulate F(^) for 
values of x outside interval (5), inasmuch as their computation 
from the values when x is in (5) is a simple matter. 

We can express T(^) as an infinite product. To do this we 
note first that 

e -u __ Jim ( 1 — - 
n—K» \ 71 


and 

Then 


r(;r) — lim f er u u x - x du, 

91 — >00 • 


x > 0. 


m 


lim 

n- -vco 


L o 0 


-I \u x ~ l du 
n 


Consider the second integral 


J je~ w — |l — -j u x ~ x du = J* j^l— e u ^l — — j e~ u u x ~ 1 du. 


We wish to show that this approaches zero when n ->oo. We 
remark the following relations: When 0 ^ u < n, 


1— - < e~ uln , 

n 


( 6 > 


l+-<e u ^, (7) 

n 



The relations are all equalities if u = 0, and for other values of 
u and n the derivative of the left-hand member with reference 
to u is less than that of the right-hand member. From (6), (7), 
and (8) we conclude that 
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and e 

From these we conclude that 

0 < 1— e 


,t 

"H 


n 

^ i-- 
n 


2 


n 


Consequently, 

n n 

j £l — e u (l — erV- 1 du ^ ~ J u 2 e'~ u u x ~ 1 du < - M, 

0 0 
which approaches zero when n->co. Hence 

n 

r(.r) = lim f (l— u x ‘ l du. 
n-^oo J \ n) 

0 

Setting u = nv this gives 

i 

I» = lim n x f (1 — v) n v x ~ 1 dv . 

n — ►oo J 

Integrating by parts we get 

i i 

I (1 — v) n V x ~ 1 dv == — — — f (1 — v) n ~ 1 v x ~ 1 dv 
J x-\-n J 

o 


(9) 


” -L. 




n n~~l 


1 1 


x+n x+ n— I ’“#+1 a;’ 
From (9) we can thus write 

/ 

1 1.2...(w— 1) 


r(ar) — lim • 


(10) 


nr^aX (X+l){x+2)...(x+n — 1) 
(*+l)(*+2)...(*+»i-l) = [(«-l)!]|l+^l + |j...|l + _f_j. 


Now 

ri' 

Also 
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Putting these in (10) gives 


I» = - fr 

x 11 1 -| -xjn 


i 00 

-:n 


e x log(i -M/n) 


-in 


Li l+x l n 

gx lo^(i+i/n)g-x/n 


£11 (l+a:/n)e""^ n 
(1/a;) JJ e*[loga+l/n)-l/n] 

n~l 

fl (l+*/n)e -xjn 

n—1 

It is not difficult to show that both infinite products converge 
for all values of x other than 0, —1, — 2 ,... . Hence 


i» = 


i fl exp[a;{log(r*+l) -log *-!/«}] 

1 71 — 1 


TI (1 +x/n)e- 


■xjn 


ti — 1 


i exp(o:[ f {log(n+l)-logn}- f l/ra|) 

1 ' Ljl-l » = 1 •>' 


Thus 




XI (I -fa :/n)e-*l n 

71 — 1 

e -v x 


where 
is Euler's constant. 


x JJ (l+x/n)e~ xln 

n~l L ' ' 


(11) 

(12) 


2. Further formulae 

If in (II) we replace a: by —x we find by multiplication that 

1 1 

I» r(-a;) 

but we know that 


— 


sunr# 


n(‘-^ 

71-1 V 1 

~rr(‘-$ 

71 — 1 ' 7 
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Hence 

But 


1 __ sin7r# 

— #r(#)r(— x) tt 

— xT(— x) = r(i— x). 


Hence r(x)r(l— x) = — . (13) 

sin 7 TX 

This is an interesting formula and permits the computation of 
r(z) when | < x < 1 if r(#) is known when 0 < x < 

We have developed an asymptotic form for log(#!) in Chap- 
ter IV. By only small modifications of the work there we have, 
when x > 1 , 


log F(x+ 1) = — x+{x+\)\ogx -\-\ogj{‘2,n)+ 


+ y 1 — JL 

T A, 2r(2r— 1) x Zr ~ l 


■ B n (x), 


R n {x) = 9 


1 % 


(2n— l)2n 


x~ 2n+1 , 0 < 9 < 1. 


(14) 

(15) 


Details are left to the reader. 

From (11) we have 

log 1» = -yx—logX + jr ff-log(l+5) 

71 — 1 \ / 

Differentiating formally, we get 


jUogI» = 


r'(*) 

r(«) 



x-j-n 


i-4 

n-l/ 


This series converges uniformly in x if x is bounded away from 
0, — 1, —2,..., and hence represents the derivative. 


3. The psi function 

We give the following definition: 



We readily show, by applying the law of the mean to 

A log (x+jh), 

h 

that the series occurring in this definition converges uniformly 
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in x , when x > 8 > 0. It consequently defines a continuous 
function when x > 0 . The most interesting thing about this 
function is the following relation 

A Mx,h)=±. (17) 

h x 

In other words, j/r(#, h ) is a continuous function of x given by a 
comparatively simple formula and satisfies the difference 
equation , 

y(x+h)-y(x) = 

X 


We are, of course, familiar with other similar functions. We 
have called attention to the gamma function. Numerous 
functions satisfying the equation 

A y(x) =f(x) 

h 

for various particular specifications of f(x) are determined by 
formulae of Chapter I. 

The function i/j(x, h) is of use in mathematical analysis and is 
of considerable historical interest. A few additional things about 
it will be developed. From (16) 


** h) = log *“ % [m+r^[ l+ m+l 

Now if y is Euler’s constant, 

-fJlW + Ty]- 

Hence from (18) 

+(x, h)+y- log h = - 2 + 


where 


s -*i + ZH + mdM + M 


(18) 
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Consequently, 

*fi(x, h) 




This is a very convenient form for h). We have immediately 
the formula 


dx 


'/'(*> *) = 2 


h 


Zj (x+hj) 2 ’ 


a series which converges uniformly in x for x > 8 > 0, thus 
assuring us that term-by-term differentiation is allowable, 
x > 0. In general 

£- Mx , A) = f 

cr» ' ’ Z (z+%')”« 

The functions ip(x , h ), {djdx)\jj(x, h ), (d 2 /dx z )ifj(x, h), etc., are 
frequently known as digamma of x , trigamma of x, tetragamma 
of x , etc. This formula permits ready development of \fs{x, 1) 
into a Fourier series for any interval x Q < x < # 0 + 1 . We have 

oo 

1) = loga; 0 -f-2 2 [(ci 27m# 0 )cos 2mr:z-|-(si 2?ma; 0 )sin 2ft7ra;], 

n = l 

where 




cosi 


dt, 


SIX 


f sin t 

J “ 


dt. 


Formula (18) also permits of the obtaining of an asymptotic 

n 

form for tfj(x , h). The similarity to the work for 2 (1 A) given 

1 

in Chapter IV is so great, however, that details are left to the 
reader. 


4. The sum of a function 

/ 

The problem of obtaining analytic solutions of difference 
equations is one that has interested many mathematicians. 
Usually it is a problem of difficulty and in addition is one of 
primary interest in the complex domain. The gamma function 
and psi function are examples of such functions. The last is a 
solution of a difference equation of the type 

jjAy(a:) = 4>{x). 


(19) 
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Other solutions of equations of this type are obtained in Chap- 
ter II. We shall proceed to a further brief consideration of (19), 

following Norlund. 

00 

If the series 2 converges it is immediate that 

j~0 

F(x, h) = ^ 4>{x+jh) 

is a solution of (19). Frequently, however, this series diverges. 
With this in mind we set up 

00 

F(x, h) — lim f dt -AT (f>(x-{-jh)e-^ (x+ih) 

o L C J o=o 

which defines a function of x and h , assuming that a function A(a;) 
can be found so that both the integral and series converge and 
the expressed limit exists uniformly in x over the interval 
considered. 

Theorem. If the function F(x, h) as defined above exists it is 
a solution of (19). 

The function in the bracket is clearly a solution of 

\t±y{x) = <f>(x)e~^ x \ 
h 

The theorem follows immediately from the fact that the differ- 
ence of the limits is the limit of the difference. 

The solution which we have obtained depends upon an arbi- 
trary constant c. We shall call it the principal solution of (19). 
Following NOrlund we write 

F(x, h) = 8 <f>(t)At. 

c 

There are certain analogies to an integral. The general solution 
of (19) is given by adding to F(x, h) an arbitrary function of 
period h. 

We give two elementary examples; in the first the introduc- 
tion of the convergence factors e - ^ is not necessary. Consider 


^ky{x) — e~ x . 
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Here 


J W Zi n —x 

e~ l dt-hf 


For a second example consider 


^Ay(x) = a, 


where a is a constant. Take A(&) — x: 


F(x, h) 

r? 00 . i 

= lim aerv- 1 dt—h 2 ae~^ x+ ^ h) 

/i->o L;r i**o J 

c ^/ iaA2 +-)~{/ xA “^ aA2 ( x—c )+—}+-] 


L c 

ae~^ c | 


: lim • 

fx->0 


= a(#— c— JA). 


For h = 1, c = 0, a = 1 we have i ~ B^a;); thus the 
Bernoulli polynomial is a principal solution. 

The subject of the ‘sum of a function’ has been extensively 
studied by Norlund and Milne-Thomson. Only the smallest 
introduction is given here. Again the topic properly belongs 
in the study of the difference equation in the complex domain 
and for that reason no more extensive study is made here. 


5. The linear equation of the nth order 

A linear difference equation of the ^th order with continuous 
independent variable is an equation of the formf 

VQ{%)y(x+n)+Pi{x)y{x+n—\)+„ = r(z), (20) 

where p 0 (x) f Pi{x),,.., p n {x), r{x) are defined when 

a < x < 6; (21) 

and Po(z)p n (x) # 0 at anyj point of the interval (21). 

A solution of (20) is any function of the continuous variable x 

f There is no gain in generality if the difference interval is taken as h instead 
of 1. Simply change the variable, letting % = ht. 

t Less restrictive conditions on p Q {x) and p n (x) than this can be imposed. 
Modifications of the ensuing theory must naturally be made. 
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'which, if substituted for y, satisfies the equation at all points 
of (21). The solution is necessarily defined over the interval 

a <C x < b+n. (22) 

As a matter of fact it is customary to call a function a solution 
of (20) even if there are sets of congruent isolated points at 
which it is not defined, provided that the equation is satisfied 
at all points at which the function is defined. The term par- 
ticular solution is used to describe a uniquely defined solution 
and the term general solution to describe a formula including 
all solutions as special cases. 

Many things about equation (20) follow immediately from the 
corresponding theory of equation (2) of Chapter VII. 

We have the following existence theorem: 

Theorem. Let c — a-\~?n, where m is zero or a positive integer 
and such that c-\-n < b. There exists one and only one solution 
of (20), defined when a x ^ b+n, such that 

Vi*) =/i(«), c^ x <c+ 1 . 
y(x) =/ 2 (x), c+ 1 < x < c+2, 


y(x) = fjx ), c+n—l < x < c+n, 
where fi(x), / 2 (.r ),..., f tl (x) are arbitrary single-valued functions. 

The solution y(x) is determined by the successive use of (1). 
Such a solution will in general be discontinuous and not given 
by a compact and usable formula. 

Equation (20) is called homogeneous if r(x) == 0. It is called 
non-homogeneous if r(x) fk 0. For reference we write the homo- 
geneous equation, after dividing through by p 0 (x) 7 

1 )+ ...-+-2>,(a:)y(a:) - 0. (23) 

Let «/*(#),..., y m (x) be particular solutions of (23). They are said 
to be linearly dependent over (22) if there exist single-valued 
functions c m (x) with period 1, not all zero at any point, 

such that 

They are said to be linearly independent in the contrary case. 
Uyfx),*.., y m (x) are solutions of (23) they are said to form a 

5034 E 
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fundamental system of solutions if every solution is expressible 
in the form 

y(x) == c l (x)y 1 {x)+c i {x)y 2 (x)+...+c m tx)y m (x), 
where c x (x), c 2 (x),..., c m (x) have the period 1 , and if this is true of 
no sub-set. 

Theorem. Any n linearly independent solution s of (23) consti- 
tute a fundamental system of solutions and every fundamental 
system consists of exactly n linearly independent solutions. 

Theorem. A necessary and sufficient condition that the solu- 
tions of (23), y v ...* y n , he linearly independent is 

W(y v .... y„) 

= Vi(x) V a(x) .... y„(x) =£0 

«/i(x+I) y 2 (x+ 1) .... y„(x+l) 

yM-\-n—\) y 2 (x+n— 1) .... yjz+n—l) 

at any point of (21). 

Theorem. The n functions y^x). y 2 (x)...., y(x). linearly inde- 
pendent over the interval a < x < bin the sense of the definition just 
given , serve to determine uniquely a linear homogeneous difference 
equation of the n-th order for which they constitute a fundamental 
system of solutions. 

Substitute the given functions successively in equation (23) 
and there results a system of linear algebraic equations for the 
determination of the coefficients which possess a unique solution 
due to the non-vanishing of the determinant W(y v ..., y 1} ). 

Theorem. The general solution of the non-homogeneous equa- 
tion (20) consists of the general solution of the corresponding homo- 
geneous equation (23) plus any particular solution of (20). 

6. The equation of the first order 

We consider y(x+ 1)— A(x)y(x) = B(x) (26) 

and the corresponding reduced equation 

y(x+\)—A(x)y{x) = 0, (27) 

where A(x) and B(x) are defined, a < x < b f and B(x) 0 0. 
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Denote by ot x the point of the interval a < x < a -\- 1 which is 
such that x—oc x is an integer. Let f(x) be an arbitrary single- 
valued function defined a < x < a-fl. Then 

y(*) (28) 

is the general solution of (27). Similarly, if 

u(x) = ^K)^4(a x +1)... -4(a?— 1), 

^ - “ w 2 JfV) 

is the general solution of (26). 

A typical equation of the type (8) is 

y(x+l)—xy(x) = 0. 

7. The linear equation with constant coefficients 

Procedure here is as with the equation with integral argument 
only. Whenever explicit forms for the solution can be found, 
simply replace the variable i by the variable x throughout. 

8. Difference equations which can be reduced to linear 
equations with constant coefficients 

The equation 

y{x+n)+A x <f>(x)y{x+n-- l)+Az<j>(x)<j>{x—l)y(x+n—2)+ 

+ ...+A n </>(x)<f>(x— l)...</>(z—n+l)y{x) = r(x), (29) 

<f>{x) ^ 0, 

can be reduced to an equation with constant coefficients by the 
substitution 

V(%+j) = <f>(x+j~n)..,<f>(oc x )u{x+j). 

The transformed equation is 

Here for any value of x we choose an initial value oc x such that 
x— oc x is an integer. 

The equation 

^(a?+l)y(x»)+«(a?)y(a;+l)+6(^)2/(^) = c{x) 
can be reduced to a linear equation of the second order and 

6034 B 2 
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under certain conditions to a linear equation with constant 
coefficients. Make the substitution 


y{x) = 

and reduce. We obtain 


v(x-\-l) 

v{x) 


a{x ), 


v{x+2)+{b{x)--a{x-\-l)}v(x-{-l)--{a(x)b(x)-\-c{x)}v{x) — 0. 

This equation may be an equation with constant coefficients or 
one which can be so reduced by the method just discussed. 

There are a variety of other devices which may reduce a 
non-linear equation to a linear equation or which will reduce 
the equation to some familiar form. The matter is in every 
way similar to the analogous problem in differential equations. 
We give one more illustration. Others will be considered in the 
exercises. 

Consider 

(a+bx)A 2 y(x)+(c+dx)Ay(x)+ey(x) = 0, (30) 

where —e/d — n is a positive integer. Perform the operation A n 
on (30). We obtain 

[u+6(#-f n)]A u + 2 y{x)+\nb-{- c~f d(x+ n)]A n+1 y(x) = 0. 

This is an equation of the first order in A n+1 y(x) and conse- 
quently can be completely solved first for A n+1 y(x) and then 
for y(x). This last operation will introduce constants of summa- 
tion (periodic functions) which must be determined by substitu- 
tion in the given equation. 


9. Multipliers 

Consider a difference equation 

L(x) = l 0 (x)A n y(x)+l 1 (x)A n ~ 1 y(x)+...+t n (x)y(x) = 0, (31) 

where l 0 (x ), Z^#),..., l n (x) are defined for all values of x . In case 
they are originally defined over a finite interval only, such as 

a ^ x ^ 6, 

we define them for other values of # in any arbitrary manner. 
It is desired to find a function v(x) such that 

v(x)L(x) — A[m 0 (x)A n - 1 y(x)+m 1 (x)A n - 2 y(x)+...+m n _ 1 (x)y(x)], 

(32) 
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where m 0 (x), m n _ x (x) are defined for all values of x . 

To do this we expand the right-hand member in (32) and equate 
coefficients. We have 

v(x)l 0 {x) = m 0 {x+ 1) : 

v(x)li(x) = Am 0 (o:)+m 1 (a:-f I), 
(33) 

V( x ) l n- l( X ) = &™'v-2( x ) + ™n~l( x + l )> 
v(x)l n (x) = A m n ^(x). 

We eliminate m 0 , m v ... 3 m n _ 2 as follows. Take the difference of 
both sides of the first of equations (33). Increase the argument 
in the second equation by 1 and subtract. Take the difference 
of the resulting expression. Increase the argument in the third 
equation by 1 and subtract. Proceeding in this manner we 
obtain the following equation 

A n po(^)^(^)]—A' ,l “ 1 [Zi(^4-lM^+ 1 ]+A 7l “ 2 [Z 2 (x-f-2)t;(x-f2)]-- 

— ...+(— \)H n { x +^)v(x-\-n) = 0. (34) 

Equation (34) has been obtained as a necessary condition for 
(32). It is, however, also sufficient since a function v{x) which 
satisfies (34) permits of the solution of (33) for m 0 (x),..., m n ^ x (x). 

Equation (34) is called the adjoint equation to (31). The 
function v(x) is called a multiplier . 

10. Linear g-difference equations 

Equations of the following type are commonly known as 
linear g-difference equations: 

a^y^+a^yiqx^a^yiq ^) + .. . + a„ (x)y(q n ~ 1 x) = b(x). 

Here q is a constant different from 1 . 

Many studies of this equation have been made. Particularly 
is this true in the field of analytic functions. The student is 
referred to a paper by C. R. Adams, f where a summary of this 
work is given with a very complete bibliography. 

f Bull . Amer. Math. Soc. 37, 361-400. 
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Solve the following equations: 

1 . y = xAyi-(Ay) 2 ; 

2. (A2/) 2 -5Ai/ + 6 = 0 ; 

3. y(x-hl)-4.W x y(x) -= 5.3* a ; 

4. 1)— ■ 4j/(£c) — cosnaq 

5. v(a?) 2 /(a?+l)-h 6 y(«) + 7 = 0 ; 

6 . y(x-\~l) — e 2x ~ 1 y(x) = e* 3 ; 


7. 

8 . 
9. 

10 . 

11 . 

12 . 


2/(a?-f- 1) — ay(*) = (2*+ l)o*; 

J/(®+l) = m{2/(.r)} n ; 

A 2 */(*) = [y(x+l)Y-[y(x)] 2 ; 

y(x + 2)— §y(x-\- l) + 20y(*) — e x — sin*; 

y(* + 2) — 2(*— l)y(*+l)+ (a;— 1)(^— 2)y(x) = .t; 

(*+ 3)*y(*+ 2) - ^t|j! y(x + ] ) + ^ + 2) y(,r) = 0; 


13. y(*4-l) — v(*) — 2m(*4-l), 
v(x-\-\)—y(x) = — 2wi(*4-l); 

14. 2/(cc4-2)4-2v(a:4' l)~ 8 y(*) = a 35 , 
v(* 4-2) — y(*+l)-“2t7(*) — a" 37 . 

15. Form the homogeneous linear difference equation of the socond 
order for which y x 3.r4-2 and y 2 =- 2.r — 1 constitute a fundamental 
system of solutions. 

16. Show that 


J x m c~ 


p*' dx = 


r{(m+l) /g} 

qp(m+i)lq 


, m > — 1, p > 0, # > 0. 


17. Show that 
l 




( — l) w F(w4*l) m > -1, 

> - 1 . 


18. Show that 

l 


f L T3r*-ra.+ i>2sii- *>«• 

0 fc— l 

19. Show that r(2x) = -i- 2 2 *~ i r(a;)r(a;+ J). 

V7 T 


20. By definition 
Show that 

CO 

f * 1 


B(x, y) = 


r<*)r(y) 


r(*+y) * 

f - Ox = 1 g( m+1 t W + X \ 

J ( 14 -pa^)* grpim+DlQ \ q 9 Q r 


p > 0, g > 0, > — 1; A; > 


w4l 
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21. Show that 


? n<in+m + 1 / m \ U 

J x^pV-xi)* dx - ' j, 


p > 0, g > 0, m > — 1, n > — 1. 


22. Show that 


#r,J) , Iogx-2[ J i.-log(l+^)]. 


23. Show thut 


,, n , , 1 Vf 2 (x+j') 4-1 s+j+l l 

° g ^ 2a: ^ L2(o:-hyj(a:4- i /4-l) ° g a:+i J’ 

i-o 

l 

24. Show that 1) ~ — y- f J* -- - -- - tfa. 


25. Show that 


^,J) = log*- 1+2 J 


(o: 2 -M 2 )(l-— e 2,r *) * 
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generalizations of, 45 ; 
generating function, 57 ; 
higher order, 44 ; 
table of, 49 ; 

theorem of von Staudt, 57. 
polynomials : 
definition, 26; 

Fourier development, 35 ; 
generating function, 57 ; 
integral formulae, 29 ; 
multiplication theorem, 34 ; 
symmetry property, 32 ; 
table of, 29 ; 
theorem of Jacobi, 38. 

Bernstein, 104. 

Bessel, interpolation formula, 88, 92, 
113. 

Birkhoff, 213. 

Bleich, 248. 

Bdcher, 148, 159, 231. 

Boole, 248; 

formula, 64, 75. 

Bounded equation, 178, 205. 

Boundary, genoral, 141. 

Bradshaw, 25. 

Carslaw, 177. 

Cauchy, 71. 

Characteristic equation, 188. 

Coefficients power Beries in a para- 
meter, 129. 

Comparison, theorem of, 152. 

Compatibility, 142. 

Constant coefficients, 125, 243. 

Continuous independent variable, 232. 

Cota;, series development for, 59. 

Cotes, 97, 98, 114. 

Courant, 177. 

Cramer, 119. 

Degree of precision, 96, 104. 

Difference : 
backward, 8; 
central, 9; 
divided, 10; 

expressed in derivatives, 67 ; 


Difference ( cont .): 
expressed in E, 5 ; 
formulae for, 2 ; 
of a product, 6 ; 
of a rational function, 7 ; 
quotients, 9; 
table of, 4. 

Difference equation, definition of, 
115,232,240. 

Difference formulae, 3. 

Difference interval, 1, 131. 
Differential equation, 160, 172. 
Differentiation, numerical, 67, 72. 

Euler : 

constant, 60, 235, 237 ; 
equation, 134. 

-Maclaurin formula, 31, 51, 53, 64; 
numbers, 43; 
polynomials, 41, 75; 

higher order, 43 ; 
summation formula, 52, 54, 55 ; 
transformation 19, 20; 
extended, 22; 

Factorial, 3. 

Factorial coefficients, 69. 

Fermat, 58. 

Fibonacci, 132. 

Finite sums, maxima and minima of, 
133. 

Floquet, 213. 

Form, bilinear, 135. 

Fort, 25, 204, 213, 220, 231. 

Fourier development of Bernoulli 
polynomials, 35. 

Function L(x , a), 18, 60. 

h 

Fundamental system, 119, 121, 122, 
242. 

Gamma function, 232. 

Gauss: 

interpolation formula, 89, 113. 
mechanical quadratures formulae, 
104. 

General boundary problem, 141. 
General solution, 116, 241. 
Generating function: 

Bernoulli numbers, 57 ; 

Bernoulli polynomials, 56 ; 

Stirling’s numbers, 73. 

Graphical representation, 131. 

Green’s function, 144, 147, 148. 
Guldberg, 248. 
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Hermite’s interpolation formula, 87, 
94. 

Hermitian functions, 87. 

Hilbert, 177. 

Hobson, 173, 177. 

Homogeneous equation, 116, 241. 
system, 141. 

Incompatibility, 141. 

Interpolation, 78. 
inverse, 92. 

Jacobi, theorem of, 38. 

Jacobi table of coefficients, 39, 41. 
Jordan, 47, 248. 

Kneser, A., 231. 

Kowalewski, 135. 

Lagrange : 

interpolation formula, 79, 113, 133, 
134. 

Legendre polynomials, 106. 
Levi-Civita, 231. 

Liapounoff, 213. 

Linear dependence, 119, 242. 

Linear equation, 115, 240; 

constant coefficients, 125, 243; 
elementary theory, 115; 
first-order, 117; 
homogeneous, 116, 241; 
non-homogeneous, 116, 123, 241 ; 
order of, 115, 240. 

Liouville : 

Sturm-, 148, 166, 176. 

Logarithm, interpolation of, 83. 

Maclaurin : 

Euler-Maclaurin, 31, 51,53. 
MacMillan, 213. 

Markoff, 71, 248. 

Maxima and minima: 
of finite sums, 133. 
of A^(a;), 195. 

Mechanical quadratures, 93. 

Melan, 248. 

Method of operators, 72, 128. 
Milne-Thomson, 240, 248. 

Minimum surface of revolution, 137. 
Moulton, 213. 

Multipliers, 244. 

Newton’s interpolation formula, 7,11, 
75,82,113. 

with divided differences, 82, 83. 
Node, 131, 149. 

Non-homogeneous equation, 116, 117, 
123, 185, 202, 241. 

Norlund, 44, 48, 65, 239, 240, 249. 


Normal form, Sturm’s, 149, 164, 193, 

200 . 

Numerical differentiation, 67, 72. 

Operational methods, 72. 

Operator : 

A 1, 2, 3, 4, 5, 67; 

D 70; 

E 5; 

A 8; 

V 0; 

A 9; 

A 

5 9; 

rj 10 . 

Operators, method of, 128. 
Orthogonal sets, 214. 

Oscillation, theorems of, 152. 
Oscillatory equations, 221. 

Parallel reading, 248. 

Particular solution, 116, 123, 126, 
128, 241. 

Periodic boundary conditions, 200, 
214. 

Periodic coefficients, 178, 188, 228. 
first-order equation, 178; 
non-homogeneous equation, 185, 
202 . 

second-order equation, 188; 
Periodic function, 178: 
anti-, 178 ; 
of second kind, 178. 

Picard, 166. 

Poincar6, 213. 

Porter, 159. 

Power series in a parameter, 129. 

Psi function, 236. 

g- difference equations, 245. 

Recurrent relation: 
definition of, 115; 
first-order,^!? ; 
homogeneous, 116; 
linear, 115; 

non-homogeneous, 116, 123; 
periodic coefficients, 178, 188. 
Reduced system, 141. 

Riemann, 109. 

Rodrigues, 106. 

Rolle’s theorem, 69, 70, 80, 86. 

Rule of rectangles, 97, 99. 

Seliwanoff, 248. 

Semi-homogeneous, 141. 

Shohat, 25. 

Simpson’s rule, 97, 101. 
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Solution of differential equation as 
limit of solution of difference 
equation, 160. 

Solution : 

general, 116, 241 ; 
particular, 116, 241. 

Steffensen, 248. 

Stirling : 

interpolation formulae, 91, 113; 
numbers: 

first kind, 69, 75, 77 ; 
generalizations and analogues, 
73; 

second kind, 68, 75, 77 ; 
table of, 76. 

String, weighted vibrating, 167 ; 

limit of, 171. 

Sturm : 

-Liouville, 149, 160, 165, 174; 
normal form, 149, 164, 193, 200; 
theorem, 159. 

Successive approximations, 161. 

Sum of a function, 238. 

Summation, 14: 
by parts, 14, 15, 16; 
definite, 16; 
indefinite, 14; 


Summation (cont.): 

of infinite series, 1 8. 

Summation formulae : 

Euler, 52, 54, 55; 

Euler- Mac laurin, 51, 53; 
generalizations, 62. 

Symmetry of Bernoulli polynomials, 
32. 

Tan .r, scries development for, 59. 
Tavlor's series, 42, 63, 64, 67, 71, 72, 
74, 75, 82, 87. 

Tchebycheffs formula, 97, 103, 104, 
107, 109, 111, 112. 

Trapezoidal rule, 97, 100. 

Unbounded equation, 178, 205. 
Undetermined coefficients, 126. 

Vandiver, 48. 
von Staudt: 
theorem of, 57. 

Wallenberg, 248. 

Wallis, 61. 

Wronskian, 120, 145. 
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